
Fall 2015, MATH-304
Chapter 1 - Motivation and warmup

Tiling of a chessbooard:
Is it possible to tile 8× 8 chess board with dominoes?

Solution: Yes - there are 12 988 816 tilings.

Can you tile any m× n board? Say 3× 3?

Solution: No - the number of squares must be even. So m×n = 2k for some k ∈ Z - no chance otherwise.

Can you tile 4× 4 board with missing corners?

Solution: No - the number of black and white squares must be equal. This is not a complete character-
ization. Example that has no tiling is easy to construct - just leave something in the corner. Difficult to
generalize by removing pieces of the board.

Consider b-ominos instead of dominoes. b = 4 example:
Try to find sufficient and necessary conditions when a board m× n can be tiled by b-ominoes.

Solution: Necessary that mn = bk for some k ∈ Z.
If m on n is divisible by b, then tiling exists. Is it also necessary?

Clearly yes, if b a prime number.

Also true if b not a prime number! We tile the board with repeating pattern (example for b = 4)

1 2 3 4
4 1 2 3
3 4 1 2
2 3 4 1

Then every copy of 4-omino covers all 4 numbers.

Let m = pb + r and n = qb + s, where 0 ≤ r, s < b. The the board can be composed as

pb× qb pb× s
r × qb r × s

Look at the diagonal in r × s block. It contains exactly r times 1. Hence tiling will use r times b-omino.
Hence rb = rs, which gives s = b. A contradiction.



Magic squares: Filling a board n×n with integers 1 . . . n2 such that the sum in every row, column and
both diagonals is the same.
Example of a magic square for n = 4.

16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

Find a magic squares 2× 2 and 3× 3: (Hint: What is the sum?)

Solution: Square 2× 2 is not possible, since we will always see all possible pairs. We will see 1 + 2 as
well as 1 + 3.

Square 3× 3: Sum of row is s; Sum of all is n× s =
∑n2

i=1 i = n2(n2+1)
2 . Hence s = n(n2+1)

2 = 15. Solution:

8 1 6
3 5 7
4 9 2

It works for all odd n. Start in the middle of the first row with 1 and then go up+right. If not possible,
make one step down. Method developed by Loubére. Try if it works for 5× 5 if you get bored.

Magic squares: Show there is no magic 3D cube 3 × 3 × 3. All rows, columns and diagonals have the
same sum.

Solution: What is the sum s? We have s× n2 =
∑n3

i=1. Hence s = n(n3 + 1)/2 = 42.

Consider a 3× 3 square anywhere from the cube:

a b c
x y z
d e f

Entries must satisfy the following equations:

+(a + y + f = 42)

+(b + y + e = 42)

+(c + y + d = 42)

−(a + b + c = 42)

−(d + e + f = 42)

If we sum them as indicated, we get 3y = 42 which means y = 14. But there are 7 candidates for y.
Constradiction.
n = 4 also does not work. There is construction for n = 8.

Four color theorem, Shortest route problem, Traveling Salesman Problem


