
Fall 2015, MATH-304
Chapter 2.4 Permutations of Multisets

Let S be a multiset of k kinds of elements, each has its own multiplicity. Say S = {2 · a, 2 · b}. The all
3-permutations of S are aab, aba, baa, bba, bab, abb.

1: Let S = {∞ · a,∞ · b,∞ · c}. What is the number of r-permutations of S?

Solution: 3r. We need to fill r entries and each has 3 options.

2: Let S = {5 · a, 5 · b, 5 · c}. What is the number of permutations of S? (That means 15-permutations)

Solution: Think for a moment that all 15 letters are distinguishable. Then we would have 15!. But
then how many was are there to assign labels to each of the letter? 5! and it is there three times. Hence

15!

5! · 5! · 5!

The other possibility is to pick 5 spots for a, then pick 5 spots for b and the rest is c. This gives(
15

5

)
·
(

10

5

)
=

15!

5! · 10!
· 10!

5! · 5!
=

15!

5! · 5! · 5!
.

3: What is the number of permutations of a multiset {I, L, L, I,N,O, I, S}?

Solution: Imagine that we distinguish the repeated letters. For example:

{I1, L1, L2, I2, N1, O1, I3, S1}

There are n! = 8! permutations of these distinguished letters. If we ignore the subscripts, how many are
the same? There are three ”I”’ s, so every unsubscripted word appears 3! times as a subscripted word.
So we overcount by a factor of 3! because of the ”I”’s. Similarly, we overcount by 2!, 1!, 1! and 1! because
of the L’s, N ’s O’s and S’s. Hence the number of multiset permutations is actually 8!/3!2!1!1!1!. The
same argument clearly works in general.

Another proof: decide where I’s go, leaving 8−3 spots to decide where L’s go, etc. Apply the multiplication
principle and simplify the product of binomial coefficients.(

8

3

)(
5

2

)(
3

1

)(
2

1

)(
1

1

)
=

8! · 5! · 3! · 2! · 1!

3!5! · 2!3! · 2!1! · 1!1! · 1!0!
=

8!

3!2!1!1!1!

The thing is called multinomial coefficient (
8

32111

)

4: Let S be a multiset of k different object of multiplicities n1, n2, . . . , nk, where n = n1 +n2 + · · ·+nk.
What is the number of permutations of S?

Solution:
n

n1! · n2! · · ·nk!
=

(
n

n1 n2 . . . nk

)
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5: How many was is it possible to place 8 white non-attacking rooks on 8× 8 chess board? (Recall that
rook can move only horizontally or vertically, but it can move any number of squares)

Solution: We need to put one rook to every row and every column. We can assign them row by row.
In the first row, there are 8 spaces. In the next one, there are 7 and so on. This gives us 8!. Notice that
the rook placements corresponds to permutations.

6: How many was is it possible to place 8 non-attacking rooks on 8× 8 chess board if 4 rooks are white
and 4 rooks are black?

Solution: We can do it in two steps. First, we pick the placement of the rooks and then we decide the
coloring. The number of placements is 8! from the previous exercise. Now out of 8 we pick 4 that will be
white. The total number is

8! ·
(

8

4

)
.
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