
Fall 2015, MATH-304
Chapter 2.5 Combinations of Multisets

Let S be a multiset of k kinds of elements, each has its own multiplicity. A multisubset of size r is an
r -combination.

Say S = {3 · a, 3 · b}. The all 4-combinations of S are {a, a, a, b}, {a, a, b, b}, {a, b, b, b}.

1: Let S = {∞ · a,∞ · b}. What is the number of r-combinations of S?

Solution: We need to pick some a’s, that are between 0 and r and then b are easy to finish. So we have
r + 1 choices.

2: Let S = {∞ · a,∞ · b,∞ · c}. What is the number of r-combinations of S?

Solution: Assume we are making strings of r characters and a goes first, then goes b and finally c.
Important is the location where we see a and b next to each other and b and c next to each other.

aaaaa|bbb|cccc

The location of the change is given by |. If there are r letters, then there are r + 1 locations for |. We
need two delimiters. Is expression (r+1)2 correct? Not really, since the delimiters are not distingushable.
How we count it is that including the delimiters, we have r + 2 slots, where r slots are for letters and 2
slots are for delimiters. So eventually, we pick

(
r+2
2

)
.

3: Let S be a multiset of k different object, each has infinite supply. What is the number of r-
combinations of S?

Solution: Imagine we have r ×− and (k − 1)×X. We show that ordering of − and X corresponds to
a multiset.

−−X −−X −−X −−X −−X −−X −−

The number of −’s before the first X corresponds to the first object. Between first and second X, they
correspond to second objects and so on. Hence the number of solutions is(

r + k − 1

k − 1

)

4: What is the number of integer solution to the equation

x1 + x2 + x3 = 5

subject to x1, x2, x3 ≥ 0.

Solution: This is the same as picking 5-combination from a multiset that contains 3 different kinds of
objects. This gives

(
5+3−1
3−1

)
=

(
7
2

)
= 21.
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5: I’m hungry and I want to buy 6 items from McDonnald’s. I can pick from Hamburger, Cheeseburger
and small fries. How many different orders can I place?

Solution: r = 6 and k = 3 which gives
(
6+3−1

6

)
=

(
8
6

)
= 28 Or using

x1 + x2 + x3 = 6

subject to x1, x2, x3 ≥ 0.

6: What is the number of integral solutions of

x1 + x2 + x3 + x4 = 20

subject to x1 ≥ 3, x2 ≥ 1, x3 ≥ 0, x4 ≥ 5?

Solution: Introduce y1 = x1 − 3, y2 = x2 − 1, y3 = x3, y4 = x4 − 5. Then there is a bijection between
compositions (using nonzero positive integers) of

y1 + y2 + y3 + y4 = 11

and solutions of the original problem. That number is C(11 + 4− 1, 11) = 364.

Read chapter 2.6 on your own.
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