
Fall 2015, MATH-304
Chapters 6.1, 6.2 Principle of Inclusion and Exclusion

C

A B

U

|A ∪B ∪ C| = |A|+ |B|+ |C|+ · · · −|A ∩B| − |A ∩ C| − |B ∩ C|+ |A ∩B ∩ C|

1: Find number of integers x such that 1 ≤ x ≤ 1000 and x is not divisible by 5, 6, 8. Solution:
Make sets A5 . . . x divisible by 5, A6 . . . x divisible by 6 and A8 . . . x divisible by 8. We want compute

|U \ (A5 ∪A6 ∪A8)| = |A5 ∩A6 ∩A8|.

As before we obtain

|A5 ∩A6 ∩A8| = |U | −
∑

i∈{5,6,8}

|Ai|+
∑

i,j∈{5,6,8},i 6=j

|Ai ∩Aj | − |A5 ∩A6 ∩A8|

Now simple counting gives

|A5| =
⌊
1000

5

⌋
= 200 |A6| =

⌊
1000

6

⌋
= 166 |A8| =

⌊
1000

8

⌋
= 125

|A5 ∩A6| =
⌊
1000

30

⌋
= 33 |A5 ∩A8| =

⌊
1000

40

⌋
= 25 |A5 ∩A8| =

⌊
1000

24

⌋
= 41

|A5 ∩A6 ∩A8| =
⌊
1000

120

⌋
= 8

Total gives
|A5 ∩A6 ∩A8| = 1000− (200 + 166 + 125) + (33 + 25 + 41)− 8 = 600.

Theorem 6.1.1 Let S be a set and A1, A2, . . . , Am ⊆ S. Then

|A1 ∩A2 ∩ · · · ∩Am| = |S| −
∑
|Ai|+

∑
|Ai ∩Aj |+ · · ·+ (−1)m (A1 ∩A2 ∩ · · ·Am) .

2: Prove Theorem 6.1.1 Solution: Left Hand Side: Elements of S in no Ai.

Right Hand Side: Let x ∈ S. Assume x in n of the sets A1, . . . , Am, where possibly n = 0.

Contribution of x to the RHS:

n = 0 1− 0 + 0− 0 + 0 = 1

n ≥ 1 1− n+

(
n

2

)
−
(
n

3

)
+ · · · (−1)n

(
n

n

)
+ 0 · · ·+ 0 = 0

Notice we applied binomial theorem

0 = (1− 1)n =

(
n

0

)
−
(
n

1

)
+

(
n

2

)
− · · · (−1)n

(
n

n

)
.
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Corollary 6.1.2

|A1 ∪A2 ∪ · · · ∪Am| =
∑
|Ai| −

∑
|Ai ∩Aj |+ · · ·+ (−1)m+1 (A1 ∩A2 ∩ · · ·Am) .

3: There are 30 video game players. 15 of them play Legend of Zelda, 17 of them play Call of Duty
and 20 of them play World of Warcraft. Legend of Zelda and Call of Duty is played by 8 players, Call of
Duty and World of Warcraft is played by 10 players and World of Warcraft and Legend of Zelda also by
10 players. How many players play all three games? Solution: By principle of inclusion and exclusion
we have

30 = 15 + 17 + 20− 8− 10− 10 + x

where x is the number of players playing all three games. Hence the result is that all three games are
played by 6 players.

4: Find the number of integers between 100 and 999 inclusive that are not divisible by 4, 6, or 9.
Solution: For i = 4, 6, 9, let Ai denote the subset of X = {100, 101, . . . , 999} of integers divisible by i.
Then, by the Inclusion-Exclusion Principle, the number of integers in X not divisible by any of 4, 6, 7, 10
is

|X| − |A4| − |A6| − |A9|+ |A4 ∩A6|+ |A4 ∩A9|+ |A6 ∩A9| − |A4 ∩A6 ∩A9| =

900− (

⌊
999

4

⌋
−
⌊
99

4

⌋
)− (

⌊
999

6

⌋
−
⌊
99

6

⌋
)− (

⌊
999

9

⌋
−
⌊
99

9

⌋
)+

+(

⌊
999

12

⌋
−
⌊
99

12

⌋
) + (

⌊
999

36

⌋
−
⌊
99

36

⌋
) + (

⌊
999

18

⌋
−
⌊
99

18

⌋
)− (

⌊
999

36

⌋
−
⌊
99

36

⌋
) =

900− 225− 150− 100 + 75 + 25 + 50− 25 = 550.

5: Determine the number of solutions of the equation x1 + x2 + x3 + x4 + x5 = 16 in positive integers
x1, x2, x3, x4 and x5 not exceeding 7. Solution: This number is equal to the number of nonnegatvie
integer solutions of the equation y1 + y2 + y3 + y4 + y5 = 11, where each yi is at most 6. Let Y be the
set of all nonnegatvie integer solutions of the equation y1 + y2 + y3 + y4 + y5 = 11, and Ai be the set of
solutions such that yi ≥ 7, i = 1, 2, 3, 4, 5. Since Ai ∩Aj = ∅ for all i 6= j, our number is

|Y | − |
5⋃

i=1

Ai| = |Y | − 5|A1| =
(
11 + 4

4

)
− 5

(
5 + 4

4

)
= 735.

6: What is the number of ways to place four nonattacking rooks on the 4-by-4 boards without forbidden
positions are marked by ×?

×

×

×

×

×

×

MATH 304 - 13, page 2/3



Solution: Let Ai be the set of rook placements where a rook is placed in a forbidden position in row
1 ≤ i ≤ 3 (where the rows are numbered from top to bottom, as usual). We need to compute |A1∩A2∩A3|
by the complementary form of the inclusion-exclusion principle.

We have
|A1| = 1 · 3!, |A2| = 3 · 3!, |A3| = 2 · 3!

|A1 ∩A2| = 1 · 2 · 2!, |A1 ∩A3| = 1 · 2 · 2!, |A2 ∩A3| = (2 · 2 + 1)2!

and
|A1 ∩A2 ∩A3| = (1 · 1 · 2 + 1 · 1 · 1)1!.

Hence the number of placements is

4!− 6 · 3! + 18− 3 = 24− 36 + 18− 3 = 3.

Alternatively, it is also possible to solve the problem by examining possible rook placements. Say in
second row, there is only one position for placing a rook.

7: I have four exams to study for. I have 21 days to do it. I will study for any given exam during 10
days. For any given pair of exams, I will study them on the same day 5 times. For any given three exams,
I will study them together on at most 3 of the days. Finally, I need to “relax” for 3 days (when I don’t
study at all). How many days do I have to spend studying for all four exams together? Solution:
Total number of day is 21. Let Ai be the set of days where I study for exam i for 1 ≤ i ≤ 4. We
know that |Ai ∩ Aj | = 5 and |Ai ∩ Aj ∩ Ak| = 3. Question is what is what is |A1 ∩ A2 ∩ A3 ∩ A4|. Let
|A1 ∩A2 ∩A3 ∩A4| = x. By applying Inclusion-Exclusion Principle we get

21 ≥ 3 + 4 · 10−
(
4

2

)
5 +

(
4

3

)
3− x

21 ≥ 25− x

x ≥ 4

However, it is not possible that x ≥ 4 because intersection of any three is on at most 3 days.
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