
Fall 2015, MATH-304
Chapter 7.2 Generating Functions - Round II

Useful identities:
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1: Find a generating function that counts how many ways is it possible to score 6 points in basketball.
Solution: Enumerate solution:

1 + 1 + 1 + 1 + 1 + 1 1 + 1 + 1 + 1 + 2 1 + 1 + 2 + 2 2 + 2 + 2

1 + 1 + 1 + 3 3 + 3 1 + 2 + 3

Important is number of 1, 2 and 3 points. Contribution of each of them to the result is:

1 : 0, 1, 2, 3, 4, 5, 6 2 : 0, 2, 4, 6 3 : 0, 3, 6

Write the following generating function, where we use the contributions in the exponent:

(1 + x + x2 + x3 + x4 + x5 + x6

contribution of 1

) · (1 + x2 + x4 + x6

contribution of 2

) · ( 1 + x3 + x6

contribution of 3

)

Paste to WolframAlpha and obtain:

x18+x17+2x16+3x15+4x14+5x13+7x12+7x11+8x10+8x9+8x8+7x7+7x6+5x5+4x4+3x3+2x2+x+1

How is x6 obtained? We need to pick xa1 from the contribution of 1, then xa2 from the contribution of
1, and xa3 from the contribution of 3. Moreover, we need a1 + a2 + a3 = 6. This is exactly solving the
previous question. In particular, we are getting

x6+0+0 + x4+2+0 + x2+4+0 + x0+6+0 + x3+0+3 + x0+0+6 + x1+2+3 = 7x6.

Is the answer good also for x5 or x7?

2: Find generating function, where hn counts the number of ways to score n points in basketball.
Solution:

g(x) = (1 + x+ x2 + x3 + · · · ) · (1 + x2 + x4 + x6 + · · · ) · (1 + x3 + x6 + x9 + · · · ) =
1

1 − x
· 1

1 − x2
· 1

1 − x3
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3: Determine the generating function for the number hn of integral solutions of

2e1 + 11e2 + e3 + 7e4 = n,

where 0 ≤ e1, 2 ≤ e2, 0 ≤ e3 ≤ 10 and 1 ≤ e4 ≤ 5.
Use it to compute h31. Do not try to evaluate all hn, just get the generating function and get h30. But get
a closed form function- no infinite sums or infinite products. Solution: We can rewrite the question
using a1 = 2e1, a2 = 11e2 and a4 = 7e4 as

a1 + a2 + e3 + a4 = n,

where a1 is a multiple of 2, a2 is a multiple of 11 and a4 is a multiple of 7. So we get

(1 + x2 + x4 + · · · )(x22 + x33 + x44 + · · · )(1 + x + x2 + x3 + · · · + x10)(x7 + x14 + x21 + · · · + x35).

This simplifies as

(1 + x2 + x4 + · · · )x22(1 + x11 + x22 + · · · )(1 + x + x2 + x3 + · · · + x10)x7(1 + x7 + x14 + · · · + x28).

Hence

g(x) = x29 · 1
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· 1

1 − x11
· 1 − x11

1 − x
· 1 − x35

1 − x7

= x29 · 1

1 − x2
· 1

1 − x
· 1 − x35

1 − x7

Now we can get

[x31]g(x) = [x2]

(
1

1 − x2
· 1

1 − x
· 1 − x35

1 − x7

)
= [x2]

(
1

1 − x2
· 1

1 − x

)
= [x2]((1+x2+· · · )·(1+x+x2+· · · )) = 2.

4: (Midterm practice) Use generating function to compute the number of integer solutions to:

e1 + e2 + e3 = 22

subject to 3 ≤ e1 ≤ 8, 6 ≤ e2 ≤ 10 and 2 ≤ e3 ≤ 7. Solution:

[x22]g(x) = [x22]
(
(x3 + x4 + · · · + x8) · (x6 + x7 + · · · + x10) · (x2 + x3 + · · · + x7)

)
= [x22]

(
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1 − x

)
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(
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)
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(
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)
= [x11]
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)

=
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)
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)
− 2 ·
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5

)
+ 2
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3 + 0 − 1

0

)
= 10
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