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Chapter 7.4 Solving Linear Homogeneous Recurrence Relations

Definition Linear recurrence relation of order k is a sequence hn defined as

hn = a1hb−1 + a2hn−2 + · · ·+ akhn−k + bn

where ak 6= 0, ai ∈ R and h0, h1, . . . , hk−1 are given. If bn = 0, recurrence is called homogeneous.

1: Let Fibonacci numbers be defined as Fn = Fn−1 + Fn−2, F0 = 0, and F1 = 1.
Is it a linear recurrence relation? Is it homogeneous?

Solution: Yes to both.

2: Let Derangements be defined as Dn = (n− 1)Dn−1 + (n− 1)Dn−2, D1 = 0, and D2 = 1.
Is it a linear recurrence relation? Is it homogeneous?

Solution: Homogeneous but not linear. a1 = (n− 1) is not a constant.

Recall, Fibonacci numbers satisfy Fn = 1√
5

(
1+
√
5

2

)n
− 1√

5

(
1−
√
5

2

)n
and we obtained this by trying to

solve Fn = qn for some constant q.

Goal: Solve many recurrence relations in form qn.

Theorem 7.4.1 Let q 6= 0, Then hn = qn is solution to

hn = a1hb−1 + a2hn−2 + · · ·+ akhn−k

iff
xk − a1x

k−1 − a2x
k−2 − · · · − ak = 0 (this is called characteristic equation)

has q as a root, called characteristic root. If the characteristic equation has distinct roots q1, . . . , qk, then

hn = c1q
n
1 + c1q

n
2 + · · ·+ ckq

n
k ,

where ci ∈ C. Constants ci help with fitting the initial values of the sequence.

3: Prove Theorem 7.4.1 Solution: Let hn = qn. Then

qn = a1q
n−1 + a2q

n−2 + · · ·+ akq
n−k

qk − a1q
k−1 − a2q

k−1 − · · · − ak = 0

Hence q is a root of the polynomial. Since ak 6= 0, there are k non-zero roots (basic theorem of algebra).
Maybe q ∈ C. So there are k solutions q1, . . . , qk; we assume all distinct!

hn = qn1 hn = qn2 hn = qn3 · · · hn = qnk

Notice that if hn = qni , then also hn = ciq
n
i works. We let

hn = c1q
n
1 + c2q

n
2 + · · ·+ ckq

n
k

Finally, we compute ci from h0, . . . , hk−1.

h0 = c1 + c2 + c3 + · · ·+ ck

h1 = c1q1 + c2q2 + · · · ckqk
...

hk−1 = c1q
k−1
1 + c2q

k−1
2 + · · · ckqk−1k
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Notice the system has k equations and k variables, so it is solvable.

4: Solve the following recurrence relation:

hn = 2hn−1 + hn−2 − 2hn−3

with h0 = 1, h1 = 2, h2 = 0. Solution: Characteristic equation:

x3 − 2x2 − x + 2 = 0

Roots are 1,-1,2. Hence
hn = c11

n + c2(−1)n + c32
n

Initial values are computed from

h0 : 1 = c1 + c2 + c3

h1 : 2 = c1 − c2 + 2c3

h2 : 0 = c1 + c2 + 4c3

Solution is c1 = 2, c3 = −2
3 , c3 = −1

3 . This gives

hn = 2− 2

3
(−1)n − 1

3
· 2n.

5: Solve the following recurrence
hn = hn−1 + 2hn−2

with h0 = 2 and h1 = 7. Solution: Characteristic equation

q2 − q − 2 = 0

Roots are q1 = 2, q2 = −1. Hence

hn = c1q
n
1 + c2q

n
2 = c12

n + c2(−1)n.

Use initial values

h0 : 2 = c1 + c2

h1 : 7 = c12− c2

Solution is c1 = 3, c2 = −1. Hence
hn = 3 · 2n − (−1)n.
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Solution using generating functions Idea: Find generating function g(x) for hn and then read
[xn]g(x).

Recall
1

(1− rx)n
=
∞∑
k=0

(
−n
k

)
(−rx)k =

∞∑
k=0

(
n + k − 1

k

)
rkxk

6: Solve the following recurrence using generating functions

hn = 5hn−1 − 6hn−2

h0 = 1 and h1 = −2. Solution: Observe that

hn − 5hn−1 + 6hn−2 = 0

We write hn into a generating function and try to use the previous observation.

g(x) = h0 + h1x + h2x
2 + h3x

3 + · · ·
−5xg(x) = − 5h0x − 5h1x

2 − 5h2x
3 − · · ·

6x2g(x) = 6h0x
2 + 6h1x

3 + · · ·

By summing all three equations we get

(1− 5x + 6x2)g(x) = h0 + (h1 − 5h0)x + (h2 − 5h1 + 6h0)x
2 + (h3 − 5h2 + 6h1)x

3 + · · ·
(1− 5x + 6x2)g(x) = h0 + (h1 − 5h0)x

(1− 5x + 6x2)g(x) = 1− 7x

g(x) =
1− 7x

1− 5x + 6x2

Now we will use partial fractions. Notice 6x2 − 5x + 1 = (1− 2x) · (1− 3x). We want

g(x) =
1− 7x

1− 5x + 6x2
=

c1
1− 2x

+
c2

1− 3x

The solution for c1 and c2 is obtained from

1− 7x = c1(1− 3x) + c2(1− 2x) = c1 + c2 − c13x− c22x = (c1 + c2)− (3c1 + 2c2)x

and we need to solve system of 2 equations:

1 = c1 + c2 −7 = 3c1 + 2c2

Solution is c1 = 5 and c2 = −4. Hence

g(x) =
5

1− 2x
− 4

1− 3x

= 5
∞∑
i=0

(2x)i − 4
∞∑
i=0

(3x)i

Hence
hn = 5 · 2n − 4 · 3n.
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7: Solve the following recurrence using generating functions

hn = hn−1 + 2hn−2

with h0 = 2 and h1 = 7.
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