Practice problems for Calculus I

We can find the derivative of the inverse of a
function, even if we can’t find the inverse!

Example: For f(x) = e~ —4x + 10, let

g(x) = f~1(x). Find ¢’(3).

Example: Suppose that h(x) = f(x)g(x) is an
invertible differentiable function. Further suppose
that we know the following information:

x=0 [ x=3 [ x=7 [ x=11] x=16 |
(x) 3 4 10 24 66
ol T T 61 7 [ 19 28
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gx) || =1 | =1 -=1] =2 -2

Find the tangent line to the curve y = h~'(x) at
x=16.

For derivatives with lots of multiplications
and/or a function in the exponent, can use logs.
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- Find — (x(¢™)
Example: Find ™ (x'¢7).

Example: Find dix (Mﬁ)

(x2 4+ 1)ex
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If two (or more) variables are related, then their
rates of change are related.

Example: A train is heading east towards
Conjunction Junction at a speed of 15 miles and is
currently 25 miles away, at the same time a second
train is heading south away from Conjunction
Junction at a speed of 10 miles and is currently 60
miles away. At what rate are the two trains moving
apart from each other?

Example: If applying a force to a wrench at a 90°
angle the amount of torque T produced is T = rF
where r is the length along the wrench you apply
the force and F is the amount of force applied.
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Suppose that you need to produce a constant torque

of 50 Newton meters. Find dr/dt if the amount of
force you can generate is changing at a rate of
dF/dt = —5 Newtons per second when F = 100
Newtons.

Tangent lines are good (linear) approximations to
functions and can be used for estimation.

@ Example: Find the linearization of f(x) = ¥/x at
x = 625. Use this to estimate v/610.

Example: Find the linearization of f(t) =
@ t = 2. Use this to estimate f(2.05).
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Find max/min of continuous function, f(x), on
a < x < b by evaluating f at all critical points.

Example: Find the absolute minimum and absolute
maximum of h(s) = 2s3 + 3s2 — 12s — 18 for
-3<s< 2

Example: Find the absolute minimum and absolute
\0) maximum of g(t) = (t — 3)e* — (3/2)t(t —4) for
1<t<3

First derivative tells increasing/decreasing
Second derivative tells concave up/concave down

Example: Find all inflection points of

y = x8/3 — 8x5/3. Justify your answer.

Example: For g(x) = 4x> — 5x* — 40x3 4 137, find the
\ maximal interval(s) where the function is increasing

and decreasing.

We can use derivatives to find max/min.
If we don’t have a function, we make one!

@ Example: Find and classify all critical points for

h(t) = (2t +3)et’.

O Example: Find the maximum area of a rectangle
"

which has the bottom on the x-axis and the top
vertices lying on the curve y = e™*".

rNewton’s method approximates roots

Example: Use Newton’s method to approximate a
solution to cos(x) = x?. Starting with xo = 1, find x;
(give answer to four decimal points).

Example: Use Newton’s method to approximate a
root to y = x3 — 3x? + 6x — 3 starting with xo = 1
give the exact value of x;.

®

Basic properties of integrals can help to
simplify /rewrite expressions.

Example: Simplify the following to a single integral:

@ LG f(t) dt + r f(t)dt+2 r f(t) dt + r f(t) dt.

1 2 6

5
Example: Find J 3+ t’ cos(t)) dt.
-5

lTo find antiderivatives, we often first rewrite.

. 1
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@Exumple: Find J W dx.
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We can approximate the “total” of a function by
using Riemann sums.

Example: Approximate the area under the curve

y =x%—3x+5 from x = 0 to x = 4 using a Riemann
sum with four equally spaced intervals and using
the right endpoint of each interval.

Example: Given that v(t) = 7725—){-—1 is a velocity of

the particle, estimate the distance it has traveled
from t = 0 to t = 4 by using a Riemann sum with
four equally spaced intervals and using the left
endpoints of each interval.

I Some integrals can be found using geoemetry. |

Example: Find the area between y = v/1 —x? and
y=2x|]—2for—1<x<1.
8
Example: FindJ h(x) dx where
0

h(x) = {

The Fundamental Theorem of Calculus connects
integration and differentiation.

2—|x—2
3—|x—5|

fo<x<3;
if3<x<8.

Example: For x > 0, find f(x) given that

2
J tf(t) dt = e3*7® + Ccos(mx) + 2x + 1.

x

(Note that you will have to solve for “C”.)

.. d [ arctant
Example: Find o (J T dt).

x

Substitution is one of the most important tools
available for working with integrals.

Example: Evaluate | ——-%
xampie: Evaluate W

1

by substituting
u=y'/2

Example: Find Jx( sin(x2) + cos(x?)) 2 sin(x?) dx.

| Integration can be used to find areas/averages. |

Example: Find the area bounded by f(x) = 2sinx
and g(x) = secx tan x between x = 0 and the
smallest x > 0 where the two curves intersect.

Example: Find the average value of the function
X
=— <x<2.
f(x) 2 for0 < x

This is how to solve separable differential
equations: Separate, Integrate, Uncomplicate

cos(t)

2y+2 an
Example: The number of acres of a forest after t
centuries, denoted A(t), grows faster with time and
also is curtailed by its size (i.e., a larger forest

@ exhibits slower growth). We can model this as

26t
Al = ﬁ Given that the forest initially (i.e., at

Example: Find y(t) ify’ = d y(0) = -2.

t = 0) has nine acres, how many acres will it have
after six centuries (i.e., at t = 6)?

For indeterminate limits (i.e., %) use L'Hospital.

g,: sin(x) dx

'S% Example: Find lim v
Example: Given that f is twice differentiable and
tim X0 _ 5 6 £(2), £/(2), and £(2)
x=2 (x—2)2 7 ’ ’ i
(Hint: if denominator goes to 0, then the only
possible chance for a limit to exist is for it to be

indeterminate and push on with L'Hospital.)

Basic integrals you are expected to know:

du

Ju“ du= Lu"“ +C J In(u) + C
n+1 u

Je“du=e“+C szarctm(u)+c

Jsin(u) du = —cos(u) + C

Jcos(u) du = sin(u) + C

Jsecz(u) du = tan(u) + C
Jsec(u) tan(w) du = sec(u) + C

(If the integral you are doing is not one of the above,
then don't try to do it (you will likely be wrong)!)

Trig identities you are expected to know:

sin?(u) 4 cos?(u) = 1 sin(2u) = 2sin(u) cos(u)

Make sure to pay attention to algebra, arithmetic,
and even just basic copying. Most points are lost for
“simple” mistakes that then snowball. The ability to
rewrite expressions, to factor, to expand, etc. are the
lifeblood of a good calculus practitioner. Similarly
know the basic rules, most problems are usually
testing on some basic rules which have been slightly
obfuscated.
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