
Chapter 5.1: Area and Estimating with Finite

Sums

5.1. 1



Introduction

What is the area under the graph?
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Motivation
Differential Calculus

How are things changing?

Idea: We know how lies are changing.
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Approximate a function by a line and say
it is changing like a line.

Integral Calculus

How much is there?

Problem: Compute the area under f (x).
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What is easy for computing area?
How to approximate the area under
f (x)?
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Riemann Sums
Given a function y = f (x) approximate
the area under the curve for a ≤ x ≤ b.

Partition a ≤ x ≤ b into some (usually
equally sized) intervals

a = a0 < a1 < a2 < · · · < an = b

Approximate the area under f (x) for
ai−1 ≤ x ≤ ai by a rectangle.

width =

∆i = ai − ai−1

height =

f (xi ) where ai−1 ≤ xi ≤ ai
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Combining the areas of rectangles we get
area ≈

f (x1)∆1 + f (x2)∆2 + f (x3)∆3 +
· · ·+ f (xn)∆n

Called Riemann Sum
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How to pick xi?

a = a0 < a1 < a2 < · · · < an = b

ai−1 ≤ xi ≤ ai

A ≈ f (x1)∆1 + f (x2)∆2 + · · ·+
f (xn)∆n

How to pick xi?
Options:

I left end: xi = ai−1

I right end: xi = ai
I midpoint:

xi = 1
2 (ai−1 + ai )

I max value: (varies)

I min value: (varies)

All approximate the area
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Example
Estimate the area under f (x) = 4x2 for
0 ≤ x ≤ 4 by Reimann sums with four
equally spaced intervals and using

I left end points

area ≈
= f (a0) + f (a1) + f (a2) + f (a3)
= 4 · 02 + 4 · 12 + 4 · 22 + 4 · 32

= 4 ·
(
1 + 22 + 32

)
= 4 · (1 + 4 + 9)
= 4 · 15 = 60

I right end points

area ≈
= f (a1) + f (a2) + f (a3) + f (a4)
= 4 · 12 + 4 · 22 + 4 · 32 + 4 · 42

= 4 ·
(
1 + 22 + 32

)
+ 4 · 16

= 4 · (1 + 4 + 9) + 64
= 4 · 15 + 64 = 60 + 64 = 124
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I midpoints

area ≈
= f ( 1

2 ) + f ( 3
2 ) + f ( 5

2 ) + f ( 6
2 )

= 4·
(
1
2

)2
+4·

(
3
2

)2
+4·

(
5
2

)2
+4·

(
6
2

)2
= 4 · 14 + 4 · 94 + 4 · 254 + 4 · 364
= 1 + 9 + 25 + 36 = 71
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Example

Estimate the area under the curve f (x) =
√

25− x2 for 0 ≤ x ≤ 5. Use Riemann
sums with five equal intervals and give an upper and lower estimate for the area.
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Partition the interval [0, 5] by points
a0 = 0 < 1 < 2 < 3 < 4 < 5 = a5.
Note ∆i = 1

Lower bound: use minimum on intervals.
This is the same as using the right
points.

Upper bound: use maximum on interval.s
This is the same as using the left points.

Exact area is 25π
4 ≈ 19.35

area ≥ f (1) + f (2) + f (3) + f (4) + f (5)
=
√

25− 1 +
√

25− 4 +
√

25− 9 +
√

25− 16 +
√

25− 25
=
√

24 +
√

21 +
√

16 +
√

9 +
√

0 ≈ 16.481 . . .

area ≤ f (0) + f (1) + f (2) + f (3) + f (4)
=
√

25− 0 +
√

25− 1 +
√

25− 4 +
√

25− 9 +
√

25− 16
=
√

25 +
√

24 +
√

21 +
√

16 +
√

9 ≈ 21.481 . . .
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Demo

http://demonstrations.wolfram.com/RiemannSums/
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