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EXAMPLE (GOODMAN, RAZBOROV)
If density of edges is at least p > 0, what is the minimum density
of triangles?

® designed to attack extremal problems.

e works well if constraints as well as desired value can be computed
by checking small subgraphs (or average over small subgraphs)
e the results are in limit (very large graphs)



APPLICATIONS (EARLY INCOMPLETE LIST)

AUTHOR YEAR APPLICATION /RESULT

RAZBOROV 2008 EDGE DENSITY VS. TRIANGLE DENSITY

HraDKY, KRAL, NORIN 2009 BOUNDS FOR THE CACCETTA-HAGGVIST CONJECTU
RAzBOROV 2010 ON 3-HYPERGRAPHS WITH FORBIDDEN 4-VERTEX Ct
Harami, HLADKY,KRAL,NORIN, RAZBOROV / GRZESIK 2011 ERDGS PENTAGON PROBLEM

Hatami, HLADKY, KRAL, NORIN, RAZBOROV 2012 NON-THREE-COLOURABLE COMMON GRAPHS EXIS
BavrocH, Hu, L., Liu / BABER 2012 4-CYCLES IN HYPERCUBES

Das, HUANG, MA, NAVES, SUDAKOV 2013 MINIMUM NUMBER OF k-CLIQUES

BABER, TALBOT 2013 A SOLUTION TO THE 2/3 CONJECTURE
FALGAS-RAVRY, VAUGHAN 2013 TURAN DENSITY OF MANY 3-GRAPHS

CUMMINGS, KRAL, PFENDER, SPERFELD, TREGLOWN, YOUNG 2013 MONOCHROMATIC TRIANGLES IN 3-EDGE COLORED
KRAMER, MARTIN, YOUNG 2013 BOOLEAN LATTICE

BavocH, Hu, L., PIKHURKO, UDVARI, VOLEC 2013 MONOTONE PERMUTATIONS

NORIN, ZWOLS 2013 NEW BOUND ON ZARANKIEWICZ'S CONJECTURE
Huana, LINIAL, NAVES, PELED, SUDAKOV 2014 3-LOCAL PROFILES OF GRAPHS

BavLocn, Hu, L., PFENDER, VOLEC, YOUNG 2014 RAINBOW TRIANGLES IN 3-EDGE COLORED GRAPHS
Bavocn, Hu, L., PFENDER 2014 INDUCED DENSITY OF Cg

GoAOC, HUBARD, DE VERCLOS, SERENI, VOLEC 2014 ORDER TYPE AND DENSITY OF CONVEX SUBSETS
COREGLIANO, RAZBOROV 2015 TOURNAMENTS

ALON, NAVES, SUDAKOV 2015 PHYLOGENETIC TREES

Applications to graphs, oriented graphs, hypergraphs, hypercubes,
permutations, crossing number of graphs, order types, discrete
geometry, Ramsey numbers, phylogenetic trees. ..



Not everything is a good fit for flag algebras.

Hamiltonicity
Connectivity
Chromatic number
Lower order terms
Sparse graphs

® planar graphs

® saturation problems
* ex(n, Gs), ex(n, Ket), - ..

<]



The following application are NOT the most
impressive ones!

They are just easier to talk about for me.
(And | already had many of the slides)

We ignore things as Caccetta-Haggkvist and Turan for 3-uniform
hypergrpahs

3<;> < ex(n, Kf‘)) < 0.5615 <;> by Baber

Flagmatic



J. Balogh P. Hu

H. Liu B. L.

Application to sparse structure.



H. Liu B. L.

Application to sparse structure.
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What is the maximum number of edges in a
subgraph of O, with no Q57
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Q,, is n-dimensional hypercube (n-cube)

9 Q> Qs

PROBLEM (ERDOS 1984)

What is the maximum number of edges in a
subgraph of O, with no Q57

maximize I subject to I:I =




LOWER BOUND
CONJECTURE (ERDOs 1984)

In Q, where n — oo:

[1--1-
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LOWER BOUND
CONJECTURE (ERDOs 1984)

In Q, where n — oo:

[1--1-

N

As posets

Q7 Q7

°
By removing every second layer, l >1/2.
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RESULTS ABOUT HYPERCUBES

IfI:I:O then

THEOREM (CHUNG 1992)
I < 0.62284.

THEOREM (THOMASON AND WAGNER 2009)

I < 0.62256. I < 0.62083.

THEOREM (BALOGH, Hu, L., Liu 2014; BABER)
I < 0.6068.

I < 0.60318 by Baber



RELATED RESULTS - BOOLEAN LATTICE

Let BB, denote n-dimensional boolean lattice.
Let F be a subposet of B, not containing .
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THEOREM

|F| < (c+ 0(1))(Ln72j)’ where

¢ < 2.3 [Griggs, Lu 2009]

¢ < 2.284 [Axenovich, Manske, Martin 2012]
c < 2.273 [Griggs, Li, Lu 2011]
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RELATED RESULTS - BOOLEAN LATTICE

Let BB, denote n-dimensional boolean lattice.
Let F be a subposet of B,, not containing .

THEOREM

|F| < (c+ 0(1))(@72])' where

¢ < 2.3 [Griggs, Lu 2009]

¢ < 2.284 [Axenovich, Manske, Martin 2012]
c < 2.273 [Griggs, Li, Lu 2011]

¢ < 2.25 [Kramer, Martin, Young 2013] FA
c <2.208... [Norin, Yepremyan 2016+] FA
¢ < 2.20711 [ GrJsz, Methuku, Tompkins 2017]

If Fis a subposet of only the middle three layers of B, then
¢ < 2.1547 [Manske, Shen 2013]
¢ < 2.15121 [Balogh, Hu, L., Liu 2014] FA



How 1S IT DONE?

Hypercubes are sparse structures, so

1

if one just takes random 4 vertices from Q, as n — oc.

Trick: Pick a vertex as [0, 1]” and then pick randomly d
coordinates. This samples a small sub-hypercube.



oL
h

O. Pikhurko

Application with exact result.

B. Udvari

J. Volec



PERMUTATIONS AND EXTREMAL PROBLEMS

PROBLEM
What is the minimum number of monotone subsequences of size k
in a permutation of [n]?
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PERMUTATIONS AND EXTREMAL PROBLEMS

PROBLEM
What is the minimum number of monotone subsequences of size k
in a permutation of [n]?

=3 (5,4,1),(5,4,2),(5,4,3)
-5 H (1,2,3)
H (1,2,3)

(4,5,1,2,3)




CONJECTURE

CONJECTURE (MYERS 2002)

The number of monotone subsequences of length
k is minimized by a permutation on [n] with k —1
increasing runs of as equal lengths as possible.

L‘

°
e
°

k=4n=15

) |



EXTREMAL CASE IS NOT UNIQUE
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CONJECTURE (MYERS 2002)

The number of monotone subsequences of length k is minimized
by a permutation on [n] with k — 1 increasing runs of as equal
lengths as possible.

THEOREM (SAMOTIL), SUDAKOV '15)

Mpyers' conjecture is true for sufficiently large k and

n<k?+ ck3/? log k, where c is an absolute positive constant.
THEOREM (BALOGH, Hu, L., PIKHURKO, UDVARI, VOLEC '15)
Myers’ conjecture is true for k = 4 and n sufficiently large.

(1,2,3,4) (4,3,2,1)



CONJECTURE (MYERS 2002)

The number of monotone subsequences of length k is minimized
by a permutation on [n] with k — 1 increasing runs of as equal
lengths as possible.

THEOREM (SAMOTIL), SUDAKOV '15)

Mpyers' conjecture is true for sufficiently large k and

n<k?+ ck3/? log k, where c is an absolute positive constant.
THEOREM (BALOGH, Hu, L., PIKHURKO, UDVARI, VOLEC '15)
Myers’ conjecture is true for k = 4 and n sufficiently large.

(1,2,3,4) (4,3,2,1)

Use of flag algebras, k = 5,6 also doable, 7 not.



FROM PERMUTATIONS TO PERMUTATION GRAPHS

*
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EXTREMAL EXAMPLE (k = 4)

(=)




AS FLAG ALGEBRAS QUESTION (k = 4)

5l 2

(1727374> (4’3’2’1)
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SR N

(1,.2,3,4) (4,3,2,1)
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AS FLAG ALGEBRAS QUESTION (k = 4)

SR N

(1,.2,3,4) (4,3,2,1)

minimize E + x
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AS FLAG ALGEBRAS QUESTION (k = 4)

SR N

(1,.2,3,4) (4,3,2,1)

minimize E + x

THEOREM (BALOGH, Hu, L., PIKHURKO, UDVARI, VOLEC ’15)

R

for every permutation graph.

20



ONLY FOR PERMUTATION GRAPHS

THEOREM (BALOGH, Hu, L., PIKHURKO, UDVARI, VOLEC ’15)

(][R

over permutation graphs (and extremal permutations described
using Myers’ results - stability arguments).
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ONLY FOR PERMUTATION GRAPHS

THEOREM (BALOGH, Hu, L., PIKHURKO, UDVARI, VOLEC ’15)

(X)) ==

over permutation graphs (and extremal permutations described
using Myers’ results - stability arguments).

THEOREM (SPERFELD ’'12; THOMASON ’89)

5 <o (X X)) < 5

over all sufficiently large 2-edge-colored complete graphs.

21



OTHER PERMUTATIONS - MAXIMIZING 1342 AND 2413
d(X) denotes the maximum packing density of a permutation X.

0.19657 < d( *'.) <2/9=022222... AAHHS
d(;+.) <0.1988373 BHLPUV

51/511=0.0998... < d(,” %) <2/9=0.22022  AAHHS

) <

0.1024732 < d( *) P

0.10472... < d(.] ?) PS
) <

(.l

AAHHS ... Albert, Atkinson, Handley, Holton, Stromquist 2002
P...Presutti 2008

PS. .. Presutti, Stromquist 2010

BHLPUV...FA 2015

Many other patterns investigated by Slia¢an and Stromquist 2018.

0.1047805 BHLPUV



How 1S IT DONE?

For some permutations, one can use permutation graphs.

For other permutations, flag algebras can be developed on linearly
ordered vertices.

929



Crossing numbers

S. Norin

Application to graph drawing.

241



CROSSING NUMBER

Turdn 1945: In a forced
labor camp, prisoners
transfer carts of bricks from
kilns to shipping yards.

When two tracks cross, cart
is likely to derail.

How to connect every kiln
and shipping yard that
minimizes the number of
crossings?

Km,n is a complete bipartite graph with sizes m and n, K33 is
above.
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For a graph G, cr(G) is the crossing number.

CONJECTURE (ZARANKIEWICZ 1954)

o 52 )15

THEOREM (NORIN, ZWOLS 2013+)

cr(Kmn) > °-9BJ {(" ; 1>J m {(mz— 1) J

for large m and n.

(Zarankiewicz's conjecture is 90% true)
80% Kleitman 1970

83% De Klerk, Maharry, Pasechnik, Richter, Salazar 2006
85.9% De Klerk, Pasechnik, Schrijver 2007

26



Rectilinear crossing number is with straight line
drawing.

THEOREM (BALOGH, L., NORIN, PFENDER, SALAZAR)

Rectilinear version of the Zarankiewicz is 97.3% true for large m
and n.

927
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For a graph G, ¢r(G) is the rectilinear crossing number.

CONJECTURE

Cr(Kny ny,n3) is minimized by

Ks 55

THEOREM (GETHNER, HoGBEN, L., PFENDER, RUIZ, YOUNG,

'17)

Cr(Kny ny,ns) conjecture is 97.3% true for large nq, np, and ns.

PROBLEM

What about partite graphs with more parts?

920



Anthony Hill
Orthogonal / Diagonal
Composition
1954

20



Hill considered crossing
number of complete graphs.

Anthony Hill
Orthogonal / Diagonal
Composition
1954

20



Anthony Hill
Orthogonal / Diagonal
Composition
1954

Hill considered crossing !
number of complete graphs. \

CONJECTURE (HiILL 1962)

er(kn) =3 18] 175 1222) 1)




CONJECTURE (HiILL 1962)
_11|n n—1 n—2 n—3
cr(Ka) = 3] [%27] [%2%] [%22)
Conjecture is true
if n <12.
100% with various additional restrictions on the drawing
80% Kleitman 1970
83% De Klerk, Maharry, Pasechnik, Richter, Salazar 2006
85.9% De Klerk, Pasechnik, Schrijver 2007
90.5% Norin, Zwols 2013
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CONJECTURE (HiILL 1962)
_11|n n—1 n—2 n—3
cr(Ka) = 3] [%27] [%2%] [%22)
Conjecture is true
if n <12.
100% with various additional restrictions on the drawing
80% Kleitman 1970
83% De Klerk, Maharry, Pasechnik, Richter, Salazar 2006
85.9% De Klerk, Pasechnik, Schrijver 2007
90.5% Norin, Zwols 2013

THEOREM (BALOGH, L., SALAZAR)
Conjecture is 98.5% true.

21



How 1S IT DONE?

For multipartite graphs
e Color vertices to indicate parts.

e For every {(a, b),(c,d)}, where a, b, c, d are vertices remember if
edges ab and cd cross or not.

e Necessary to generate all (combinatorial) embeddings of graphs
on n vertices.

For complete graphs
® For every vertex remember clockwise order of its neighbors.

e Necessary to generate all (combinatorial) embeddings of graphs
on n vertices.

29



Fractalizers

Application with exact result and iterated extremal construction.

29
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RESULTS WITH ITERATED CONSTRUCTIONS

THEOREM FALGAS RAVRY, VAUGHAN 2012

Density of< -<» and é is maximized by (@)
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THEOREM FALGAS RAVRY, VAUGHAN 2012

Density of< ~<» and é is maximized by (@)

THEOREM (HUANG 2014)

Density of < :is maximized by (@)

THEOREM (HLADKY, KRAL, NORIN)

ED=E2
Density of \ / is maximized by .
0‘3 ‘3’0

@@ @0
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RESULTS WITH ITERATED CONSTRUCTIONS

THEOREM FALGAS RAVRY, VAUGHAN 2012

Density of-< ~<» and é is maximized by (@)

THEOREM (HUANG 2014)

Density of < :is maximized by (@)

THEOREM (HLADKY, KRAL, NORIN

. . 5 @
Density of \ / is maximized by ’ .
0‘3 ‘3’0
@@ @0
THEOREM (PIKHURKO 2014)

Iterated blow-up of any graph is extremal for w(F) for some family
F.

25



V PROBLEM

F(n) := max v over all 3-edge-colorings of K,
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V PROBLEM

F(n) := max v over all 3-edge-colorings of K,

X

¢
.

(R —

26



V PROBLEM

F(n) := max v over all 3-edge-colorings of K,

- -
v 1K
NGO OREY/
- isd o/
s s
&Y Y

CoNJECTURE (ERDOGS, SOs 1972-)
This construction is the best possible. In other words,

F(n) = x1x2x3 + x1X2Xa + X1X3Xa + XoX3Xa + Zi F(xi),

where x1 + xo + x3 + x4 = n, and |x; — x;| < 1.

26



V PROBLEM

F(n) := max v over all 3-edge-colorings of K,

X 4
k: :J s
G R4

CoNJECTURE (ERDOGS, SOs 1972-)
This construction is the best possible. In other words,

F(n) = x1x2x3 + x1X2Xa + X1X3Xa + XoX3Xa + Zi F(xi),

where x1 + xo + x3 + x4 = n, and |x; — x;| < 1.

Our result: The conjecture is true for n large and for any n = 4.



F(n) := max V over all 3-edge-colorings of K,

THEOREM (BavrocH, Hu, L., PFENDER, VOLEC, YOUNG 2017)

F(n) = x1xox3 4+ x1XoXa + x1X3Xa + X0X3X4 + Z F(xi),
1

where x1 + xo + x3 + x4 = n, and |x; — x;| <1 and n is large or
n = 4k,

Construction } 4

FA: v < 0.40006
Usual stability approach with excluded subgraphs does not work
(nothing is excluded). Not having tight result from FA is typical if
the extremal construction is iterated.

Use dense structures!

27



A graph G is a fractalizer if the graph maximizing the number of
copies of G is an iterated blow-up of G.

THEOREM (Fox, HuaNG, LEE 2015+)
Almost every graph is a fractalizer.

But can you find some?

2



A graph G is a fractalizer if the graph maximizing the number of
copies of G is an iterated blow-up of G.

THEOREM (Fox, HuaNG, LEE 2015+)
Almost every graph is a fractalizer.

But can you find some? Other than K}, or K,, of course.

2



Desperate junkies search for an
alleged “ hay in the haystack.”

S, - . TNy = i

20



CONJECTURED HAY

CONJECTURE (PIPPINGER, GOLUMBIC 1975)

Cycles, except Cy4, are fractalizers.

A0



CONJECTURED HAY

CONJECTURE (PIPPINGER, GOLUMBIC 1975)

Cycles, except C4, are fractalizers.

THEOREM (Bavoch, Hu, L., PFENDER, 2016)

GCs is almost a fractalizer.

THEOREM (BRANDT, L., PFENDER)

Cs is almost a fractalizer.

THEOREM (Hu, L., PFENDER, VOLEC)

The oriented C4 is almost a fractalizer.

Almost for C;, means graphs on £¥ vertices or in the limit.

A0



Small Ramsey numbers

Application to something seemingly unrelated (finite).

A1



DEFINITION
R(Gi, Gy, ..., Gi) is the smallest integer n such that any k-edge

coloring of K, contains a copy of G; in color i for some 1 </ < k.

R(K3, K3) >5 R(K3, K3) <6

A9
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A9



THEOREM (RAMSEY 1930)
R(Km, Kn) is finite.
R(Gi, ..., Gg) is finite

Questions:

e study how R(G, ..., Gk) grows if Gi,..., Gk grow (large)
e study R(Gi,..., Gi) for fixed Gi,..., Gk (small)
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THEOREM (RAMSEY 1930)
R(Km, Kn) is finite.

R(Gi, ..., Gg) is finite

Questions:

e study how R(G, ..., Gk) grows if Gi,..., Gk grow (large)
e study R(Gi,..., Gi) for fixed Gi,..., Gk (small)

Radziszowski - Small Ramsey Numbers
Electronic Journal of Combinatorics - Survey

A2



[Erdds] Suppose aliens invade the
earth and threaten to obliterate it
in a year’s time unless human beings
can find the Ramsey number for red
five and blue five. We could marshal
the world’s best minds and fastest
computers, and within a year we
could probably calculate the value.
If the aliens demanded the Ramsey
number for red six and blue six, how-
ever, we would have no choice but
to launch a preemptive attack.

A4



Take any graph G with no v and v .
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Take any graph G with no and




and

Take any graph G with no

up has density of non-edges > %

If G has k vertices, then the blow-
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Take any graph G with no v and v .

If G has k vertices, then the blow-up has density of non-edges > %
If any blow-up has density of non-edges > % then G has < k
vertices.



NEW UPPER BOUNDS (L., PFENDER)

Problem Lower | New upper | Old upper
R(K, ,Kg) 29 32 38
R(K, ,Ky) 31 46 53
R(Ka, K;) 37 49 52
R(Ks , Ky ) 31 38 39
R(Ks , K7) 40 65 66
R(Ks, Kg ) 43 62 66
R(Ks, K;) 58 102 110
R(Kg . K7) 59 124 135
R(K7, K, ) 28 29 30
R(Ks, K, ) 29 39 42
R(Ks, Cs) 29 29 33
R(Ka, Cs) 33 36

R(Koy, Cs) 41 41

R(Koq, &7) 49 58
R(K2.2.2,K222) 30 32 607

A6



Lower

New upper

Old upper

20
20
25

21
25
30

17
16
21

30
30

17
20
23
24
29
33
49

28
33
38
62

21
16
19

17
17
22

19
19
24

20
22
26




Problem Lower | New upper | Old upper
R(Ws, Ke) 33 36

R(Ws, K7) 43 50

R(Qs, Q3) 13 13 14
R(K3, Gs, Gs) 17 17 217
R(K3, C4_7 C4_7 C4) 24 29

R(Ks, Ca, C4) 52 71 72
R(K, . K, , K, ) 28 28 30
R(K3, K, ,K, ) 21 23 27
R(Ks, K, . K, ) 33 47 59
R(Ka, Ka, K;) 55 104 113
R(K3, Ka, K, ) 30 40 41
R(K, ,Ks ;3) 12 12

R(K, , Ks; 3) 14 16

R(K, ,K, ,K,;3) 13 14 16




Erdos Pentagon Problem

Combination of ideas from results on fractalizers and Ramsey
numbers.

40



Combination o
numbers.

40



PENTAGONS IN TRIANGLE-FREE GRAPHS

PROBLEM (ERDOS, 83)
Is it true that a triangle-free graph on 5n vertices can contain at
most n® pentagons?

THEOREM (GRrzESIK '12 & Hatami, HLADKY, KRAL', NORIN,
RAZBOROV '13)

For all n > ng or 5|n , the balanced blow-up of Cs maximizes the
number of Css over all triangle free graphs, and it is unique.

51



PENTAGONS IN TRIANGLE-FREE GRAPHS

PROBLEM (ERDOS, 83)

Is it true that a triangle-free graph on 5n vertices can contain at
most n® pentagons?

THEOREM (GRrzESIK '12 & Hatami, HLADKY, KRAL', NORIN,
RAZBOROV 13 & L., PFENDER ’18)

For all n >-ng-er5in-, the balanced blow-up of Cs maximizes the
number of Css over all triangle free graphs, and it is unique unless
n<5orn=38.

51



EXTREMAL EXAMPLES ON 8 VERTICES



MAXIMIZE Cs IN A TRIANGLE-FREE GRAPH

Let G be a triangle-free graph maximizing Cs on n > 10 vertices.

Goal is to show that G is
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Let G be a triangle-free graph maximizing Cs on n > 10 vertices.

Goal is to show that G is

Idea: Blow-up G as in Ramsey application
Then use dense structures as in fractalizers.
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MAXIMIZE Cs IN A TRIANGLE-FREE GRAPH

Let G be a triangle-free graph maximizing Cs on n > 10 vertices.

Goal is to show that G is

Idea: Blow-up G as in Ramsey application
Then use dense structures as in fractalizers.

LEMMA
There exists Q in G that gives ij}: for ANY other e.

56



MAXIMIZE G5 IN A TRIANGLE-FREE GRAPH

Goal: G is

57



MAXIMIZE G5 IN A TRIANGLE-FREE GRAPH

2
O

Goal:

57



MAXIMIZE C5 IN A TRIANGLE-FREE GRAPH

—— N
-
1o Z ~~

Gis

Goal:

57



MAXIMIZE Cs IN A TRIANGLE-FREE GRAPH




MAXIMIZE Cs IN A TRIANGLE-FREE GRAPH

T =N



MAXIMIZE Cs IN A TRIANGLE-FREE GRAPH
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MAXIMIZE Cs IN A TRIANGLE-FREE GRAPH
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MAXIMIZE Cs IN A TRIANGLE-FREE GRAPH
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MAXIMIZE Cs IN A TRIANGLE-FREE GRAPH
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