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TURAN’S THEOREM

ex(n, F) := Maximum number edges in an F-free graph on n vertices.

N

Ta(n) T3(n) T4(n) Ts(n)

THEOREM (MANTEL (1907))

ex(n, K3) = |E(Ta(n))|. Moreover, Ty(n) is the unique extremal graph.
THEOREM (TURAN (1941))

ex(n, Kr11) = |E(T,(n))| for r > 3, and T,(n) is the unique extremal graph.

THEOREM (ERDOS-STONE (1946), ERDOS-SIMONOVITS (1966))
ex(n, F) = (1 — ﬁ) "72 + o(n?).



HYPERGRAPH SETTING

3-uniform hypergraphs have triples of vertices as edges.

One edge, K3 Complete hypergraph K3 Fano Plane

Turdn’s Tetrahedron problem: Determine ex(n, K3) $500 reward by Erdés



TURAN’S TETRAHEDRON PROBLEM

Determine ex(n, K3)
Asymptotic setting:

T(K3) = lim ex(n, Kf)/(?)

n—oo

THEOREM (KOSTOCHKA 1982, BROWN 1983,
FON-DER-FLAASS 1988, FROHMADE 2008)

m(K3) > 5/9

At least 6"/3 extremal hypergraphs




UPPER BOUND

Construction 7(K3) > 5/9

OBSERVATION
Every 4 vertices miss at least 1 edge m(K3) < 3/4

THEOREM (BABER 2012)
Flag algebras m(K3) < 0.5615

THEOREM (RAzZBOROV 2010)
Flag algebras w(K3, few other graphs) = 5/9

If 3-partite and all cross edges present
7(K3) < 0.5583



CODEGREE

For a hypergraph G
degree of v : d(v) :=|{e € E(G) : v € e}|
co-degree of u, v : d(u,v) :=|{e € E(G): u,v € e}|

> d(u,v) =3|E(G)]
u,veV
co-degree vector co(G) = (d(v1, v2), d(v1,v3),...,d(Vn—1, Vn))
l1-norm of co(G) = ||co(G)||1 = 3|E(G)]|

Turdn problem is equivalent to maximizing ||co(G)||1.
How about ¢2-norm of co(G)?

£0



WHY NOT DEGREE VECTOR?

By symmetrization, most extremal hypergraphs are almost vertex regular.

co(G) = (n/3,--- ,n/3,gn/3---2n/?j)

~n?/6 ~n?/3




PROBLEM
For n-vertex hypergraph G
co-degree of u,v : d(u,v) :=|{e € E(G) : u,v € e}|

co-degree vector
CO(G) = (d(Vl, Vz), d(Vl7 V:J,)7 ceey d(Vn_l, Vn))

co2(G) = d(u,v)?

PROBLEM
Determine excoy(n, F) := max{co2(G) :G is n-vertex and F-free}

Related concepts for F-free graphs
¢ uniform Turan density m,(F)
® max min co-degree ma(F)

® max min positive co-degree v+ (F)

=0

<d



MAIN PROPERTIES OF EXCO(n, F)

excop(n, F) := max{cox(G) = 3_,, d(u,v)* :G is n-vertex and F-free}

excoo(n, F
scaled limit exists: |im W
n—o00 (2)n2

=:0(F)

bounded by Turdn density: m(F)? < o(F) < 7(F)
jump from 0: o(F) =0or o(F) > 2/27

® supersaturation Ve > 036 > 0
if n-vertex G has cop(G) > excop(n, F) + en*
then G contains at least (5(“'_1') copies of F



Fs = {123,124, 345} ==

THEOREM (BALOGH, CLEMEN, L. 2022)

o(Fs) = 2/9 with stability and unique extremal example for
large n

7(Fs) = 2/9 Frankl-Fiiredi (1983)

7u(Fs) = 0 Reiher, Rodl, Schacht (2018)

m(F5) =0

vt (Fs) = 1/3 Halfpap, Lemons, Palmer, 4:00pm room 215



FLAG ALGEBRAS

Tool for exploring identities on densities of small graphs in large graphs (graph limits).
d(H, G) := (#of subgraphs of G isomorphic to H)/(I,C_’;D
d(H, G) depicted as H

cox(G) is egivalent to

75 i
(2) w u

Let G, be F-free 3-uniform hypergraphs on n vertices.

- seihd - B



FLAG ALGEBRAS FOR OTHER VARIANTS

min codegree at least z min positive codegree at least z
Falgas-Ravry, Pikhurko, Vaughan, Volec (2017)

.:Au —z| xH > 0. DAD .:A: —z| xH > 0.

1 2 12 1 2 \1 2 >

Uniform density at least d formulation by Glebov, Krél', Volec (2016)

1 2
1 2 12



Let G, be F-free 3-uniform hypergraphs on n vertices.
1 1
F):=1 - =

THEOREM (BALOGH, CLEMEN, L. 2022)
o(K}) = 3 with stability

5/9 < m(K3) < 0.5615 with many extremal constructions

1/2 < m,(K3) < 0.531 Rédl (1986)

1/2 < my(K3) < 0.529 Czygrinow, Nagle (2001)

1/2 < ~F(K3) < 0.55 Halfpap, Lemons, Palmer, today 4:00pm room 215




THEOREM (BALOGH, CLEMEN, L. 2022) .
o(K2) = 3 including stability

3/4 < m(K3) < 0.769533

2 < m(K$) < 0.74 LB by Falgas-Ravry (2013) and Lo and Markstrom (2014)
2/3 < mu(K3) < 0.758

complement of




K;~

Ki~ = Fy = {123,124,134} —=—_

4/43 < o(K?™) < 4/43 4 0.00004

2/7 < m(K3™) <2/7+40.00117

7u(K3™) = 1/4 Glebov, Kral', Volec (2016), Reiher, Rédl, Schacht (2018)
ma(K; ) = 1/4 Falgas-Ravry, Pikhurko, Vaughan, Volec (2017)

’y+(Kj’_) = 1/3 Halfpap, Lemons, Palmer, today 4:00pm room 215




FANO PLANE

F = {123,345, 156, 246, 147, 257,367}

m(F) = 3/4 Sés 1976, de Caen Fiiredi (2000)
7y(F) = 0 Reiher, R&dl, Schacht (2018) -
m2(F) = 1/2 Mubayi (2005)

v+ (F) = 2/3 Halfpap, Lemons, Palmer, today 4:00pm room 215

How about o(F)? Too large for flag algebras.



H w@H)> | wm< o) > ] o)< | mE) > [mE) <|m(#) >]r.H) <]
K? 5/9(67] | 0.5615[1] | 1/3[3] | 1/3[3] | 1/2[56] | 0529 | 1/2 | 0.529
K2 3/4[62,67] | 0.7696 [68] | 5/8[3] | 5/8[3] |2/3[24,50]| 074 | 2/3 | 0.758
KS 0.84 [62,67] | 0.8584 [68] |0.7348 [3]| 0.7536 |3/4[24,50]| 0.838 | 3/4 | 0.853
Py 4/9[54] | 479 [35] 14 |1/4+10°| 1/3(25] |1/3[25]| o0 0 [60]
Fis 3/4(54] | 3/44] | 5/803] | 5/803] 1/2 0604 | 1/4 | 0.605
P 2/9 [5] 2/930] | 2/27 2/27 0 0 0 0 [60]
F 3/4(65 | 3/4[16] 5/8 3/4 1/2[53 |1/2[53]| o© 0 [60]
K 2/7[31] |0.28689 [68]| 4/43 0.09307 | 1/4[56] | 1/4 [26] | 1/4 [39] | 1/4 [39]
K37 F30,Cs | 12729 [27] | 12/49 27] | 2727 2/27 112 | 0186 0 0 [60]
K3, Fy 5/18 [27] | 5/18[27] | 5/54 5/54 1712 | 0202 0 0 [60]
K3 ,Cs 1/427] |oas108 27| 1/13 | 007695 | 1/12 | 0.204 0 0.251
Fyo,Js 3/s27] | 3/8127 | 3/16 3/16 112 | 0274 0 0 [60]
Fa, Js 3827 | 3/8127 | 3/16 3/16 1/12 0.28 0 0 [60]
Ji 1/2[6] |0.50409 [68]| 028 | 0.2808 1/4 0473 | 1/4 | 049
Js 1/2 6] 0.64475 | 028 | 0.44275 1/4 0613 | 1/4 | 0631
s 2+/3 3 [54] |0.46829 [68] | 0.25194 | 0.25311 1/3 | 03003 | 1/27 | 0.402
cr 1/454] |0.25074 [68]| 1/13 | 0.07726 0 0.136 0 0 [60]
K5 0.58656 | 0.60962 | 0.35794 | 0.38873 1/2 0569 | 1/2 | 0567
K& 5/9 0.57705 1/3 0.34022 1/2 0.560 1/2 0.568
Ks 0.58656 | 0.64200 | 0.35794 | 0.41962 1/2 0621 | 1/2 | 062




CODEGREE SQUARED

Flag algebras work

for small graphs

and exactness?

https://timothyandersondesign.com/



