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CROSSING NUMBER

Turdn 1945: In a forced labor camp,
prisoners transfer carts of bricks from
kilns to shipping yards.

When two tracks cross, cart is likely
to derail.

How to connect every kiln and
shipping yard that minimizes the
number of crossings?

Km,n is a complete bipartite graph with sizes m and n, K33 is above.
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CONJECTURES

For a graph G, the crossing number cr(G) is the minimum number of crossings over
all (proper) drawings of G in the plane.

CONJECTURE (ZARANKIEWICZ 1954)

CONJECTURE (HILL 1963)
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CONJECTURES

For a graph G, cr(G) is the crossing number.

cr(Ky) = H(n) :H;'J V;lJ {nng {n;3

THEOREM (KAINEN, 1968; RICHTER AND THOMASSEN, 1993)
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For a graph G, cr(G) is the crossing number.

CONJECTURE (ZARANKIEWICZ 1954)
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THEOREM (NORIN, ZwOLS 2013)
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for large m and n.
(Zarankiewicz's conjecture is 90% true)

80% Kleitman 1970
83% De Klerk, Maharry, Pasechnik, Richter, Salazar 2006
85.9% De Klerk, Pasechnik, Schrijver 2007




OUR IMPROVEMENT

THEOREM (NORIN, ZwoOLS 2013)

cr(Km,n) > 0.905 Z(m, n)

for large m and n.

THEOREM (BALOGH, L., NORIN, PFENDER, SALAZAR, SPIRO 2023)

cr(Km,n) > 0.91198 Z(m, n)
for large m and n.

Same method of Flag Algebras, pushed a little bit more.



MANY DIFFERENT CONSTRUCTIONS FOR Z(m, n)

® Take m/2 + n/2 pairs of antipodal points
e Connect points with geodesics

® Get Z(m,n) crossings
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HiL’s CONJECTURE

cr(Kn,n) > 0.91198 Z(n, n) implies cr(K,) > 0.91198 H(n)

THEOREM (BALOGH, L., SALAZAR 2019)
cr(Kn) > 0.985H(n), i.e. Hill is 98.5% true for large n.




RESTRICTING DRAWING OF Ky, ,

is with straight line drawing.

THEOREM (BALOGH, L., NORIN, PFENDER, SALAZAR, SPIRO 2023)
Rectilinear version of the Zarankiewicz is 98.7% true for large m and n.

Rectilinear K, is 99.8% known, connected to Sylvester Four Point Problem.
y

10



MORE RESTRICTIONS ON DRAWING

® Rectilinear drawing, where red and blue vertices
are separated by a straight line.
99.5%

® Rectilinear drawing, where red and blue vertices
are separated by a straight line, all vertices on a

curve not crossed by any edge (2-page drawing).

99.998%
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TURAN TYPE QUESTIONS

THEOREM (TURAN 1941)

Kq-free graph on n vertices maximizing the number of edges is Tq—1(

s

T>(n) T3(n) Ta(n Ts(n)

PROBLEM (GENERALIZED TURAN)

In an A-free structure on n vertices, max/min the number of copies of structure B.



TURAN TYPE RESULT

THEOREM (BALOGH, L., NORIN, PFENDER, SALAZAR, SPIRO)

If a drawing of K, , has no K34 with exactly two crossings sharing one vertex, then it
has at last n*/16 + o(n*) crossings.

i.e. Zarankiewicz is 100% — o(1) true
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METHOD OF FLAG ALGEBRAS

Seminal paper:

Razborov, Flag Algebras, Journal of Symbolic Logic 72
(2007), 1239-1282.

David P. Robbins Prize by AMS for Razborov in 2013

EXAMPLE
If density of edges in a graph is p, what is the minimum density of triangles?
® Designed to attack extremal problems.

® Works well if constraints as well as desired value can be computed by checking small
subgraphs (or average over small subgraphs).

® The results are for the limit as graphs get very large.
® Applicable to graphs, hypergraphs, oriented graphs, phylogenetic trees,. .. crossings



IDEA IN OUR SETTING

of Fin G

d(F.G) = # of subgraphs of G isomorphic to F

(viey)

Let G be a drawing of K, ,. Want to show

d ( X , G) > NiceBound

Denote all drawings of K34 (up to isomprhism) by /C3 4

$(3.6)= > a3 et

HE/C3 4

€[0,1]



IDEA IN OUR SETTING

Denote all drawings of K34 (up to isomprhism) by K3 4.

(94:6)= 20 d(9€ H)dH.6)= min d

HG’C34

since cr(Kz4) > 2, d ( X , H) > 0 for all H.

Power of Flag Algebras:
Find coefficients cy, where for all G as |V(G)| — cc.

> cnd(H,G) =0+ o(1

HEIC3,4

Interesting if cy < 0 for some H.

( X ,H) = BadBound > 0

)



USING EXTRA INEQULITIES

If we have
3" cnd(H.G) >0+ o(1)
HEK,
then
d(X,G) > d(X,H)d(H,G)
HEK 4
= d(x ,H) d(H,G)— Y cud(H,G)
HeK3 4 HER3 4
> Hrglicn {d ( X , H) — CH} = MaybeNiceBound
3,4

Recall maybe some cy < 0.



OBTAINING > 0 FOR ALL G

Forall cr e R

0< | > crd(F,G)

FG’Ck,g

Flag Algebras can expand (...)? as a linear combination +o(1).
Optimizing a Sum of Squares problem

Solving
(&8-6) 2 mermin 14 (24 1) ~ )

can be done using semidefinite programming solver.



SEMIDEFINITE AND LINEAR PROGRAMMING

Semidefinit SDP
Linear program (LP) emidefinite program ( )

(minimize 3x1 + x2 + X3
subject to  x3 +2x2 +3x3 < 6
(SDP) dxr +x3 < 4

4xo +x3 < 4
X1 X2
X17X27X3ZO ( )io

minimize  3x3 + X2 + X3

(LP) subject to  x3 +2x +3x3 < 6

X2 X3
(SDP) efficiently numerically solvable using solver CSDP, SDPA, MOSEK

Each H € K34 corresponds to one constraints in (SDP).

Up to 200,000 constraints solvable (with patience).



ISOMORPHISM

When are two drawings isomorphic?

® Does a pair of edges induce a crossing? X

® Do four vertices induce a crossing? X or 27

® For each vertex, cyclic order of neighbors (rectilinear)

More information gives larger |, ¢| (maybe better bounds).

But larger r, ¢ allows for more squares (maybe better bounds).

21



SIZES OF CALCULATIONS

® cr(Kp,n): pairs of crossing edges, |KC34| = 6,393
e rectilinear: pairs of crossing edges, |KC4 4| = 231,922

® Turan result: quadruples inducing crossing, |K3 4| = 355

99



SUMMARY

® Flag Algebras is applicable to
different variants of the
crossing number.

¢ Determining cr(Kp ) seems
to be hard.

® |t is possible to get a Turan
type result.
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SUMMARY

® Flag Algebras is applicable to
different variants of the
crossing number.

¢ Determining cr(Kp ) seems
to be hard.

® |t is possible to get a Turan
type result.

Gracias Thank You
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