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Distance Graphs

For a set S of positive integers, the distance graph G(S) is the infinite graph with
vertex set Z where

two integers i and j are adjacent if and only if |i — j| € S.



Circulant Graphs

For an integer n, the circulant graph G(n, S) is the graph whose vertices are the
integers modulo n where

two integers i and j are adjacent if and only if |i — j| = k (mod n), for some k € S.
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G(oo,{1,4,5}) = G({1,4,5})
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Fractional Chromatic Number

A fractional coloring of a graph G is a feasible solution to the following linear
program:

min Y,z ¢
Y > 1 VveV(G)
o > 0 Vlel

where 7 is the collection of independent sets in G.



Fractional Chromatic Number

A fractional coloring of a graph G is a feasible solution to the following linear
program:

min Y,z ¢
Y > 1 VveV(G)
o] > 0 VleZ

where 7 is the collection of independent sets in G.

The fractional chromatic number x((G) is the minimum value of a fractional
coloring, and provides a lower bound on the chromatic number.
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Independence Ratio

For an independent set A in G(S) the density 6(A) is equal to

AN
0(4) = limsup =53

The independence ratio «(S) is the supremum of §(A) over all independent sets
Ain G(S).

Theorem (Lih, Liu, and Zhu, ’99) Let S be a finite set of positive integers.
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Periodic Independent Sets to Fractional Colorings

Suppose X C Z is a periodic independent set in G(S) with period p and density

Let X; = X +iforie{0,..., p—1}.
Assign ¢y, = 13. Every vertex appears in d sets Xj, so d - 13 > 1.

Then



Periodic Independent Sets

Theorem (CGHRS, '14+) Let S be a finite set of positive integers and let
s =maxS.

There exists a periodic independent set A in G(S) with period at most s2° where
5(A) =u(S).
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Cycle Lemma

Let G be a finite digraph with weights on the vertices.

An infinite walk in G is a sequence W = (w;);cz such that w;w;,  is an edge for
allie Z.

N :
The (upper) average weight of W is W(W) = lim sUpy_,., Sh.

Lemma (Cycle Lemma) Let G be a finite, vertex-weighted digraph. The
supremum of upper average weights of infinite walks on G is equal to the upper
average weight of some infinite walk given by repeating a simple cycle.



Proof of Cycle Lemma
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Proof of Cycle Lemma

Let W = (x;)jcz be an infinite walk in G and let N >> n(G). Let Wy = (x))N._,
Z/N:—N w(x;)

hat f
and observe that for large N, 5N+ 1
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Proof of Cycle Lemma

Let W = (x;)jcz be an infinite walk in G and let N >> n(G). Let Wy = (x))N._
N )
and observe that for large N, %ﬁ(m closely approximates w(W).

- LR ww(x) .
There exist cycles Cy, ..., C; such that ToN+1 is closely approximated by a

convex combination of w(Cy), ..., w(Ct).

Thus, in the limit, w(W) < max{ w(C) : Cis a cycle in G}.



Proof of Periodic Sets




Proof of Periodic Sets




Proof of Periodic Sets

e



Proof of Periodic Sets




Proof of Periodic Sets




Proof of Periodic Sets




Proof of Periodic Sets

[eX YeYeoX YoX ) ﬁ.O0.00ﬂ
[eYeX YeoYeoX Yo MO0.000@

e




Proof of Periodic Sets

[eX YeYeoX YoX ) ﬁ.O0.00ﬂ
[eYeX YeoYeoX Yo MO0.000@

e

A state ¢ is a subset of {0, ..., s — 1} (there are 25 such states).



Proof of Periodic Sets

[eX YeYeoX YoX ) ﬁ.O0.00ﬂ
[eYeX YeoYeoX Yo MO0.000@

0000000

A state ¢ is a subset of {0, ..., s — 1} (there are 25 such states).



Proof of Periodic Sets

[eX YeYeoX YoX ) ﬁ.O0.00ﬂ
[eYeX YeoYeoX Yo MO0.000@

o0 [Ye)

A state is allowed if ¢ is independent in G(S).



Proof of Periodic Sets

[eX YeYeoX YoX ) //’ﬂ.O0.00.
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Proof of Periodic Sets

[eX YeYeoX YoX ) ﬁ.O0.00ﬂ
[eYeX YeoYeoX Yo MO0.000@

o0 [Ye) [eX YeoX YoX Yo}
0000000

The state diagram of allowed states is a digraph where an ordered pair (o4, 02) of
states be an edge if and only if o1 U (s 4 02) is independent in G(S).
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Proof of Periodic Sets

The independent sets X in G(S) are in bijection with the infinite walks W in the
state diagram, and the density of X equals the average weight of its
corresponding walk, Wy.

By the cycle lemma, the maximum density of an infinite walk in the state diagram
is achieved by repeating a simple cycle C. The independent set X given by those
states has maximum density 6(X¢) = @(S).

The length of C is at most 25, so the period of X is at most s25.



Other Periodic Sets

Let S be a finite set of positive integers and set s = max S.

Theorem (CGHRS, ’14+) The minimum density of a dominating set in G(S) is
achieved by a periodic set with period at most (25)22¢.

Theorem (CGHRS, '14+) The minimum density of a 1-identifying code in G(S)
is achieved by a periodic set with period at most (6s)2°.

Corollary (CGHRS, ’14+) The minimum density of an r-identifying code in G(S)
is achieved by a periodic set with period at most (6sr)25¢".

Theorem (Eggleton, Erdos, and Skilton, '90) For k = x(G(S)), there exists a
periodic proper k-coloring ¢ with minimum period at most sk®.



Example Theorem (S = {1,2, k})

Theorem (Zhu, °02)

355 ifk=0 (mod3)

#({1,2,k}) = ifk=1 (mod 3)

W= W=

ifk=2 (mod 3).



Example Theorem (S = {1,4, k})

Theorem (CGHRS, °'14+) For k > 4,

N gy O

x({1,4,k}) =

N O
X X

+
= o,

x
Jr
()]

,
g o

ifk=0
if k=1
ifk=2
ifk=3
ifk=4



Example Theorem (S = {1,4, k})

0.4fmod-%
0.39+
0.38f
5 if k=0 (mod 5)
0.37f 2 .
Slmodls £ if k=1 (mod 5)
036] ®({1,4,k}) =S &L if k=2 (mod 5)
2k—1 it —
oasl 5krs ifk=3 (mod 5)
% ifk=4 ( )
0.341
B[mod¢5
0.33f
0 20 20 60 80 100

mod 5).

(621]\]



Discharging

Suppose X = {x;: i € Z} C Z is an infinite independent set in G(S).

=00 00000000O0O0OO0OOOOOO0O:"



Discharging

Elements are labeled ..., x_1, X0, X1, .. ., Xiy.oun.

@000 00000000000000@0O0:" "
XO Xl xz X3 x4 XS X6 )C7 )C8



Discharging

Blocks are sets By = {xx, Xk +1,..., X1 — 1}
(“Intervals” closed on element x; and open on xx. 1)

@000 00000000000000@0O0:" "
X X X X, X X_. X

X X

W
BBB BBBBB B
0 I 2 3 4 5 6 7 8




Discharging

Frames are collections F; = {B;, Bj,1, ..., Bjit-1}.
(There are t blocks in each frame.)

- @00000000000000000000:
XO )Cl xz X3 x4 XS )C6 X7 X8
L L) L)
B BB BBBBB B
0 1 2J3 -+ 5J6 7 8J
F F F

0 3 6




Local Discharging Lemma

Let a, b, ¢, t be nonnegative integers. Let X be a periodic independent set in G(S).
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Local Discharging Lemma

Let a, b, ¢, t be nonnegative integers. Let X be a periodic independent set in G(S).

Stage 1: Blocks u(B) = a|Bj| — b— 0 (B
defines
Stage 2: Frames v*(F) mv’(l—'j) >c
If v/(F;) > c for all frames, then
at




Example Discharging Argument (S = {1,4, k})

Theorem (CGHRS, °14+) For k > 4,

(2%, ifk=0 (mod5)
2 if k=1 (mod 5)
w({1,4,k}) = % ifk=2 (mod5)
-l ifk=3 (mod5)
\% ifk=4 (mod 5)
Always, let a=2 and b = 5.
' | E I
Residue class t c xtrema Set Block Size | j-charge | *-charge
k=5i t=2i |c=2](23) 132
2 —1 0
k=5i+1 t=1 c=0|23
, 3 1 0, 1
k=5i+2 t=2i+1|c=1]|(23)3
, 5 4,5
k=5i+3 t=2i+1|c=3|(23)133 . o7
k=5i+4 t=1 c=0|23 ’




Example Discharging Argument (S = {1,4, k})

For all cases, let a=2 and b = 5.

Residue class t c Extremal Set
, Block Size | p-charge | p*-charge
k=5i t=2i c=2]|(23)13
2 —1 0
k=5i+1 t=1 c=01]23
. 3 1 0,1
k=5i+2 t=2i+1|c=1](23)3
, 5 5 4,5
k=5i+3 t=2i+1|c=3]|(23)~138
6 6,7
k=b5i+4 t=1 c=01]23

(S1) Every 2-block B; pulls one unit of charge from B, .

N
J0-J0 -




Example Discharging Argument (S = {1,4, k})

Case k = 5i + 3:

_ o _ at  _ 4i+2 _ 2it1 _ 2k—1
Lett=2i+1and ¢ = 3. Thus 57 = 1575 = 572 = 5ko5




Example Discharging Argument (S = {1,4, k})

Case k = 5i + 3:

Let t =2i+1and ¢ = 3. Thus 2, = {5 = 251 — 21 We use the following
second-stage discharging rule.

(S2) lfo(F;) = LB,cF |By| = 5i + 2, then F; pulls 1 unit of charge from each of
Fis1, F/+2, and F/+3
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1. if v*(F;) <3 = c, then o(F;) = 5i+ 2 and F; pulls charge by (S2).



Example Discharging Argument (S = {1,4, k})

Case k = 5i + 3:

Let t =2i+1and ¢ = 3. Thus 2, = {5 = 251 — 21 We use the following
second-stage discharging rule.

(S2) lfo(F;) = LB,cF |By| = 5i + 2, then F; pulls 1 unit of charge from each of
Fis1, F/+2, and F/+3

It remains to show that:
1. if v*(F;) <3 = c, then o(F;) = 5i+ 2 and F; pulls charge by (S2).

2. if Fj loses charge by (S2), then F; contains a 5-block and v*(F;) > 4.



Densities for S = {1,1+ k, 1+ k+ i}
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24/73 1857 2/5 9719 3/7 6/13 19/44 9720 4/9 T8AT 11/24 377 1757 22551 13/29 1657 37/39 2/5 3/7 1023 zs/sx 2759 1087 2851 43/97 1757 5/11 1125 27/58 1687 39/32 4007 1755 22557 35/72 199 18/37 2/5 1857 3/7
4457 30777

37

13/40 1959 31/79 1940 34/81 ToAT 10/23 1942 17@9 1943 23/50 1944 5 3 2353 6/13 17/3940/93 2047 2/5 SA2 13/30 2249 27/62 29563 17/39 6/13 25/56 6/13 16/!5 1023 43,92 1759 zms 1659 18/37 SA3 37/76 1099 19539 199

38

26779 1743 1945 3785 22749 9720 377 1451 9719 2859 1940 2758 2556 3067 3169 9720 3/7 1740 25777 199

39

1/3 20/4117/44 1021 19/46 20[43 7/16 _S/11 18A1 4/9 6/13 1023 25/54 24/55 1941 25/57 4397 1841 1741 2[5 23/54 2251 7/16_6/13 181 31/67 29/66 19/41 40/89 S5/11 17/37 32/73 3881 18/41 11/23 17/41 1939 1199 39/80 199

1443 2/5 2047 377 2351 1942 42095 43P7 46099 2961 1021 1021 3883 3784 32771 3373 1942 3/7 377 199

a1

2885 21443 9/23 2144 5/12 75 11/15 21746 19/43 21/47 435 7/16 13/28 3/7 20/3 26/59 4190 19/43 4196 11126 2/5 27/65 2956 _4/9 1534 32/69 19/43 33/71 27/61 20/43 33/73 11125 6/13 34777 37, 50 1943 35/73 T8/A3 2041 199

2453 ST ST 2762 2657 1021 3165 21744 3779 3782 3p7 34775

a3

7 3589 T 2765
15/46 2245 19#@8 11/2321/50 2247 23/52 1124 4/9 2249 479 11125 27/58 2251 715 2761 7/15 4/9 29/66 4/9 19/45 2/5 36/85 3/7 31/70 26557 4/9 34/73 4/9 775 41p2 7/15 9/20 35/79 wm 479 11/28 479 10211945
30A1 2353 51 2657 2146 3/7 35778 2962 3267 11723 11723 4304 7116 ST 36/79 21/46 10723 10723

a5

1/3 2347 Z/s 2348 11/26 23[9 479 23/50 25/56 2351 2147 2352 7/15 23/53 20/62_4]9 22/A7 2965 41P1 21/47 2047 BAI9 2/5 30/71_4/9 26/59 33/74 7/15 21/47 36/77 18/41 22/47 4396 21747 19/42 37/83 20/43 2147 41/88 2865

16/49 2051 2253 2455 2556 2759 11724 3784 34777 29763 11723 3471 2348 4187 22749 11725 3781 3883 1124 3784

a7

8125 24149 13533 1225 23/54_8/17 38/87 6/13 13/20 24/53 22/49_4/9 39/85 24755 152 3/7 23/49 30/67 41/89 2249 17/39 26/59 3/7 199 23/56 32775 1738 34777 35/78 37/79 22/49 3881 19/43 23/49 30/88 38/85 5/11 13129 7/15 2249

173 2153 2355 2557 11725 281 2350 3782 10723 2964 35773 1225 12725 4189 2352 29766 3985 4087

49

50

17/52 25/51 7/18 25/52 3/7 2553 25/58 25/54 920 S/11 23/5125/56 37/82 25/57 31/66 2251 8A7 3169 8/‘17 32771 29,65 23/5122/51 1351 199 _3/7 41P3 7/16 9720 3781 23/51 3983 43/97 8/17_4/9 8A7 41»92 40789 21/46 4181
1753 2/5 2659 2352 2963 6/13 30771 295" 4598 12725 37777 2552 303 1329 4189 6/13




Densities for S = {1,1+ k, 1+ k+ i}

Kii| 12

1 1t 1,

A 4 I~ 5

3] 1B 2 W 2/5 411 TS 5/1L

L 4 617

ST a3 3l 2ff 3§5 52 M3/ 25 3/7 RS

6 4

7 340 ap 7P 2 3/7 12/29 1023 12~§L11/zs 13433 4/9 3/7 4/9 1340 819 7/16 2/5 15/34 3/7_4/9 1657 4/9 17/3920/47 18A1_3/7 19443 1944 48023 4/9 7/16 3/7

HG g 5 /5 1129 251 BA3 2/5 T9A7 20749 717 22553 2355 /19

o 15 SAT s s 378 5/11 7A7 3/7 4/9 1557 1329 SA14B1 1641 51 18/43 5A1 4/9 1023 1738 5/2 9220 2/5 19/A2 11726 SA1 49 S/11 21/47 25/57 22/40 25/59 23551

0] a3 2, T 275 1127 1229 S[2 A3 275 1567 1659 T7AL SAZ 275 T9A7 2049 77

1] S5 6ff5 3, 7 513 45 1351 821 51 5713 11/24MA3 1027 5/13 2/5 18/A1 _3/7 18/43 SAT_2/5 16P5 5/3 1757 19A9 6/13 7/17 6713 23/53 419 5/11 377 21/46 1229 11724 _2[5 23/50 3BT 6/3_7/16

2| 15 11 8719 377 377 T4B7 g 16AL 13A1 14733 377 3/7 2051 2153 18443 1945 20447 3/7 2/5

3| 56 745 746 7j6 2/5 7 2/5 973 15/:’7 275 5/13 275 13/23 7/15 1231 7/15 353 21/47 Sz 3/7 1175 7/17 [iE] 2/5 oM. 2/5 20A3 174 7015 24/59 7715 26/61 4T _4/9 716 6/13 753 25/54 717

14 | 10T 7, 3/7 i, 819~ z;% 3/7 22551

15 72 o oz 4o 7/17 275 17/41 127 19/43 77 7/15 23 15/32‘;/17 275 8/‘17 557 24553 163924/55 377 8/19 3729 9/22 75 7, 22#.125,63 2379 2/5 87 2152 BAT 29)69 16535 31ﬂ1 79

6| 6o 3, 1659 11725 479 479 1947 718 1457 2365 T8A1 1963 479 479 2765~ 718 923 3071 2557

17 7 oo 5/ o0 512 §7 819 0p2 2/5 12292047 13/3122/49 819 817 53 17536 /19 11728 9/19 T7/4127/59 1843 27/61 819 3/7 7/16 512 SA121/50 8/i7 8IS 2543 28/71 2655 29/73 O/19 12/29 919

3] W3 9 2[5 479 729 9720 2251 2[5 2/5 T6AT 2561 479 7147 2279 9720 31771 07~ 2/5 2359

19| 7> 10T 306 SH1 1126 1qP3 3/7 572 3/7 275 7/17 14B3 23653 317 5/11 3/7_9A9 8Pl 19/40 0721 12/31 1021 19/5 6/[3 20/4730}67 377 1023 377 1126 479 23541757 3/7 919 37 28/59 31/79 2961

20 [ 143 2] 1127 ST 9722 2461 2[5 SAT %

21 3 113 5 114 3/7 1425 1350 1126 10/23 1127 2/5 3/7 819 16/3726/59 1023 2861 13311021 9P23 21/44‘1/23 1847 11/23 3/7 33/71 2251 33/73 2353 11/25 1023 3/7 17392558 9/20 1330 1941 10/13 1021

22| 55 Toffo 12729 52 16535 1124 2761 T7AL 512 26667 28771 77 32/75 S/ 26557 27659 1124

23 [ 1o 125 1108 o3 22/53 §9 7/16 3/7 11/25 1225259 2/5 2561 1739 3/7 T8A129/5 1125 31/67 7017 11/23 2]5 23R8 /25 20551 12/25_B/19 36/77 2455 36/79 25/57_4/9 11725 3683 317 2762 193 7/15 SAT

I i g 341 11726 26/59 1757 613 613 2067 TOA5 T126 S5 W 30777 2365 519 3763 2861 2963 6/13

25| Ofs 137 2 13p8 1352 1§20 1554 1360 4/9 13AL 4/9 T1/27_2/5 1433 28667 1973 10/23 479 3271479 34773 11727 1225 1538 25/52 Mggd3/27_2/5 13127 17/A1 30783 26/59 30/85 27/61 1329479 30/89_4/9_3/7 1023

26 | 1985 i¥ 1§ 1433 7 3/7 1941 1328 32/71 20447 7 7 22/5 25, 26/61 3 167

27| W3 1489230 75 777 1431 4/9 7716 17381453 13/29 12ﬂ929b9 25 9/22 479 31ﬂ3 21/4711/25 B29 5/11 1759 37/79 1279 13/2716/41%@&9 773 14292551 42/39 79 6/13 2965 14/3130)6742/95 29

28 [ 1B1T iE| E] 37 1657 350 3169 204 7T 297

20 | 2061 151 37 19p2 5/12 12%7 1554 9/20 377 14/31 18743 32/73 1351 2/5 8119 5’12 22/4934ﬂ923/51 4/9 Tap1 33/&3 377 5/17 13/3114/19 12@12%0 5/31 923 15/312755 9/19 7716 45/973159 sm 32771

30 43 2| 2867 75 2247 552 3781 353 24555 17T

31 1B 1683 788 587 8/19 1835 1483 4/9 19/42 16537 5/11 1945 5/11 143333/79 2/5 2150 18/41 11/26 24/53 3785 5/11 1329 5/11 41/89 25/59 43/91 1433 15/31 1333 31,64\16[33 2667 16/33 2969 29,61 22/5141/88 33773

32 [ 2467 9, 1659 T8AT 554 377 36/79 2349 817 817 29 25557 26/59 1554 717 35, 9723 3801 32173

33| W3 175 1548 1486 1740 1§37 3/7 1738 5/11 17/3921/45 20A7 1555 377 36/83 377 2/5 1873 zz 54 ST 377 25/5740»31 655 14/3121»4744/95 377 46/97 377 15/33 275 33/58 17735 28771 1735 31773 4186 32175

34| 1467 5 1741 1943 479 37 6/13 718 3177

35 [ 243 1467 2| 9 3/7 @13 19/44 9720 4/9 T8AT 11/24 377 1757 2251 13/29 1657 37/39 275 3/7 0723 25/5327/59 1(:'5728,61 43/97 1767 5/11 175 27/53 657 39/32 2087 1755 2257 35/7

36 3 16} 18, 2147 44p7 2965 1738 1538 30777

37 [ 140 19p9 3149 1900 3481 1AL 10/23 T9/Z 17739 1973 23/50 074 a 3 2353 6/13 17/3940/93 2047 2/5 52 13/30 22/A327/62 2963 17,39 6/13 25/56 6/13 16/35 102343}12 759 31&5 T6/39 18/37 5713 37/7& 19BN 109

38 | 2q@9 173 1945 3785 2249 9220 3/7 1431 919 28/59 1940 27/58 2556 3067 3169 9220 3/7 17/40 25/77

30| 13 2001 1744 11 19/6 2443 7/16 ST 18A1 4/9 6/13 10/23 25/54 24/55 19/41 25/57 437 181 17/41_2]5 23/54 22/51 7/16 6/13 18/4131/67 20/66 19A140/89 51 17/37 32/73 36/81 18A1 11/23 17/41 1959 1099 39,

40 | 13 2] 2047 3/7 2351 19/42 4295 4397 46199 2961 1021 1021 38/83 3784 32/71 3373 1942 3/7 3/7 189

41 [ 2485213 Of3 24 5/12 5 11/15 21/46 19/43 21/4743P5 7/16 1328 3/7 20/4326/59 4190 19/43 4196 1126 2/5 27/6529k6 4/9 1554 32/69 19/43 33/71 27/61 20/43 33/73 1125 6/13 34/77 37, 50 1943 35/73 1843 20/41 199

2| 43 359 377 ST ST 2762 2657 10721 3165 21744 37779 3782 Bp7 34775 T 27665

43 [ 196 2215 1988 1923 21/50 247 23/52 1124 4/9 2249 4/9 1125 27/58 2251 715 27p1 75 4/9 29k6 4/9 19445 2/5 36/85 3/7 31/7026/57 4/9 3473 4/9 7/15 4192 715 9/20 35/79 19#01 4/9 11/’28 4/9 1021 19/5

2] 81 26/57 21, 3/7 3578 2962 32667 1123 11723 LELT) 7716 SAL 36/79 2146 10723 1023

I E 172 4/9 2350 25/55 23612147 2352 7/15 23/5329/62_4/9 22729565 4191 21/i7 20727 8/I9_2/5 30/71 4/9 26/59 33/74 715 21/37 36/77 18/A1 22/a7 43/96 21/37 19/32 37/83 20/A3 21A7 4188 28/65

76 | 119 20p1 22653 2455 25656 27559 14 37/4 34177 2963 1723 3471 238 41B7 22/49 T125 3781 3863 1124 3764

a7 T3[§3 12725 23/54_8/17 38/87 6/13 13/20 24/53 2249 _4]9 39/85 24/55 1582 3/7 2349 3067 4189 2249 17/39 26/59 3/7 199 23/56 32/75 1738 34777 35/78 37/79 22/49 38/81 19/43 23/49 39/38 38/85 5/11 13729 7/15 22789

48 ¥ 235! 25/57 1125 2861 23550 37/82 1023 2964 3573 1225 1225 4189 2352 2966 3985 4087

79 2552 3/7 25/53 25/58 25/54 920 571 23/5125/56 37/8225/5731/56 22651 8/17 31569 sm 32771 2%5235122511351 159 377 4103 7/16 9/20 3751 23/5139/3343/97 817 4/9 87 41»92 40789 21/46 4191
26 4189 613

59 2352 2963 6/13 30771 295" 4598 12725 37777 2552 303 1329




Densities for S = {1,1+ k, 1+ k+ i}

K\i| 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 23 24 2 27 28 29 30 31 32 33 34 35 36 37 38 340
T ig T, 2 3 z e = = T ~TERT.
AN 4 A~ __5) . . ~ a - = = = _——— Sy
H ) 3 2/5 471 215 S/3 ¢ = s P75 17N 215
AN 4 T Y a a il
ST a3 3 2 3P 5 3/7 2[5 3/7 7o ] A7
6l 1 4 3 A~ 25N
7] 300 4 7 25 3F 41 7, T —
8| oo 5 2 i
I 20 Y S A 53 14B116/41 5/11 18/43 51 4/9 1023 1738 512 920 2/5 19A2 1126 541 4/9 S/1 21/47 25/57 209 25Mg23/51
0] 23 2 7 2 AT Wy 25 127 12129 5712 - -
1] S5 6ff5 3, s i T ST 51 S5 1124 &/13 1027 6/13 2/5 18A1 3/7 18A3 SA1 2/5 16PS 5&17/371%9 /13 7/17 6/13 2353 4/9 51 3/7 216 1229 11/24_2]5 2350951 6P 7/16
[ 1B 11 8 7 377 1457 13AL 1433 3/7 2/5
3| 56 745 748 75 2f6 47 45 9B 1657 A5 6/3 2 13/23\7/15 1251 7/15 BA3 21;47 572 3/7 1725 7/17 [iE} 2/5 Toms 2/5 20743 17/4% 715 24/59_7/15 2661 T4B1_4/9_7/16_G/IM0/33 25MZii7
14 | 10T 7 El 2 1qp3 17AT 3/8 .,
5 7 2] o of> 40 A7 2l 17117 1943 787 7715 9 31532NA7 275 3/17 15/3724/53 15/3924/55 377 8/19 329 9/22 75 7/17.22/Z25/63 2379 2,
6| 6o 3 i £ 5 479 79 T9A7 365 TBAL 1943 479 479 275~
17 7 o9 5/ offo SM> §7 S0 oflo 2/5 1p0 2047 1312249 B9 5/17 S§3 1756 /19 T1/28 9/19 17/4127/59 18743 27/61 8M19 3/7 716 5/12 51 2150 8A7
B[ 3 9 ] 3 9 /29 9720 2251 2[5 2/5 ToAT 2561 9 2147 22A9 9720
9] 7)> T0§1 3 9 7 SN2 3/7 A5 707 1432353 37 SA1 W7 /10 sg1 19/40 021 1251 10/21 1945 6/13 zomsom 377 10/23 377 1126 79 23/54 1757 3/7 919 37*28/5931
20| 143 2 7 45T SAT AT 819 op2 ST
21 i3 113 S8 1 1?0 TIR6 1023 197 2/5 37 8/19 167 26559 10K'3 2861 13481 10/21 3 2144 1/23 T8A7 11/23 377 33/71 225133/73 363 11/25 1023 377 17/3925/58 9720 13/30 19/41 10/23 1021
2| s Tofo Z 1635 Tipd_J 27k1 1741 S 26667
23 | 1o 125 1188 o) 6 3ff7 11725 1429 25/59 2lfs 2561 179 3/7 THH129/65 TIPS 3167 17 1123 5 2348 2/25 2051 12/25 19 36/77 2455 35/79 2557 4/9 1725 36;83 377 2752 973 7[16 ST
EZIN B i @ 6§ 2659 1757 613 613 2067 TOA5 T126 S5 Wy 3077 2365 /19 3783 2861 2963 6/13
25| offs 37 2 1 9 1934 130 4/9 1481 4/9 117 2/5 1483 2867 193 1023 40 3271 49 34/73 1§07 12725 T9P8 2552 IGE3/2_2/5 1327 17A1 3983 26/59 39/85 2761 13/29_4/9 39/89 4/9 3/7 1023
26 | 1985 i¥ 1§ 7 3/7 6/13 1941 1328 32/71 2047 3/7 3/7 1128 22/57 2559 26/61 3989 6/13 3167
27| 3 14g9 23 7] T 49 786 1738 1483 13729 12Jp9 2969 25 0/22 440 31/73 21817 1125 1420 5/11 1)§30 37/79 14p0 1327 16§01 275 429 1773 14/2925,61 429 49 5/13 29%65 1431 30/67 4295 13129
28 [ 1qpL iE B 457 350§ 3169 | 2043 775 7A5 3477 2251 1350 35783 2/5 377 55 24/7
29 | 2qpT TsT 57 1962 S Qi1 2967 154 920 W7 1451 15§332/73 1381 2/5 G0 5/12 2441934/79 2§51 4/9 14313853 37 /17 13481 14229 1261 2950 5/31 9723 151 2765 9/19 7716 45/973159 S/1 32771
0] #3 2 2587 459 7116 32773 75 2267 552 3781 § 2353 2455 7/16 3789 | 361 25 4157 1023 31771
31 1B4 16883 788 M7 8O 1935 1433 489 1942 1437 5/11 1985 5/11 1483 33/79 5 2150 191 1126 2453 37/85 P11 1329 SE1 41/89 2580 4391 143 1531 1383 31164‘6/53 26/67 1633 29/69 2961 22/51 41/88 33/73
32247 9 9 T 554 36779 | 2349 817 817 329§ 2557 2659 1554 717 9723 T 32773
33 3 17885 158 1486 170 1§37 7 1788 5/11 1389 21/46 2087 1635 7 36/83 7 2/5 1§K32354 Y11 3/7 257 4001 1485 1431 217 4495 7 4697
EIN 3 5 L 943 79 79 3783 817 2553 775 6/13 4163 | 2761 479 4/9
35 | 243 1987 2| 5 347 13 1944 off0 4/9 A1 11724 37 1737 24611329 19873789 45 3/7 1§23 25587 5910'572 14307 177 SA1 115 2758 T
ECIIE B ToRT 3 9 2147 758 3887 | 4189 § 2655 919 919 44p7 479 29665 7738 519 30777
37| 140 1969 1[5 190 341 1RAT 123 112 17730 19443 23/50 184 6/13 2953 6/13 14504003 2087 2/5 W12 13730 2J§A0 272 2963 17/59 Glf3 25556 Gff3 1635 1
38 [ 29 iy B it 5 B 3 2279 9720 377 T4p1 9719 28559 1940 2758 | 7556 3067 § 3169 2
39| W3 2081 174 Q1 198G 2§43 A6 SR 1841 49 6/13 103 25/54 2465 19A1 2457 4307 191 17/41_J5 23554 2J§51 7/16 i3 18/41 31J67 20666 191 40/89 1 17/37 32’3 36/81 A1 11/23 11 1959 170 39
40 | 13 2] 207 7 2351 19/42 4295 4397 46199 2961 1021 1021 3883 3784 32771 3373 1942 3/7 3/7 189
a1 | 2455 213 offs 29 Sl2 W15 1025 216G 19/43 2§47 435 786 13/28 37 20/43 2659 4100 1943 41006 1§26 2/5 2[§65 29/66 449 15/34 32869 1943 331 27/61 2083 33/73 L5 6/13 3477 37/50 19813 35/73 1643 2041 o9
22 3589 7 51 2453 SAT ST 27/62 2657 10721 3165 21784 3779\ 3782 § 43p7 N 34/5 ST ST 1944 27/55
43 [ 196 2285 1988 1923 21860 247 2952 1104 4/9 249 4/9 1185 27/58 2451 7/15 261 7/15 9 2966 9 1945 5 3685 7 31/70 26067 4/9 3493 4/9 541092 785 920 3P791941 4W9 1328 4@ 1021 1@AS
K 3 53 SAL 2657 | 216 3/7 35778 | 2062 3267 11723 1123 | 43p4 7716 ST 36779 || 216 10723 1023
5| §3 T 9 235025/56 2§51 21/A7 2362 7/15 2353 29552 49 2237 29465 4101 2§47 20737 Q19 2/5 371 4/9 2060 33/74 7l 21/A7 37 1841 2287 4396 27 1972 37483 20A3 217 41758 W65
76 | 1§79 ) 2081 %3 2566 2759 14 374 3477 || 2963 1723 3471 | 2348 | 4167 _J 22749 1725 3781 3863 1124 3764
LAE LA DYAE D) /17 1313720 2453 2274349 39R3 24551552 47 23R 34674189 249,179 2059, 3/7_ 109 2350 35 7R84 7 35778 3479 229 3881 19743 239 3958 3485 S/11 139 7115 AAg
a8 172 2861 35 7] 02 29 8/ 357 12725 225 5 352 5 398 07 £}
79 2551 XY 2552 2553 2553 9720 2351 3782 3166 817 8/17 Y1 29765 Y1 22/51 199 4103 920 2361 37 479 71/92 AN 217101
50 [ 1§53 26/59 2352 2963 613 63 30771 2965 4508 12125 37777 2552 4393 2453 4/9 1329 4189 613




Future Work

Goal: Characterize w({/,j, k}) forall1 <i < j < k. (or justi=1?)
Discharging arguments for |S| > 3?

Stronger bounds on minimum period?
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