COM S 330 — Homework 09 — Solutions

Type your answers to the following questions and submit a PDF file to Blackboard. One page per problem.

Problem 1. [10pts] Let S C R be defined recursively using (Basis Step) 2015 € S, (Constructive Step) if
z,y € S, then z —y € S and z!¥ € S. Prove that S = Z. [Hint: To show Z C S, prove that 0 and —1 are in
S, and use these to construct any integer you want.]

Proof. (S C Z) We use Structural Induction.
(Basis) 2015 € Z.

(Constructive Step) Suppose that z,y € Z. Then z —y € Z and since |y| is a nonnegative integer, z!¥l is
also an integer.

(Z C S) We use induction on [i| to show that every element i € Z is in S.
Case |i] = 0: 2015 € S and hence 0 = 2015 — 2015 € S.

Case |i| = 1: Since 0 and 2015 are in S, we have 1 = 2015 € S. Also, since 0 and 1 are in S, —1 =0 — 1 is
in S.

(Induction Hypothesis) Let n > 1 and suppose that for every i € Z with |i| = n we have ¢ € S.

Case |il =n+ 1: Sincen € S and —1 € S, we have n +1=n — (—1) € S. Since 0 and n+ 1 are in S, we
have —(n+1)=0—(n+1) € S. O
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Problem 2. [10pts] Let S C R be defined recursively using (Basis Step) 0 € S, (Constructive Step) If
zeS, thenz+1€S, 2+meS, and z+ 2 € S. Prove that S = {a—i—bn’—!—cﬁ:a,b,cEN}.

Proof. Let T = {a+br + ¢cV2:a,b,c € N}.

(S C T) We use Structural Induction.

(Basis) 0 = 0 + 07 + 0v/2.

(Constructive Step) Suppose that = = a + br + ¢/2 for some a,b, c € N.

The first construction is 41 = (a+1)+br+cv/2 € T. The first construction is z+m = a+(b+1)7+cvV/2 € T.
The first construction is z + V2 = a + br + (c+ 1)\@ ceT.

(T C S) We use induction on a + b + ¢ to show that every element a + b + cv/2 € T is in S.
Case 0: a+b+c=0means a=0,b=0,and c=0,50 0+ 071 +0v2=0¢€ S.

(Induction Hypothesis) Let n > 0 and suppose that for all a, b, ¢ € N with a+b+c = n we have a+br+cv/2 €
S.

Case a +b+c=mn+1: Since n + 1 > 0, at least one of a, b, or c is strictly positive.
Ifa >0, then z = (a—1) + br + v2eSs by the induction hypothesis and hence a + bm + V2=zx+1€S.
If b> 0, then 2 = a + (b— 1)1 + ¢v/2 € S by the induction hypothesis and hence a 4+ b +cv2 =2 +7 € S.

If ¢ > 0, then 2 = a+br+(c—1)y/2 € S by the induction hypothesis and hence a+br+cv2 = z+v2 € S. O
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Problem 3. [10pts] Count the following things. Give your method and state which rules you are using.

1.

[2pts] A palindrome is a word that reads the same forwards and backwards. How many binary words
of length n are palindromes?

There are 2/"/21 binary palindromes of length n.

Proof. If n is even, then n = 2k where k = [n/2]. Select the letters x;...x; in order, giving 2F
possible choices by the product rule. The rest of the string is the reversal, xyxg_1...x1, completing
the palindrome.

If n is odd, then n = 2k — 1 where k = [n/2]. Select the letters x; ...} in order, giving 2% possible
choices by the product rule. The rest of the string is the reversal, zy_1 ... xz1, completing the palindrome
(notice that the letter xy is not duplicated). O

[2pts] Let A = {1,...,n} for some integer n > 1, and let B = {1,2}. Count the number of surjective
functions f: A — B.

There are 2™ — 2 surjective functions.

Proof. There are 2™ functions from A to B by the product rule.
There is one function f; where fi(a) =1 for all elements a € A.
There is one function f; where fa(a) = 2 for all elements a € A.

These are the only two functions that are not surjective (since there must be at least one element of
the codomain that is not in the range, leaving the rest of the elements being sent to the other element
of B). By the sum rule, if s is the number of surjective functions, then 1 4+ 1 + s = 2™ and hence
s=2"—2. O

[3pts] The class with n students, m TAs, and 1 instructor holds an election. They elect a president
and a vice president, but the vice-president cannot “out-rank” the president (the instructor out-ranks
the TAs and the TAs outrank the students). How many ways can the election complete?

There are (m + n) +m(m +mn — 1) + n(n — 1) ways to complete the election.

Proof. We separate the election possibilities into three types: President is Instructor, President is a
TA, and President is a Student.

There is 1 way to elect the instructor as the president. Then there are m + n ways to elect a TA or
a student as vice-president. By the product rule, there are m + n ways to hold an election with the
instructor being president.

There are m ways to elect a TA as the president. Once a TA is elected president, the instructor cannot
be elected vice-president. There are m + n — 1 remaining students and TAs that could be elected
vice-president. By the product rule, there are m(m +n — 1) ways to hold an election with a TA being
president.

There are n ways to elect a student as the president. Once a student is elected president, the instructor
and the TAs cannot be elected vice-president. There are n — 1 remaining students that could be elected
vice-president. By the product rule, there are n(n — 1) ways to hold an election with a student being
president.

The three situations above describe disjoint possibilities. Thus, by the sum rule there are m + n +
m(n+n —1)+n(n — 1) ways to hold the election. O



COM S 330 — Homework 09 — Solutions

4.

[3pts] How many ways can we rearrange the symbols “abcd123” such that the letters appear in order,
the numbers appear in order, but the letters and numbers can be mixed?

There are 4%, = % = 35 ways to rearrange the symbols.

Proof. There are several ways to count this!

One process is to rearrange all of the seven letters in one of the 7! ways, then rearrange the letters to
be in order and rearrange the numbers to be in order. Each ordering will appear 4! - 3! ways, so by the
division rule there are % ways.

Another process is to select the four positions for the letters, then the positions of the letters is forced in
those positions and the numbers are force to be in the remaining three positions. There are (Z) = 4!7!:))!
ways to select these four positions.

Yet another process is to select the three positions for the numbers, then the positions of the numbers
is forced in those positions and the letters are force to be in the remaining four positions. There are

(g) = ﬁ ways to select these four positions. O
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Problem 4. [10pts] Demonstrate (}) (";k) = (kié) (ky) by using two methods to count the number of

ways to create two disjoint committees of size k and ¢ from a group of n people

Proof. One process: There are (Z) ways to select the first committee from n people. From the remaining
n — k people, there are (";k) ways to select the second committee. By the product rule, there are (Z) ("zk)
ways to select these two committees.

Another process: There are (ki 13) ways to select the people that will be on some committee. Then, from the
k + ¢ people we can select the ¢ people to be on the second committee (the remaining k people are on the

first committee). By the product rule, there are (kil) (k#) ways to select these two committees.

Since we counted the same thing in two different ways, the two numbers must be equal. O



