
Fall 2015, MATH-304
Chapter 2.2 - Permutations

Permutation on [n] is a bijection π[n]→ [n].
Permutation is an ordering of a set.
All permutations of set {a, b, c} are abc, acb, bac, bca, cab, cba.
3× 2× 1 choices for creating the ordering.

Example: What is the number of shuffling of a deck of 52 card? 52!

r-permutation is an ordering of r elements out of a set S (not all are used).

Number of r-permutations of an n-element set is denoted by P (n, r).

Claim: P (n, r) = n · (n− 1) · (n− 2) · · · (n− r + 1) = n!
(n−r)! .

1: How many starting puzzles are possible (although not all are solvable) in 15-puzzle? (A grid 4 × 4
with one entry empty and others from 1 to 15).

Solution: Since we can think of assigning the empty square the label 16, the question amounts to the
number of permutations of 16, i.e., 16!.

2: What is number of orders of 26 letters from alphabet such that no two vowels (A,E,I,O,U,Y) occur
consecutively and letters B and L are next to each other? (it means either BL or LB)?

Solution: First position letters that are not vowels and then place vowels in between. Making B and
L next to each other can be assured by replacing B and L by one letter BL or one letter LB. So we will
have 19 letters and hence 20 positions for placing vowels. Together we have

2 · P (19, 19) · P (20, 6) = 2 · 19! · 20 · 19 · 18 · 17 · 16 · 15.

3: Count 7 digit numbers from digits {1, 2, . . . , 9} where 5 and 6 are not consecutive. Digits may not
repeat.

Solution: Using subtraction principle. All numbers P (9, 7). Now the wrong ones. Make 56 or 65 a one
number which makes two possibilities. And then there are 6 positions where it can be placed and rest is
filled by P (7, 5). Together

P (9, 7)− 2 · 6 · P (7, 5)

Circular permutations: How to arrange n children in a circle? (symmetric under rotation, but not under
flip) n!/n - position the first and then the rest is just a permutation

Theorem: 2.2.2: The number of circular r-permutations of a set of n elements is P (n,r)
r = n·(n−1)···(n−(r−1))

r .

4: Ten people, including two who don’t want to sit next to one another are seated at a round table.
How many circular arrangements are there?

Solution: Let P1,P2,...,P10 be the ten people where P1 and P2 are the people who hate each other. If
we ignore the restriction, there are 10!/10 = 9! circular arrangements.

How many of these 9! arrangements are bad? Consider the problem of instead arranging nine people
X,P3,P4,...,P10, of which there are 9!/9 = 8! circular arrangements. Hence there are 2 × 8! bad ar-
rangements, coming from thinking of X=P1P2 or X=P2P1. Thus by the subtraction principle, we have
9!− 2× 8!.


