Algebra

Algebra is the foundation of calculus. The basic
idea behind algebra is rewriting equations and sim-
plifying expressions; this includes such things as fac-
toring, FOILing (i.e., (a+b)(c+d) = ac+ad+bc+bd),
adding fractions (remember to get a common de-

nominator, %—l— % = M) and multiplying by
the conjugate (the conjugate of a +b is a — b and
multiplying gives a? — b?). Below are some basic

facts that frequently come up.

(a+b)la—b) = a?—1b?
(a+b)? = a?+2ab+b?
(a—b)*> = a®>—2ab+b?

Another useful fact is the quadratic formula (also
known as the quadratic equation)

—b++vbZ2—4
ax’ +bx+c=0 = x= b 2121 ac'

Rules for exponents and logarithms are useful:
a,b atb X a—b ayb ab
(x%)” =27,

In(ab) =Ina+Inb, In(7)=Ina—Inb,

and In(a®)=blna.

Of course it is also useful to remember what we
cannot do. For example, “vx? + a2 = x + a” is not
true, even when taking a test!

Often associated with algebra are functions and
graphing. A function is a rule which takes an in-
put and associates a unique output, ie., y = f(x).
The domain of a function are numbers that we can
put into the function and get something out, while
the range are the possible values that we can get
out. Limitations on the domain arise from dividing
by zero, taking square roots of negative numbers, or
log of a nonpositive number. Determining the range
is hard, but fortunately there is calculus (woohoo!).
Functions can be combined through addition, multi-
plication, division, composition, etc.

We work with points in the plane by describing
them relative to how far away from the origin we
have moved in different directions, i.e., (x,y). The
distance between the two points (xo,yo) and (x1,y1)
in the plane is

distance = \/(X1 —x0)? + (Y1 —yo)?.

We have lines (y = mx 4+ b where m is the slope
(found by rise/run) and b the y-intercept), circles
((x —x0)? + (y —yo)? = 2 where (xo,Yo) is the cen-
ter of the circle and v the radius), parabolas (y =

ax? +bx+c), ellipses (ax? +by? = 1) and hyperbolas
(ax? —by? =1).

The area of a rectangle is (length)x(width), the
area of a circle is 7tr*> (where 7 is the radius) and the
area of a triangle is %(base)x (height). The volume of
a box is (length)x(width)x (height) and the volume
of a sphere is $7nr® (again r is the radius).

Trigonometry

Trigonometry is based off the two ideas that (i) tri-
angles are rigid and (ii) when we scale a triangle the
ratios of the sides do not change. Using these we can
associate values with the angles of triangles which
can be used to solve various problems related to tri-
angles. The basis of many important facts about tri-
angles comes from the Pythagorean Theorem which
says that for a right triangle with sides a, b, ¢ (c being
the hypotenuse) then a? + b? = ¢2. What this means
is that often when dealing with triangles we look for
right triangles. Let 6 be an angle of a right triangle,
“opp” the length of the side opposite 6, “adj” the
length of the side adjacent to 6 and “hyp” the length
of the hypotenuse; then we have

sin® = ﬂ, cosf = a—d],
hyp hyp

_ opp _ hyp
tanefadj, sechadj.

(We either measure angles in degrees (360° is a full
revolution) or radians (27t is a full revolution). In
calculus we almost always will use radians.) Note
that the functions sin and cos are periodic and also
are always bounded between —1 and 1 («+ a very
useful fact).
From the definitions have
sin © 1

d 0= .
cos 0 an sec cos 0

And by using the Pythagorean Theorem we can con-
clude
sin? 0 + cos? 0 = 1 and tan? 0 + 1 = sec? 0.

Other rules which frequently come up are the dou-
ble angle formulas

sin(20) = 2sin®cosH
cos(28) = cos?0 —sin? 9,
this can be used to reduce powers of sine and cosine

cos? 0 = Trcos28 czosze and sin’@ = T cos28 CZOSZG

We also have the even/odd’er identities

sin(—0) = —sin®, and cos(—0) = cosO.



There are of course many more formulas and iden-
tities that arise in trigonometry, but for our purposes
these will usually suffice (we will make use, for ex-
ample, of the law of cosines but in general these are
the most important identities).

10.

Quiz 1 problem bank

Find the domain for the function

flx) = V9 —x2
x T In(2—ex)’

Find f~'(x) given f(x) = J(eX — e ™).

Find the slope and y-intercept for the line
y =5+In(7e>).

Given f(x) = x + 3 and g(x) = x? + 4, then
h(x) = g(f(x)) — f(g(x)) is a line. Find the slope
and y-intercept for h(x).

Sketch the curve y =2 — x — [x| for —2 < x < 2.
Find all solutions (x,y) to the following:

xy—x+2y=2
x* +5x+4y =0

/ 1
For —1 < x < 1, rewrite cos (2 arccos X—ZF)

as an algebraic expression.

2x
For x > 1, rewrite cos (arctan (21)> as an
X2 —

algebraic expression.

Given that the circles in the following diagram
have the same center and that the length of the
line segment is 20, determine the area between
the circles.

Given for the diagram below that
AB = AC = CD and AD = BD, determine the
angle «, give the answer in radians.

A



