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Shortest path and linear programming

Shortest path
Input: Graph G = (V, E), costs ¢: E — R, and s,t € V.
Output: s-t-path P, where )" __pc(e) is minimized.

Suppose every edge has an orientation (direction). This gives a directed graph. Any ordinary graph can be
converted to a directed graph by adding two edges in opposite directions.

1: Create a linear program solving the shortest path problem. Hints: Minimize, overall cost, for every edge
decide if it is in the path or not, make sure that the path starts at s (and ends at t). Make sure that the path
does not stop at any other vertex (use that edges are oriented and you know incoming and leaving edges).

Solution:

(minimize >, c(e) -z,
subject to Z(S’UEE Tsy =1
9 o Z(v,t)EE Lot = —1

D (waw)eE Tvw — D uwer Tup = 0 for all v # 5,1
Tz, > 0foralle e F

\

Note: This uses the assumption that there is no edge going to s and no edge going
from t. If they are there, it may happen that instead of path we get two cycles: one
around s and one around t.

More correct formulation (without exceptions):

( .. .
minimize ) _pcle) - .
SU.bJ@Ct to Z(s,v)EE Lsw — Z(]/)’S)EE Tys = 1
\ o Z(t,v)eE Lto — Z('U_/t)EE Tyt = —1

Z(’U,u')EE Lo,w — Z(u,v)eE Lup = 0 for all v 7é 5,1
r. > 0foralle e F

2: Write the linear program for graph with directed edges E = {su, sv, uv,ut,vt}, where the costs are c(su) =
2,c(sv) =5, c(uv) = 1, ¢(ut) = 6, c(vt) = 3.
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Solution:
(L.
minimize  2%g, + dTsp + Tyw + 062y + 3Tyt

subject to x4 + x5 =1
— Tyt — Ty = —1
—Tgy + Ty + Tyr = 0
— Ty — Ty + Tyt = 0
T, > 0foralleec B

\

3: Write the dual linear program for shortest path. If confused, try it first for the particular graph and see how
to generalize it.

Solution:
maximize  Ys — Yy

subject to Y, — ¥y < c(uw) for all (u,v) € K

We can also add ys = 0 to make it easier. The solutions are called feasible potential.
We are trying to make y; as negative as possible.

4: Interpret the dual program.

Solution: Number for every vertex, where we want to push y; away from s as much
as we can.

5: Does the LP work for negative costs? Why?

Solution: No.
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