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Lecture 6 - Chromatic Polynomial

For a simple graph G and an integer k, denote by P(G, k) the number of k-colorings of the graphG. We call
this function the chromatic polynomial of G.

1. For atree T, show that P(T, k) is really a polynomial.
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2: Let G be a graph. What is the smallestk such that P(G, k) > 0?
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The following recursion implies that G is really a polynomial. By G/e we denote the graph obtained by
contracting e, i.e. identify the endpoints of e in G — e.

Proposition 1. Let G be a graph and let e = xy be an edge of G. Then,

P(G.k) = P(G — e, k) — P(G/e, k). 1)

3: Prove the proposition. M
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4: Find P(Cs,x) using the above recursion.
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A color k-partition of G is a partition of V(G) on k nonempty disjoint sets k\: ((”}(’ )\ (LX—\I ) =
1 X-2)
‘/lav%"ka” —

such that V; is an independent set inG. Note that a color k-partition of G give us immediately a k-coloring
of G with all V; being its color classes. Denote by, (G) the number of color k-partitions of G. Recall that
kg = k(k—121)---(k—1i+1).

i = k( ) ( ) v,
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Proposition 2. Let G be a graph on n vertices. Then,

P(G,k) =) aiG)ky .

i=1

)
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5: Prove the proposition.

Proposition 3. Let G be disjoin union of graphs G1 and Gz. Then,
P(G, k)= P(G1,k) - P(G2, k).

6: Prove the above proposition.

Let G be a union of G; and G5 whose intersection is a clique, i.e.
G=G1UGy, and GinNGy= K,.

We say G is an r-clique-sum of G; and Gb.

Proposition 4. Let G be a r-clique-sum of graphs G1 in Go. Then,
_ P(Gy,k) - P(Go, k)
PR = = p )
7: Prove the above proposition. v HOY MmarL BNV
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Corollary 5. Let G be a connected graph, whose blocks are By, Bo, ..., B,. Then,

P(G,k) = k'""P(B1,k)P(Bs, k) - - - P(By, k).

8: Prove the corollary.
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1 Coelcients of chromatic polynomial K

Proposition 6. Let G be a simple graph on n vertices and with m edges. For the chromatic polynomial P(G, k)
the following holds:

(a) coefficient at k™ is 1,

(b) the free coefficient is 0,

(c) coefficient at k"' is —m, —_ [4
(d) sign of the coefficients alternate. / - P( k\n—{ ( )

9: Prove the proposition. Hint: Use induction on m starting with m = 0. \)
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10: Find chromatic polynomials of P; U C3 and K1 U K5 U K3.
P(Pyyly, K) = x° =Tt N @x S Ul SR
Uk bt x By ) . -7 TR
P (lokulky x) = X —tx +Sx"=1x
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The brst one has two components and the brst non-zero coe;)cient at the second power. Similarly the second
one has three components and its Prst non-zero coelcient at the third power. Now we show that this holds in
general.

Proposition 7. The degree of the smallest non-zero coefficient of P(G, k) equals the number of components of
G.

11: Prove the proposition. Hint: Induction on m.
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Proposition 8. Let G be a graph on n vertices and with m edges, and t triangles. Then, the coefficient at x>

of P(G,x) is
[
(3)-"

12: Prove the proposition. Hint: Induction on m.
" n-~\ -1

WM = ?(?h\Y)ZX\OX - 0. %
o= (7)-£ ~(G)-0 =0
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2 Expanding theorem

Let ¢(G) the number of components of a graphG. For an arbitrary subset of edgesS # E(G) let G[S] be the
subgraph of G induced by S. o W
grap y S:Qf: (ﬁ| ] \Z Cro

Theorem 9. For any graph G, it holds

#
P(G,k) = (! 1)ISIKACISD (3)
S! E(G)
In the proof we apply the complementary principle of incIusionDechusi%n:
#
IAS$ ASS aaf AS| = ¢l A 4)
I1{12,..n} il
where forl = %we assume the corresponding interesection is the union of all;.
13: Prove the Theorem.
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2.1 The number of acyclic orientations of graph

Let a(G) be the number of acyclic orientations of a graphG.

14:. For the depicted graph G count a(G), P(G, x), and P(G,! 1)

Proposition 10. For an aribitraty graph G on n vertices, it holds

P(G,! 1)=(! 1)"a(G).

15: Prove the proposition. Use induction on the number of edges.
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3 Chromatically equivalent graphs

16: Find chromatic polynomials for the depicted graphs.

We say graphsG and H are chromatically equivalent if they have a same chromatic polynomial, i.e.P(G, x) =
P(H,x).

In case that a graph G has no chromatically equivalent graphs, we say thatG is a chromatically unique graph.

17: Find the chromatic polynomial of a cycle C,

Proposition 11. C, is a chromatically unique graph.

18: Prove the proposition.

One of the research directions on chromatic polynomial is to classify chromatically equivalent graphs, and also
chromatically unique graphs.
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3.1 ReadOs Conjecture

R. C. Read in 1968 proposed the following conjecture of unimodality of the cdecients of the chromatic poly-
nomial.

Conjecture 12. Let G be a graph andP (G, x) = anx" + ans 1X"# 1+ 444 a,x?+ aix its chromatic polynomial.
Then there exists an indexk such that

lanl ( lang1l ( lans2l ( @a@ lax|) lake1l) @df |azf) laal.

We can see for example this on the Pteresen graph. Its chromatic polynomial is
x101 15¢%+105x8 ! 455¢" +1353x°®! 2861x° +4275x* ! 4305 + 2606x2 ! 704x.
The corresponding sequence is

1< 15< 105< 455< 1353< 2861< 4275< 4305> 2606> 704.

Not so long ago the conjecture was solved by June HuhMilnor numbers of projective hypersurfaces and the
chromatic polynomial of graphs J. Amer. Math. Soc., 25 (2012) 907D927.
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