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Abstract5

Given a triangle-free planar graph G and a cycle C of length 9 in G, we characterize6

all situations where a 3-coloring of C does not extend to a proper 3-coloring of G. This7

extends previous results for the length of C up to 8.8

1 Introduction9

Let [n] = {1, 2, . . . , n}. Graphs in this paper are finite and may have loops or parallel edges.10

Given a graph G, let V (G) and E(G) denote the vertex set and the edge set of G, respectively.11

We will also use |G| for the size of E(G). A proper k-coloring of a graph G is a function12

ϕ : V (G) → [k] such that ϕ(u) 6= ϕ(v) for each edge uv ∈ E(G). A graph G is k-colorable13

if there exists a proper k-coloring of G, and the minimum k where G is k-colorable is the14

chromatic number of G.15

Garey and Johnson [17] proved that deciding if a graph is k-colorable is NP-complete16

even when k = 3. Moreover, deciding if a graph is 3-colorable is still NP-complete when17

restricted to planar graphs [11]. Therefore, even though planar graphs are 4-colorable by18

the celebrated Four Color Theorem [5, 6, 21], finding sufficient conditions for a planar graph19

to be 3-colorable has been an active area of research. A landmark result in this area is20

Grötzsch’s Theorem [19], which is the following:21

Theorem 1 ([19]). Every triangle-free planar graph is 3-colorable.22

We direct readers to a nice survey by Borodin [8] for more results and conjectures re-23

garding 3-coloring of planar graphs.24

A graph G is k-critical if it is not (k − 1)-colorable but every proper subgraph of G25

is (k − 1)-colorable. Critical graphs are important since they are (in a certain sense) the26
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minimal obstacles in reducing the chromatic number of a graph. Numerous coloring algo-27

rithms are based on detecting critical subgraphs. Despite its importance, there is no known28

characterization of k-critical graphs when k ≥ 4. On the other hand, there has been some29

success regarding 4-critical planar graphs. Extending Theorem 1, the Grünbaum–Aksenov30

Theorem [1, 7, 20] states that a planar graph with at most three triangles is 3-colorable, and31

we know that there are infinitely many 4-critical planar graphs with four triangles. Borodin,32

Dvořák, Kostochka, Lidický, and Yancey [9] were able to characterize all 4-critical planar33

graphs with four triangles.34

Given a graph G and a proper subgraph C of G, we say G is C-critical for k-coloring35

if for every proper subgraph H of G where C ⊆ H, there exists a proper k-coloring of C36

that extends to a proper k-coloring of H, but does not extend to a proper k-coloring of37

G. Roughly speaking, a C-critical graph for k-coloring is a minimal obstacle when trying38

to extend a proper k-coloring of C to a proper k-coloring of the entire graph. Note that39

(k+1)-critical graphs are exactly the C-critical graphs for k-coloring with C being the empty40

graph.41

In the proof of Theorem 1, Grötzsch actually proved that any proper coloring of a 4-cycle42

or a 5-cycle extends to a proper 3-coloring of a triangle-free planar graph. This implies that43

there are no triangle-free planar graphs that are C-critical for 3-coloring when C is a face44

of length 4 or 5. This sparked the interest of characterizing triangle-free planar graphs that45

are C-critical for 3-coloring when C is a face of longer length. Since we deal with 3-coloring46

triangle-free planar graphs in this paper, from now on, we will write “C-critical” instead of47

“C-critical for 3-coloring” for the sake of simplicity.48

The investigation was first done on planar graphs with girth 5. Walls [24] and Thomassen [22]49

independently characterized C-critical planar graphs with girth 5 when C is a face of length50

at most 11. The case when C is a 12-face was initiated in [22], but a complete characteri-51

zation was given by Dvořák and Kawarabayashi in [13]. Moreover, a recursive approach to52

identify all C-critical planar graphs with girth 5 when C is a face of any given length is given53

in [13]. Dvořák and Lidický [12] implemented the algorithm from [12] and used a computer54

to generate all C-critical graphs with girth 5 when C is a face of length at most 16. The55

graphs were generated then used to reveal some structure of 4-critical graphs on surfaces56

without short contractible cycles. It would be computationally feasible to generate graphs57

with girth 5 even with C larger than 16.58

The situation for planar graphs with girth 4, which are triangle-free planar graphs, is59

more complicated since the list of C-critical graphs is not finite when C has size at least60

6. We already mentioned that there are no C-critical triangle-free planar graphs when C61

is a face of length 4 or 5. An alternative proof of the case when C is a 5-face was given62

by Aksenov [1]. Gimbel and Thomassen [18] not only showed that there exists a C-critical63

triangle-free planar graph when C is a 6-face, but also characterized all of them.64

Theorem 2 (Gimbel and Thomassen [18]). Let G be a plane triangle-free graph with outer65

face bounded by a cycle C = c1c2 . . . of length at most 6. The graph G is C-critical if and66

only if C is a 6-cycle, all internal faces of G have length exactly four and G contains no67

separating 4-cycles. Furthermore, if ϕ is a 3-coloring of G[V (C)] that does not extend to a68
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Figure 1: Critical graphs with a precolored 7-face.

3-coloring of G, then ϕ(c1) = ϕ(c4), ϕ(c2) = ϕ(c5) and ϕ(c3) = ϕ(c6).69

Aksenov, Borodin, and Glebov [3] independently proved the case when C is a 6-face using70

the discharging method, and also characterized all C-critical triangle-free planar graphs when71

C is a 7-face in [4]. The case where C is a 7-face was used in [9].72

Theorem 3 (Aksenov, Borodin, and Glebov [3]). Let G be a plane triangle-free graph with73

outer face bounded by a cycle C = c1 . . . c7 of length 7. The graph G is C-critical and ψ74

is a 3-coloring of C that does not extend to a 3-coloring of G if and only if G contains no75

separating cycles of length at most five and one of the following propositions is satisfied up76

to relabelling of vertices (see Figure 1 for an illustration).77

(a) The graph G consists of C and the edge c1c5, and ψ(c1) = ψ(c5).78

(b) The graph G contains a vertex v adjacent to c1 and c4, the cycle c1c2c3c4v bounds a79

5-face and every face drawn inside the 6-cycle vc4c5c6c7c1 has length four; furthermore,80

ψ(c4) = ψ(c7) and ψ(c5) = ψ(c1).81

(c) The graph G contains a path c1uvc3 with u, v 6∈ V (C), the cycle c1c2c3vu bounds a 5-82

face and every face drawn inside the 8-cycle uvc3c4c5c6c7c1 has length four; furthermore,83

ψ(c3) = ψ(c6), ψ(c2) = ψ(c4) = ψ(c7) and ψ(c1) = ψ(c5).84

Dvořák and Lidický [16] used a correspondence of nowhere-zero flows and colorings to85

give simpler proofs of the case when C is either a 6-face or a 7-face, and also characterized86

C-critical triangle-free planar graphs when C is an 8-face. For a plane graph G, let S(G)87

denote the set of multisets of possible lengths of internal faces of G with length at least 5.88

Theorem 4 (Dvořák and Lidický [16]). Let G be a connected plane triangle-free graph with89

outer face bounded by a cycle C of length 8. The graph G is C-critical if and only if G contains90

no separating cycles of length at most five, the interior of every non-facial 6-cycle contains91

only faces of length four and one of the following propositions is satisfied (see Figure 2 for92

an illustration).93
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Figure 2: Graph described by Theorem 4 and examples of 3-colorings of C that do not
extend.

(a) S(G) = ∅, or94

(b) S(G) = {6} and the 6-face of G intersects C in a path of length at least one, or95

(c) S(G) = {5, 5} and each of the 5-faces of G intersects C in a path of length at least96

two, or97

(d) S(G) = {5, 5} and the vertices of C and the 5-faces f1 and f2 of G can be labelled98

in clockwise order along their boundaries so that C = c1c2 . . . c8, f1 = c1v1zv2v3 and99

f2 = zw1c5w2w3 (where w1 can be equal to v1, v1 can be equal to c2, etc.)100

Theorem 4 has for example the following corollary. The corollary was not explicitly stated101

in [16] so we state it here.102

Corollary 1 (Dvořák and Lidický [16]). Let G be a plane triangle-free graph and v be a103

vertex of degree 4 in G. Then there exists a proper 3-coloring of G where all neighbors of v104

are colored the same.105

The corollary can be proven by splitting v into 4 vertices of degree two that are in one106

8-face F and precoloring F by two colors; see Fig 3.107
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Figure 3: The coloring of a graph G where all neighbor of a 4-vertex v have the same color
can be obtained by extending a precoloring of an 8-face F in G′, where G′ is obtained from
G by splitting v into 4 vertices of degree two.

In this paper, we push the project further and characterize all C-critical triangle-free108

planar graphs when C is a face of length 9.109

Theorem 5. Let G be a connected plane triangle-free graph with outer face bounded by a110

cycle C of length 9. The graph G is C-critical for 3-coloring if and only if G contains no111

separating cycles of length at most five, the interior of every non-facial 6-cycle contains only112

faces of length four and one of the following propositions is satisfied (see Figure 4 for an113

illustration):114

(a) S(G) = {5} and the 5-face of G intersects C in a path of length at least two;115

(b) S(G) = {7};116

(c) S(G) = {5, 6} and the 5-face, 6-face, of G intersects C in a path of length at least two,117

and four, respectively;118

(d) S(G) = {5, 6} and G is depicted as (d1) or (d2) in Fig. 4;119

(e) S(G) = {5, 5, 5} and G is depicted as (Bij) in Fig. 4 for all i, j.120

Part of the proof of Theorem 5 is enumerating all integer solutions to several small set of121

linear constraints. It would be possible to do it by hand but we have decided to use computer122

programs to enumerate the solutions. Both computer programs and enumerations of the123

solutions are available online at http://orion.math.iastate.edu/lidicky/pub/9cyc/.124

2 Preliminaries125

Our proof of Theorem 5 uses the same method as Dvořák and Lidický [16]. The main idea126

is to use the correspondence between coloring of a plane graph G and flows in the dual of G.127
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Figure 4: All C-critical triangle-free plane graphs where C is an outer 9-face. Note that
each figure actually represents infinitely many graphs, including ones that can be obtained
by identifying some of the depicted vertices. The arrows correspond to source edges and sink
edges that are defined in Preliminaries.
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In this paper, we give only a brief description of the correspondence and the lemmas useful128

in our case. A more detailed and general description can be found in [16].129

Let G? denote the dual of a plane graph G. Let ϕ be a proper 3-coloring of the vertices130

of G by colors {1, 2, 3}. For every edge uv of G, we orient the corresponding edge e in131

G? in the following way. Let e have endpoints f, h in G?, where f ,v,h is in the clockwise132

order from vertex u in the drawing of G. The edge e will be oriented from f to h if133

(ϕ(u), ϕ(v)) ∈ {(1, 2), (2, 3), (3, 1)}, and from h to f otherwise. See Figure 5(a) for an134

example of the orientation.135
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t
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t

s

(c)

Figure 5: (a) a 3-coloring of a graph G and the corresponding orientation of the edges in G?;
(b) Gq,ψ corresponding to (a); (c) G and Gq,ψ drawn in one figure.

Since ϕ is a proper coloring, every edge of G? has an orientation. Tutte [23] showed136

that this orientation of G? defines a nowhere-zero Z3-flow, which means that the in-degree137

and the out-degree of every vertex in G? differ by a multiple of three. Conversely, every138

nowhere-zero Z3-flow in G? defines a proper 3-coloring of G up to the rotation of colors.139

Let h be the vertex in G? corresponding to the outer face of G. Edges oriented away140

from h are called source edges and the edges oriented towards h are called sink edges. The141

orientations of edges incident to h depend only on the coloring of C, where C is the cycle142

bounding the outer face of G.143

For a vertex f of G?, let δ(f) denote the difference of the out-degree and in-degree of f .144

Possible values of δ(f) depend on the size of the face corresponding to f , denoted by |f |.145

Clearly |δ(f)| ≤ |f | and δ(f) has the same parity as |f |. Hence if |f | = 4, then δ(f) = 0.146

Similarly, if |f | ∈ {5, 7}, then δ(f) ∈ {−3, 3} and if |f | = 6 then δ(f) ∈ {−6, 0, 6}.147

Next we convert the problem of extending a proper 3-coloring of C to the existence of a148

Z-flow in an auxiliary graph obtained from G?. We call a function q assigning an integer to149

every internal face f of G a layout if q(f) ≤ |f |, q(f) is divisible by 3, and q(f) has the same150

7



parity as |f |. Notice that q(f) satisfies the same conditions as δ(f). Therefore it is sufficient151

to specify the q-values for faces of size at least 5, since q(f) = 0 if f is a 4-face.152

Let ψ be a proper 3-coloring of C. The coloring ψ gives an orientation of the edges153

corresponding to the edges of C in G?. Denote by ns the number of source edges and by nt154

the number of sink edges. A layout q is ψ-balanced if ns + m = nt, where m is the sum of155

the q-values over all internal faces of G. A graph Gq,ψ is obtained from G? by removing the156

vertex h corresponding to the outer face of G and by adding two new vertices s and t. For157

every edge hf in G? we add one edge sf if hf is a source edge and we add one edge tf if it158

is a sink edge. Moreover, for every internal face f with q(f) > 0, we add q(f) parallel sf159

edges and for every internal face f with q(f) < 0, we add −q(f) parallel tf edges. See Fig. 5160

for an illustration. Note that q is ψ-balanced if and only if s and t have the same degree.161

For a ψ-balanced layout q of G, let c(q, ψ) denote the degree of the source vertex s (and162

also the sink vertex t) of Gq,ψ. For an edge cut K in Gq,ψ separating s from t, the component163

of Gq,ψ \K containing s, or t, is called a source component, or a sink component, respectively.164

For a set of faces F , let `(F ) denote the smallest length of a cycle in a critical graph that165

may contain all faces of F . Denote a face of size i by fi. It is known [15] that `({fi}) = i166

and `({f5, f6}) = 9.167

The next lemma describes interiors of cycles in critical graphs.168

Lemma 6 ([14]). Let G be a plane graph with outer face K. Let C be a cycle in G that does169

not bound a face, and let H be the subgraph of G drawn in the closed disk bounded by C. If170

G is K-critical for k-coloring, then H is C-critical for k-coloring.171

Lemma 7 is the key lemma that gives the correspondence between 3-colorings of C and172

flows. It implies that if a 3-coloring of C extends to the entire graph, then there is a Z-flow173

from s to t of value c(q, ψ).174

Lemma 7 ([16]). Let G be a connected plane triangle-free graph with the outer face C175

bounded by a cycle and let ψ be a 3-coloring of C. The coloring ψ extends to a 3-coloring176

of G if and only if there exists a ψ-balanced layout q such that the terminals of Gq,ψ are not177

separated by an edge cut smaller than c(q, ψ).178

The cuts showing that a 3-coloring of C does not extend are described by the following179

lemma.180

Lemma 8 ([16]). Let G be a connected plane triangle-free graph with the outer face C181

bounded by a cycle and let ψ be a 3-coloring of C that does not extend to a 3-coloring of G.182

If q is a ψ-balanced layout in G, then there exists a subgraph K0 ⊆ G such that either183

i) K0 is a path with both ends in C and no internal vertex in C, and if P is a path in C184

joining the end vertices of K0, ns is the number of source edges of P , nt is the number185

of the sink edges of P and m is the sum of the values of q over all faces of G drawn in186

the open disk bounded by the cycle P + K0, then |ns + m − nt| > |K0|. In particular,187

|P |+ |m| > |K0|.188

Or,189
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ii) K0 is a cycle with at most one vertex in C, and if m is the sum of the values of q over190

all faces of G drawn in the open disk bounded by K0, then |m| > |K0|.191

3 Proof of Theorem 5192

Let Sk be the set of possible multisets of sizes of faces of length at least five in a graph of193

girth at least 4 where the length of the precolored face is k. The result of Dvořák, Krá
,
l, and194

Thomas [15] implies among others that S6 = {∅}, S7 = {{5}}, S8 = {∅, {6}, {5, 5}}, and195

S9 = {{7}, {5}, {6, 5}, {5, 5, 5}}.196

From now on, G is always a C-critical triangle-free plane graph and C is always the197

outer face of length 9. By the previous paragraph, we have four cases to consider when198

C has length 9. The case of one 7-face was already resolved by Dvořák and Lidický [16],199

and it is described in Theorem 5(b). We restate the result from [16] in the next section as200

Theorem 10. We resolve the remaining three cases in Lemmas 11, 17, and 18 in the following201

three subsections. In order to simplify the cases, we first solve the case when C has a chord.202

If G is C-critical and C has a chord, then Lemma 6 implies that G can be obtained by203

identifying two edges of the outer faces of two different smaller critical graphs. Lemma 9204

shows that the converse is also true.205

Lemma 9. Let Gi be a Ci-critical graph where |Ci| = ki for i ∈ {1, 2}. Let G be obtained206

from G1 and G2 identifying e1 ∈ E(C1) and e2 ∈ E(C2). Then G is C-critical, where207

|C| = k1 + k2 − 2.208

Proof. Let e ∈ E(G) \ E(C).209

Suppose first that e ∈ E(Gi)− ei for some i ∈ {1, 2}. Since Gi is Ci-critical, there exists210

a 3-coloring ϕ of Ci that extends to a proper 3-coloring of Gi − e but does not extend to a211

proper 3-coloring of Gi. Since G3−i is triangle-free, there exists a proper 3-coloring % of G3−i212

by Grötzsch’s Theorem [19]. By permuting colors we can assume that ϕ and % agree on ei213

and e3−i. This gives a proper 3-coloring of C showing that G is C-critical with respect to e.214

The other case is that e is the result of the identification of e1 and e2. Let u, v be the215

vertices of e. Since G − e is a triangle-free planar graph, there exists a proper 3-coloring ϕ216

of G− e such that ϕ(u) = ϕ(v). It is a result of Aksenov et al. [2] simplified by Borodin et217

al. [10]. Let % be a restriction of ϕ to C. Clearly, % can be extended to a proper 3-coloring218

of G− e but not to a proper 3-coloring of G.219

Therefore, we can enumerate C-critical graphs G where C has a chord and has length220

9 by identifying edges from two smaller critical graphs with outer faces of length either 4221

and 7 or 5 and 6. Note that critical graph with outer face of length 4 or 5 is a 4-cycle or222

5-cycle respectively. The resulting graphs are depicted in Fig. 4 (a) and (b), where some of223

the vertices must be identified.224

In the following we assume that C has no chords. In the rest of the paper, ψ will always225

be a 3-coloring of C. Also, for a subset Z of the edges of C, we will use nsZ and ntZ to denote226

the number of source edges and sink edges of Z, respectively.227
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3.1 One 7-face228

The case of one 7-face is solved by a more general result from [16]. The result works for a229

graphs with outer face of length k and one internal face of length k − 2. Let r(k) = 0 if230

k ≡ 0 (mod 3), r(k) = 2 if k ≡ 1 (mod 3) and r(k) = 1 if k ≡ 2 (mod 3).231

Theorem 10 ([16]). Let G be a connected triangle-free plane graph with outer face bounded232

by a cycle C of length k ≥ 7. Suppose that f is an internal face of G of length k − 2 and233

that all other internal faces of G have length 4. The graph G is C-critical if and only if234

(a) f ∩ C is a path of length at least r(k) (possibly empty if r(k) = 0),235

(b) G contains no separating 4-cycles, and236

(c) for every (≤k − 1)-cycle K 6= f in G, the interior of K does not contain f .237

Furthermore, in a graph satisfying these conditions, a precoloring ψ of C extends to a 3-238

coloring of G if and only if E(C) \ E(f) contains both a source edge and a sink edge with239

respect to ψ.240

In our case, we apply Theorem 10 with k = 9. Since r(9) = 0, the 7-face does not have241

to share any edges with the outer face. The description is in Theorem 5(b) and depicted in242

Fig. 4(b).243

3.2 One 5-face and one 6-face244

Lemma 11. If G contains one 5-face f5 and one 6-face f6, and all other faces are 4-faces,245

then G is described by Theorem 5(c),(d) and depicted in Fig. 4(c),(d1), and (d2).246

Proof. Let G be a C-critical graph containing one 5-face f5 and one 6-face f6.247

Let e ∈ E(G) \ E(C). We want to find a 3-coloring ψ of C that does not extend to a248

proper 3-coloring of G but extends to a proper 3-coloring of G − e. Note that G − e has249

either one 5-face and one 8-face, or one 6-face and one 7-face, or one 9-face, or two 6-faces250

and one 5-face. We know that the smallest k such that Sk contains any of {5, 8}, {6, 7}, {9},251

or {5, 6, 6} is at least 11. Hence every precoloring of C extends to G − e. In particular, ψ252

extends to G− e. Therefore, we only need to characterize ψ that does not extend to G.253

Let ψ be a proper 3-coloring of C that does not extend to a proper 3-coloring of G. By254

symmetry, we assume that C has more source edges than sink edges. Hence C has either 9255

or 6 source edges. Let q be a ψ-balanced layout of G. By Lemma 7, there exists an edge-cut256

K in Gq,ψ separating s from t such that |K| is smaller than c(q, ψ). Let K0 ⊂ G be obtained257

by Lemma 8 and let k0 = |K0|.258

First suppose that K0 is a cycle. Let m denote the sum of the q-values of the faces in the259

interior of K0. By Lemma 8, |m| > k0. If both f5, f6 are in the interior of K0, then |m| ≤ 9,260

contradicting the fact that |m| > k0 since k0 ≥ `({f5, f6}) = 9. If f5 is in the interior of K0,261

but f6 is not, then |m| = 3, while `({f5}) = 5, a contradiction again. Similarly, we obtain a262
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Figure 6: Structure of a cut in G.

contradiction when f6 is in the interior of K0 but f5 is not, since `({f6}) = 6 and |m| ≤ 6.263

Therefore K0 is always a path joining two distinct vertices of C.264

The graph G bounded by C is divided by K0 into two closed disks X and Y intersecting265

at K0, where faces in X correspond to the vertices in the component containing s in Gq,ψ−K.266

For Z ∈ {X, Y }, denote by PZ the subpath of C such that Z is bounded by PZ +K0. Recall267

that nsZ and ntZ denote the number of source edges and sink edges in PZ , respectively. The268

described structure is shown in Fig. 6.269

Claim 12. There are 6 source edges in C.270

Proof. Suppose for a contradiction that C contains 9 source edges. Hence there is just one271

ψ-balanced layout q with q(f5) = −3, q(f6) = −6, and c(q, ψ) = 9. Note that nsX + nsY = 9272

and ntX + ntY = 0. If both f5, f6 belong to X then |K| = k0 + nsY + 9 < 9, a contradiction.273

If both f5, f6 belong to Y then |K| = k0 + nsY < 9, while the length of the boundary274

cycle of Y is k0 + nsY ≥ `({f5, f6}) = 9, which is a contradiction again. Now suppose that275

exactly one of f5, f6 belongs to X and let fX denote such a face and fY the other one. Then276

|K| = k0 + nsY + |q(fX)| < 9 and k0 + nsY ≥ |fY |. If fX = f5 then k0 + nsY + 3 < 9 and277

k0 + nsY ≥ 6, which is a contradiction. If fX = f6 then k0 + nsY + 6 < 9 and k0 + nsY ≥ 5, a278

contradiction.279

Claim 13. If q is a ψ-balanced layout with q(f5) = −3 and q(f6) = 0, then f5 belongs to Y280

and f6 belongs to X.281

Proof. Assume that q(f5) = −3 and q(f6) = 0. Hence the six source edges are the only edges282

incident to s, thus c(q, ψ) = 6. Note that nsX + nsY = 6 and ntX + ntY = 3. First suppose283

that both f5, f6 belong to X. Then nsX + ntX + k0 ≥ `({f5, f6}) = 9, and the size of the cut284

K is 3 + k0 + ntX + nsY < c(q, ψ) = 6. By subtracting the two previous inequalities we get285

nsX −nsY > 6, contradicting the fact that nsX +nsY = 6. Now suppose that both f5, f6 belong286

to Y . Then nsY +ntY +k0 ≥ `({f5, f6}) = 9 and |K| = k0+ntX+nsY < 6. By subtracting them287

we get ntY − ntX > 3, a contradiction with ntY + ntX = 3. Finally we suppose that f5 belongs288

to X and f6 belongs to Y . Then nsY +ntY +k0 ≥ `({f6}) = 6 and |K| = 3+k0 +ntX +nsY < 6.289

But then ntY − ntX > 3, a contradiction again. Therefore f5 is in Y and f6 is in X.290

Claim 14. If q is a ψ-balanced layout with q(f5) = 3 and q(f6) = −6, then f5 belongs to X291

and f6 belongs to Y .292
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Figure 7: A structure for two non-crossing cuts.

Proof. Assume that q(f5) = 3 and q(f6) = −6. Since there are six source edges on C and293

three edges from s to f5 in Gq,ψ, c(q, ψ) = 9. Note that nsX + nsY = 6 and ntX + ntY = 3.294

First suppose that both f5 and f6 belong to X. Then k0 + nsX + ntX ≥ `({f5, f6}) = 9 and295

|K| = 6 + k0 + nsY + ntX < c(q, ψ) = 9. But then we obtain nsX − nsY > 6, contradicting the296

fact that nsX +nsY = 6. Now suppose that both f5 and f6 belong to Y . Then k0 +nsY +ntY ≥297

`({f5, f6}) = 9 and the size of K is 3 + k0 + nsY + ntX < 9. But then we get ntY − ntX > 3,298

contradicting ntX + ntY = 3. Finally we suppose that f6 belongs to X and f5 belongs to Y .299

Then |K| = 9 + k0 + nsY + ntX < 9, a contradiction.300

Since C has 6 source edges, we have two different ψ-balanced layouts. Let q1 and q2 be301

the layouts where q1(f5) = −3, q1(f6) = 0, and q2(f5) = 3, q2(f6) = −6, respectively. Let302

K and L be the subgraphs of G obtained by Lemma 8 applied to q1 and q2, respectively,303

and let k = |K| and l = |L|. Note that we already showed that each of K and L is a path304

joining pairs of distinct vertices of C. Denote these vertices by v1, v2 for K and by w1, w2305

for L. The prescribed structure is depicted in Fig. 7 and Fig. 8.306

If we can choose the labels of the endpoints of K and L so that the clockwise order along C307

is v1, v2, w1, w2, then we call K and L non-crossing, and we call K and L crossing otherwise.308

Notice that K and L are always non-crossing if they have a vertex of C in common.309

We treat the cases of K and L being crossing and non-crossing separately.310

Claim 15. If K and L are non-crossing, then G is depicted in Fig. 4(c).311

Proof. Assume that K and L are non-crossing. See Figure 7. Note that K, L are not312

necessarily disjoint. The cuts K and L partition G into three parts. Denote by X the region313

of G containing f6, by Z the region of G containing f5, and by Y the rest of G. For an edge314

cut K ′ of Gq1,ψ corresponding to K, f6 belongs to the source subdisk of G while f5 belongs315

to the sink subdisk of G by Claim 13. Analogously, for an edge cut L′ of Gq2,ψ corresponding316

to L, f5 belongs to the source subdisk of G while f6 belongs to the sink subdisk of G by317

Claim 14. For the edge cut K ′, |K ′| = k + ntX + nsY + nsZ < c(q1, ψ) = 6. For the edge cut318

L′, |L′| = l + nsX + nsY + ntZ < c(q2, ψ) = 9. By the assumptions that C has no chord, k ≥ 2319

and l ≥ 2. Since X contains f6, k + nsX + ntX ≥ `({f6}) = 6 and even, and since Z contains320

f5, l + nsZ + ntZ ≥ `({f5}) = 5 and odd. Clearly nsX + nsY + nsZ = 6 and ntX + ntY + ntZ = 3.321
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Figure 8: A structure for two crossed cuts.

Here is the summary of the constraints:322

|K ′| = k + ntX + nsY + nsZ < c(q1, ψ) = 6323

|L′| = l + nsX + nsY + ntZ < c(q2, ψ) = 9324

k + nsX + ntX ≥ `({f6}) = 6 and even325

l + nsZ + ntZ ≥ `({f5}) = 5 and odd326

nsX + nsY + nsZ = 6327

ntX + ntY + ntZ = 3328

min{k, l} ≥ 2329
330

All integer solutions to these constraints are in the following table:331

nsX ntX nsY ntY nsZ ntZ k l

4 0 0 2 2 1 2 2

4 0 0 3 2 0 2 3

332

From these two solutions we obtain the graphs depicted in Fig. 4(c).333

Claim 16. If K and L are crossing, then G is depicted in Fig. 4(d1) or (d2).334

Proof. Assume that K and L cross, hence G is divided by K and L into four regions. Let335

X be the region of G containing f6, Z be the region containing f5, and let W ,Y be the two336

remaining regions. Since K and L cross, they have a common internal vertex v. Note that337

K∩L is a path and v can be any vertex on the path. Denote by k1 the length of the subpath338

of K between X and Y up to v, and denote by k2 the length of the rest of K. Denote by l1339

the length of the subpath of L between Y and Z up to v, and denote by l2 the length of the340

rest of L. The prescribed structure is depicted in Fig. 8.341

Note that min{k1, k2, l1, l2} ≥ 1 since v is an internal vertex. For an edge cut K ′ of342

Gq1,ψ corresponding to K, f6 belongs to the source component while f5 belongs to the sink343
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component by Claim 13. Analogously, for an edge cut L′ of Gq2,ψ corresponding to L, f5344

belongs to the source component while f6 belongs to the sink component by Claim 14.345

We obtain the following set of constraints that must be satisfied in this subcase.346

|K ′| = k1 + k2 + ntX + nsY + nsZ + ntW < c(q1, ψ) = 6 (1)347

|L′| = l1 + l2 + nsX + nsY + ntZ + ntW < c(q2, ψ) = 9 (2)348

k1 + l2 + nsX + ntX ≥ `({f6}) = 6 and even (3)349

l1 + k2 + nsZ + ntZ ≥ `({f5}) = 5 and odd (4)350

l2 + k2 + nsX + ntX + nsY + ntY + nsZ + ntZ ≥ `({f5, f6}) = 9 and odd (5)351

min{k1, l1}+ nsY + ntY > max{k1, l1} (6)352

min{k2, l2}+ nsW + ntW > max{k2, l2} (7)353

nsX + nsY + nsZ = 6 (8)354

ntX + ntY + ntZ = 3 (9)355
356

Inequalities (1) and (2) come from the size of the cut being smaller than c(q1, ψ) and c(q2, ψ),357

respectively. Inequalities (3)–(5) come from the fact that interior of cycles are also critical358

graphs. Finally, if any of the inequalities (6)–(7) are violated then the cuts K and L can be359

taken as non-crossing.360

We solve the system of constraints by computer programs. The programs are available361

at http://orion.math.iastate.edu/lidicky/pub/9cyc/.362

From these solutions we get graphs depicted in Fig. 4(d1) and (d2).363

This finishes the proof of Lemma 11.364

3.3 One 5-face365

Lemma 17. If G contains one 5-face f5 and all other faces are 4-faces, then G is described366

by Theorem 5(a) and depicted in Fig. 4(a).367

Proof. Let G be a C-critical graph containing one 5-face f5. Let e ∈ E(G) \E(C). We want368

to find a 3-coloring ψ of C that does not extend to a proper 3-coloring of G but extends to a369

proper 3-coloring of G− e. Note that if e 6∈ E(f5) then G− e has a 5-face, and if e ∈ E(f5)370

then 6-face and G− e has a 7-face. This gives us two cases to consider.371

Case 1: G− e contains a 5-face and a 6-face.372

Let ψ be a 3-coloring of C containing 9 source edges (i.e. the colors around C are373

1, 2, 3, 1, 2, 3, 1, 2, 3). Then ψ extends to a 3-coloring of G − e by Claim 12. However,374

ψ does not extend to a 3-coloring of G since it is not possible to create a ψ-balanced375

layout for G.376

Case 2: G− e contains a 7-face f7.377

378
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By Theorem 10, if ψ is a 3-coloring of C containing 9 source edges, then ψ does not379

extend to a proper 3-coloring of G− e and if ψ is a 3-coloring of C containing 6 source380

edges and 3 sink edges, then ψ extends to a proper 3-coloring of G− e if E(C) \E(f7)381

contains both a sink and a source edge with respect to ψ. Since ψ must extend to382

G − e, we know that ψ contains 6 source edges and 3 sink edges. Now we need to383

construct such a proper 3-coloring ψ that does not extend to a proper 3-coloring of G384

and check the condition for f7 and ψ.385

Let q be a ψ-balanced layout of G. The only possibility is q(f5) = −3 and c(q, ψ) = 6.386

By Lemma 7, there exists an edge-cut K in Gq,ψ separating s from t such that |K|387

is smaller than 6. By a proof of Lemma 8 (for details see [16]), there is a subgraph388

K0 of G containing edges of G, which are crossed by edges of K that are not adjacent389

to any of the terminals in Gq,ψ. Denote |K0| by k0. First suppose that K0 is a cycle.390

Let m denote the sum of the q-values of the faces in the interior of K0. By Lemma 8,391

|m| > k0. If f5 is in the interior of K0, then |m| = 3, while `({f5}) = 5, a contradiction.392

Therefore K0 is a path joining two distinct vertices of C.393

From a ψ-balanced layout q we obtain that nsX + nsY = 6 and ntX + ntY = 3. This394

structure is the same as in the proof of Lemma 11 (see Fig. 6). The following two395

possibilities can occur:396

Let f5 belong to X. For the edge cut K, |K| = k0 + nsY + ntX + 3 < c(q, ψ) = 6. Since397

C has no chords, k0 = 2, nsY = 0, ntX = 0, nsX = 6, and ntY = 3. The cycle bounding X398

has length 8. However, it contains only one face of odd size, which is a contradiction.399

Let f5 belong to Y . For the edge-cut K, |K| = k0 + nsY + ntX < c(q, ψ) = 6. For X400

we have k0 + nsX + ntX ≥ `({f4}) = 4 and even. Since Y contains f5, k0 + nsX + ntX ≥401

`({f5}) = 5 and odd. We solve the system of these constraints by a computer program.402

The solutions are in Table 1.403

nsX ntX nsY ntY k0

6 1 0 2 3

6 0 0 3 2

5 1 1 2 2

6 0 0 3 4

5 0 1 3 3

4 0 2 3 2

Table 1: Solutions in Lemma 17, Case 2.

From the first three solutions we obtain that Y is a 5-face f5 sharing at least two sink404

edges with C. The other three solutions give that Y is bounded by a 7-cycle sharing405

at least three sink edges with C. Now we need to verify that we could find ψ satisfying406
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the constraints in Table 1 that extends to G − e. In particular, by Theorem 10, we407

need to find a coloring where f7 in G− e does not contain all three sink edges of C.408

We distinguish two cases, based on the length of the cycle bounding Y :409

5-cycle: This corresponds to the first three solution in Table 1. In the second solution, f5410

contains all three sink edges of C, hence f7 in G − e also contains all three sink411

edges and hence the precoloring does not extend and we do not have a C-critical412

graph. In the first and second solution, it is possible to place the third sink edge413

on C such that it is not part of f7, hence the precoloring extends to G − e by414

Theorem 10. Resulting configuration is depicted in Fig. 4(a) for the first line and415

one additional edge could be shared for the third solution in Table 1. Notice that416

this case will work for all e ∈ E(f5) \ E(C) if it works for at least one.417

7-cycle: This corresponds to the last three solutions in Table 1. Notice that we have this418

case no matter which edge of f5 is chosen as e. In order to extend ψ to G − e,419

an edge from K must be removed. If no edge from K is removed, then there is420

still no coloring of G− e since the same cut will prevent it. Hence all edges of f5421

are either in K or in C. But it is not possible to have a 5-face in a 7-cycle that422

contains only edges of the 7-cycle. Therefore we get no C-critical graphs.423

This finishes the proof of Lemma 17.424

3.4 Three 5-faces425

Lemma 18. If G contains three 5-faces and all other faces are 4-faces, then G is described426

by Theorem 5(e) and depicted in Fig. 4(Bij) for all i and j.427

Proof. Let G be a C-critical graph containing three 5-faces. Let e ∈ E(G) \ E(C). We428

want to find a 3-coloring ψ of C that does not extend to a proper 3-coloring of G, but429

extends to a 3-coloring of G − e. Note that either G − e has three 5-faces and a 6-face, or430

G − e has two 5-faces and a 7-face, or G − e has one 5-faces and a 8-face. Since we know431

that `({5, 5, 5, 6}) ≥ 11, `({5, 5, 7}) ≥ 11, and `({5, 8}) ≥ 11, every proper 3-coloring of C432

extends to G− e, and therefore, ψ extends to G− e.433

Without loss of generality, assume C has more source edges than sink edges in the coloring434

ψ. Either C contains 9 source edges and no sink edges or C contains 6 source edges and 3435

sink edges.436

Given i ∈ {0, 1, 2, 3}, let `5(i) denote the smallest length of a cycle in a critical graph437

that may contain i of the 5-faces, namely, `5(0) = 4, `5(1) = 5, `5(2) = 8, and `5(3) = 9.438

Claim 19. There are 6 source edges in C.439

Proof. Suppose for contradiction that there are 9 source edges. Hence there is just one ψ-440

balanced layout q assigning −3 to every 5-face. Let K0 and m be obtained from Lemma 8,441

which says |m| > |K0|. Let k = |K0|.442
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Suppose K0 is a cycle. When i of the 5-faces are in interior of K0, then 3i = |m| > k ≥443

`5(i), which is a contradiction for all i ∈ {0, 1, 2, 3}.444

Therefore, K0 is a path. Let X correspond to the source component and let Y correspond445

to the sink component. Note that nsX+nsY = 9 and ntX+ntY = 0, which implies ntX = ntY = 0.446

By Lemma 7, there must exist an edge-cut smaller than the degree of s that separates the447

terminals of Gq,ψ. Therefore, if X contains i of the 5-faces, then nsY + ntX + k + 3i ≤ 8. By448

the definition of `5, it follows that nsY + ntY + k ≥ `5(3− i), which gives a contradiction for449

all i ∈ {0, 1, 2, 3}.450

Hence C contains 6 source edges and 3 sink edges.451

Claim 20. If there is a ψ-balanced layout q, then the q values of the three 5-faces are452

3,−3,−3, and either453

A. X contains two 5-faces where the q values are 3,−3 and Y contains one 5-face with q454

value −3; or455

B. X contains one 5-face with q value 3 and Y contains two 5-faces where both q values are456

−3.457

See Fig. 9 for an illustration.458

Proof. In order to have a layout, the q values of the three 5-faces must be 3, −3, −3,459

respectively, since there are 3 more source edges than sink edges. Let K0 and m be obtained460

from Lemma 8, which says |m| > |K0|. Let k = |K0|.461

Suppose K0 is a cycle. Denote by m the sum of the q values of the faces in the interior462

of K0. When i of the 5-faces are in the interior of K0, then 3i ≥ |m| > k ≥ `5(i), which is a463

contradiction for all i ∈ {0, 1, 2, 3}.464

Therefore, K0 is a path. Note that nsX + nsY = 6 and ntX + ntY = 3. By Lemma 7, there465

must exist an edge-cut smaller than the degree of s that separates the terminals of Gq,ψ.466

If Y contains three 5-faces, then nsY +ntX + k+ 3 ≤ 8 and nsY +ntY + k ≥ 9. This implies467

that ntY − ntX ≥ 4, which contradicts that ntY + ntX = 3.468

If X contains three 5-faces, then nsY +ntX + k+ 6 ≤ 8 and nsX +ntX + k ≥ 9. This implies469

that nsX − nsY ≥ 7, which contradicts that nsX + nsY = 6.470

If X contains only the two 5-faces where both have q values −3, then nsY +ntX +k+9 ≤ 8,471

which is a contradiction.472

If X contains exactly one 5-face where the q value is −3, then nsY + ntX + k + 6 ≤ 8 and473

nsY + ntY + k ≥ 8. This implies that ntY − ntX ≥ 6, which contradicts ntX + ntY = 3.474

This finishes the proof of the claim.475

Claim 20 implies that there are three ψ-balanced layouts q since there are three choices476

for the 5-face f where q(f) = 3. Each of them gives a cut of type A or type B, where the477

types are described by Claim 20; see Fig. 9.478

First we show that cuts of type A do not exist. Suppose there is a ψ-balanced layout q1479

that gives a cut of type A. In a cut of type A, there is one 5-face f in the sink component480

Y . Let q2 be a ψ-balanced layout where q2(f) = 3.481
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Figure 9: When C is has 6 source edges and has three 5-faces. The only possible cuts are of
type A (left) and type B (right).

Let K and L be the subgraphs of G denoted by K0 if Lemma 8 is applied to q1 and q2,482

respectively. Let k = |K| and l = |L|. Note that we already showed that both K and L are483

paths joining pairs of distinct vertices of C in Claim 20. Let u1, u2 be the endpoints of K484

and let v1, v2 be the endpoints of L. For convenience, given a, b, c, d ∈ V (C), let C(a, b; c, d)485

denote the a, b-subpath of C that does not involve the vertices c and d.486

Claim 21. Layout q2 does not give a cut of type A.487

Proof. If both cuts are of type A, then either the two cuts cross or not. For an illustration,488

see Fig. 10.489

Suppose K and L are crossing. The situations is depicted in Fig.10 (a). Let v be an490

internal common vertex of K and L. We relabel the endpoints of K and L so that the491

clockwise order of the four vertices on C is u1, v1, u2, v2. For each i ∈ {1, 2}, let Ki and Li492

be the v, ui-path and v, vi-path on K and L, respectively. Also, let |Ki| = ki and |Li| = li.493

Let A be the region bounded by K1, L1, and C(u1, v1;u2, v2), let X be the region bounded494

by K1, L2, and C(u1, v2;u2, v1), let Y be the region bounded by L1, K2, and C(v1, u2; v2, u1),495

and let Z be the region bounded by L2, K2, and C(u2, v2;u1, v1).496

We obtain the following constrains that must be satisfied by considering the sizes of the497

regions and the flow conditions.498

k1 + k2 + ntX + nsY + ntZ + nsA ≤ 5 (10)499

l1 + l2 + nsX + ntY + ntZ + nsA ≤ 5 (11)500

nsY + ntY + k2 + l1 is ≥ 5 and odd (12)501

nsZ + ntZ + k2 + l2 is ≥ 5 and odd (13)502

nsX + ntX + k1 + l2 is ≥ 5 and odd (14)503
504

Inequalities (10) and (11) mean that the size of the cut is less than 6. The other inequalities505

mean that a cycle bounding a region containing one 5-face must have an odd length of at506

least 5. We also use that min{k1, k2, l1, l2} ≥ 1, since v is not a vertex of C. However, the507

set of constraints (10)–(14) has no solution. Hence K and L cannot be crossing.508

Suppose K and L are non-crossing. The situations is depicted in Fig.10 (b). Relabel the509

endpoints of K and L so that the clockwise order of the four vertices on C is v1, u1, u2, v2.510

Also, let X be the region bounded by L and C(v1, v2;u1, u2), let Y be the region bounded511
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by K and C(u1, u2; v1, v2), and let Z be the region bounded by K, L, C(v1, u1; v2, u2), and512

C(v2, u2; v1, u1).513
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Figure 10: (a) Two crossing cuts of type A; (b) two non-crossing cuts of type A.

As in the crossing case we obtain the following set of constraints that must be satisfied.514

k + ntX + nsY + ntZ ≤ 5 (15)515

l + nsX + ntY + ntZ ≤ 5 (16)516

nsY + ntY + k is ≥ 5 and odd (17)517

nsX + ntX + l is ≥ 5 and odd (18)518
519

Inequalities (15) and (16) are obtained since the cut size must be less than six. The other520

inequalities are obtained since each cycle bounding a region containing one 5-face must have521

an odd length of at least 5. We also include that min{k, l} ≥ 2 since G does not have chords.522

Recall that we assumed that C has no chords. The above set of constraints has no solution.523

Hence K and L cannot be non-crossing.524

This finishes the proof of Claim 21.525

Claim 22. Layout q2 does not give a cut of type B.526

Proof. If q2 is a cut of type B, then we have three cases depending on the positions of K527

and L. The cases are depicted in Fig. 11. If K and L are crossing, it gives the first case528

(AB1). If they are non-crossing, it gives two cases (AB2) and (AB3) based on the position529

of K and L. In order to simplify the writeup, we refer the reader to Fig. 11 for notation and530

description of the cases.531

Depending on the case, we obtain a set of constraints that must be satisfied.532

(AB1):

k1 + k2 + ntX + nsY + nsA + ntB ≤ 5 (19)533

l1 + l2 + nsX + ntY + nsA + ntB ≤ 8 (20)534

nsY + ntY + l1 + k2 is ≥ 5 and odd (21)535

nsX + ntX + k1 + l2 is ≥ 8 and even536

nsX + ntX + nsA + ntA + l1 + l2 is ≥ 8 and even537
538
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Figure 11: (AB1) Crossing cuts of types A and B; (AB2),(AB3) non-crossing cuts of types
A and B.

(AB2):

k + ntX + nsY + nsA ≤ 5 (22)539

l + nsX + ntY + nsA ≤ 8 (23)540

nsY + ntY + l is ≥ 5 and odd (24)541

nsX + ntX + k is ≥ 8 and even542
543

(AB3):

k + ntX + nsY + ntA ≤ 5 (25)544

l + nsX + ntY + ntA ≤ 8 (26)545

nsY + ntY + k is ≥ 5 and odd (27)546

nsX + ntX + l is ≥ 8 and even547
548

Inequalities (19), (20), (22), (23), (25), and (26) mean that the size of the cut is less than549

c(q2, ψ). Inequalities (21), (24), and (27) mean that a region containing one 5-face must550

have an odd length of at least 5. All other inequalities mean that a cycle bounding a region551

containing two 5-faces must have an even length of at least 8. In addition, we include that552

min{k1, k2, l1, l2} ≥ 1 since v is not a vertex of C. We also include min{k, l} ≥ 2 since C has553

no chords.554

None of the three sets of constraints has any solution. Hence q2 does not give a cut of555

type B, and this finishes the proof of Claim 22.556

Claims 21 and 22 contradict each other. Hence q1 does not give a cut of type A and every557

layout gives a cut of type B.558

Let the 5-faces be f1, f2, and f3. Let Ki be a cut of type B in layout qi where qi(fi) = 3559

and qi(fj) = −3 for i ∈ {1, 2, 3} and j ∈ {1, 2, 3} \ {i}. Let ui and vi denote the endpoints560

of Ki and a subpath Pi of C in clock-wise direction such that Pi and Ki bound a region Ri561

that contains fi.562

Let i, j ∈ {1, 2, 3} and i 6= j. The closed interior of C is cut by Ki and Kj into several563

closed disks. If Ri is one of the disks we call the cuts non-crossing and crossing otherwise.564
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See Fig. 12(a) for non-crossing cuts and Fig. 12(b)(c) for crossing cuts. In a non-crossing565

configuration, the order of vertices along C is ui, vi, uj, vj.566

Next we show that in a crossing configuration, the order of vertices along C is ui, uj, vi, vj.567

Claim 23. If Ki and Kj are crossing, then the clock-wise direction order of the vertices568

along C is ui, uj, vi, vj.569

Proof. Suppose for contradiction that the order is not ui, uj, vi, vj. If the order is ui, vi, uj, vj570

then the cuts is not crossing. Hence, without loss of generality, the order is ui, vj, uj, vi. See571

Fig. 12(c) for the situation.572

Let X, Y, Z,W be pairwise internally disjoint subpaths of C with endpoints {vi, ui},573

{ui, vj}, {vj, uj}, {uj, vi}, respectively.574

Since Ki and Kj are crossing, Ki ∪X is a cycle that does not bound a region containing575

fi. Therefore, it bounds a region containing two 5-faces and has even length at least 8.576

Analogously for Kj and Z. Together with the fact that cuts are of size at most 8, we get the577

following set of constraints.578

ki + nsX + ntY + ntZ + ntW ≤ 8579

kj + ntX + ntY + nsZ + ntW ≤ 8580

ki + nsX + ntX is ≥ 8 and even581

kj + nsZ + ntZ is ≥ 8 and even582

583
584

This set of constraints has no solution.585

Denote the length of the cut corresponding to q1,q2, and q3 by k,l, and m, respectively.586

We use subscripts to denote the length of subpaths if some of the cuts are crossing. See587

Fig. 13.588

If there is a pair of non-crossing cuts, distinguish the following cases:589

(B1) all pairs of cuts are non-crossing.590

(B2) one pair of cuts is crossing.591

(B3) two pairs of cuts are crossing.592

If all three pairs of cuts are crossing, distinguish the following cases:593

(B4) P1,P2, and P3 have a common edge.594

(B5) There is no common edge of P1,P2, and P3 and the union of R1,R2, and R3 does not595

cover the whole disk bounded by C or there is no face of G in the intersection of R1,R2,596

and R3.597

(B6) There is no common edge of P1,P2, and P3, the union of R1,R2, and R3 covers the whole598

disk bounded by C, and there is a face of G in the intersection of all three regions.599
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Figure 12: Possible configurations of two cuts of type B.

See Fig. 13 for an illustration of the cases (B1)–(B6). Since one layout may contain different600

cuts of type B, we pick K1, K2, K3 such that the number of crossing pairs is minimized.601

Next we give constraints for each of the cases (B1)–(B6). Solutions to these constraints602

were obtained by simple computer programs. Critical graphs obtained from (Bi) are depicted603

in Fig. 4 as (Bij) for all i, j.604

Endpoints of K1, K2, and K3 partition C into several internally disjoint paths. To605

simplify the write-up we refer the reader to Fig. 13 for the labelings of the paths.606

Claim 24. The configuration (B1) results in a critical graph where every 5-face shares at607

least two edges with the boundary. Moreover, in every non-extendable 3-coloring of the outer608

face, every 5-face contains two source edges.609

Proof. We refer the reader to Fig. 13 (B1) for the labellings of the regions and paths. It is610

enough to include constraints that all cuts are cuts of type B. That is, for f1,611

k + ntX + nsY + nsZ + nsW ≤ 8,612

k + nsX + ntX ≥ 5 and odd,613

k + 9− (nsX + ntX) ≥ 8 and even.614
615

The second and third inequalities come from Lemma 6 which implies that a 5-face must be616

in a region bounded by an odd cycle of length at least 5 and two 5-faces must be in a region617

bounded by an even cycle of length at least 8. We include the same constraints also for f2 and618

f3. In addition, we also include few constraints to break the symmetry, e.g. ntX +nsX ≥ ntY +619

nsY ≥ ntZ +nsZ . All solutions are in Table 2. We obtained the solution by running a program.620
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Figure 13: Possible configurations of cuts K1, K2, K3.

The program is available at http://orion.math.iastate.edu/lidicky/pub/9cyc/. By

nsX ntX nsY ntY nsZ ntZ nsw ntW k l m

2 0 2 0 2 0 0 3 3 3 3

2 1 2 0 2 0 0 2 2 3 3

2 1 2 1 2 0 0 1 2 2 3

2 1 2 1 2 1 0 0 2 2 2

Table 2: Solutions in Lemma 17, Case 2.

621

inspecting the solutions from Table 2, we conclude that they satisfy the statement of the622

claim.623

For the remaining five cases, we give the sets of constraints but we skip the justifications624

since they add not much value. We provide the programs for solving the sets of equations625

and helping with checking the solutions online.626

Claim 25. Configurations (B2)–(B6) result in critical graphs (B21)–(B52). Every graph in627

Fig. 4 represents several graphs that can be obtained from the depicted graph by identifying628
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edges and vertices and by filling every face of even size by a quadrangulation with no sepa-629

rating 4-cycles. Moreover, the 5-faces in (B21) and (B22) that share two edges with C can630

moved along C as long as it stays neighboring with a region with three sink edges.631

Proof. Outline: For each case we include constraints that all three cuts are of type B as632

explained in the proof of Claim 24. In addition, we use the constraint that the cycles633

bounding an even number of 5-faces must have sufficiently long even length and the cycles634

bounding an odd number of 5-faces must have sufficiently large odd length.635

We also use constraints that if two cuts are crossing, then it is not possible to replace636

them by a non-crossing pair. For example, we add the following constraint when dealing637

with (B2):638

k1 < l1 − ntD + nsD. (28)639
640

Let K ′1 be a cut of type B for layout q1 consisting of paths denoted by k2 and l1. Notice641

that now K ′1 and K2 are no longer crossing. From the minimality of the number of crossing642

pairs, the capacity of K ′1 is strictly bigger than the capacity of K1. The difference of the643

capacities is l1 + nsD − k1 − ntD, which is strictly greater than 0. This gives equation (28). A644

simplification of the equation is just k1 < l1 +d, which is sufficient in (B2), since all solutions645

of (B2) have ntD = 0 anyway.646

For a path in {X, Y, Z,W,A,D,E, F}, we use its lower case letter to denote its length.647

We use the following sets of constraints for cases (B2)–(B6):648

(B2):

d ≥ 1 l1 < k1 + d649

k1 < l1 + d x+ k2 + l1 ≥ 5 and odd650

y + k1 + l2 ≥ 5 and odd z + w + k2 + l2 ≥ 7 and odd if w > 0651

x+ d+ y + k2 + l2 ≥ 8 and even x+ y + z + w + l1 + k1 ≥ 9 and odd652
653

(B3):

min{e, f} ≥ 1 m1 < l1 + f654

l1 < m1 + f m3 < k1 + e655

k1 < m3 + e z + k1 +m2 + l1 ≥ 5 and odd656

y +m1 + l2 ≥ 5 and odd x+m3 + k2 ≥ 5 and odd657

y + z + f + k1 +m2 + l2 ≥ 8 and even658
659

(B4):

min{a, k3, l3} ≥ 1 y + f + k3 + k2 +m2 + l1 ≥ 8 and even660

k2 + l2 +m2 ≥ 5 and odd f + y + w + x+m3 + k2 + k3 ≥ 9 and odd661

x+ k1 +m3 ≥ 5 and odd e+ x+ k1 +m2 + l2 + l3 ≥ 8 and even662

y + l1 +m1 ≥ 5 and odd y + w + x+ e+ l3 + l2 +m1 ≥ 9 and odd663

f + y + w + x+ e+ l3 + k3 ≥ 9 and odd664
665
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(B5):

2 ·max{k2, l2,m2} < k2 + l2 +m2 or k2 = l2 = m2 = 0666
667

668

min{d, e, f} ≥ 1 max{m1, l3} < min{m1, l3}+ f669

max{k1, l1} < min{k1, l1}+ d max{k3,m3} < min{k3,m3}+ e670

y + k1 + l2 +m1 ≥ 5 and odd x+ l1 + k2 +m3 ≥ 5 and odd671

z + k3 +m2 + l3 ≥ 5 and odd y + f + l3 + l2 + k1 ≥ 7 and odd672

x+ e+ k3 + k2 + l1 ≥ 7 and odd673
674

(B6):

min{d, e, f} ≥ 1 min{k2, l2,m2} ≥ 1 y + k1 +m1 ≥ 5 and odd675

x+ l1 +m3 ≥ 5 and odd z + k3 + l3 ≥ 5 and odd676
677

We enumerated all solutions to all five sets of constraints, and we checked that the678

resulting graphs are depicted in Fig. 4. In order to eliminate mistakes in computer programs,679

we have two implementations by different authors and we checked that they give identical680

results. Sources for programs for cases (B2)–(B6) together with their outputs can be found681

at http://orion.math.iastate.edu/lidicky/pub/9cyc/.682

This finishes the proof of Lemma 18.683
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