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Abstract

We consider a geometric percolation process partially motivated by recent work of
Hejda and Kala. Specifically, we start with an initial set X ⊆ Z2, and then iteratively
check whether there exists a triangle T ⊆ R2 with its vertices in Z2 such that T contains
exactly four points of Z2 and exactly three points of X. In this case, we add the missing
lattice point of T to X, and we repeat until no such triangle exists. We study the limit
sets S, the sets stable under this process, including determining their possible densities
and some of their structure.
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1 Introduction

We study subsets S of the integer lattice Z2 that are stable with respect to a family of point
configurations in the following sense: if S contains all but one point of a configuration in the
family, then S contains the entire configuration. The configurations that we consider are of the
form ∆ ∩ Z2 where ∆ ⊆ R2 is a lattice triangle, that is, the convex hull in R2 of three non-
collinear points in Z2. Such a triangle is determined by the set of integer-lattice points that it
contains. Accordingly, we abuse terminology a bit and call a subset T ⊆ Z2 a triangle when T
is the set of integer-lattice points in some lattice triangle ∆ ⊆ R2. Thus, in our terminology,
the triangle T is a finite set containing at least three points. We call T a minimal triangle if T
contains exactly four points. Our interest in this paper is the subsets S ⊆ Z2 that are stable
with respect to minimal triangles. This interest is motivated from two different directions.

First, one can pose this problem in the language of cellular automata or bootstrap percola-
tion. Starting with any initial set X ⊆ Z2, whenever there is a minimal triangle with exactly
three of its four points in our set, we add the missing point to our set. The stable sets are
precisely the sets that arise as the limit of this process for some initial set X. The minimal
triangles that define this percolation are simple structures, but they allow for long-distance
effects to occur in just one step of the process, because the triangles may be extremely thin (see
Figure 10). This is different from many of the other percolation rules that have been considered,
as most are rather local in effect.

Another inspiration for studying stable sets (in fact, our original motivation) are certain
recent developments in the theory of integral universal quadratic forms. Blomer and Kala [2]
describe a method for producing bounds on the number of variables required for a quadratic
form to be universal over the ring of integers OK of a totally real number field K. The primary
novelty in their work is to obtain data from the semigroup of totally positive integers O+

K , which
is analogous to N in this setting. In particular, O+

K has a canonical set of generators called
indecomposable elements.

While attempting to refine this data and improve the bounds available to this method, Hejda
and Kala [4] obtained the remarkable result that the abstract isomorphism type of O+

K already
suffices to determine K when K is a quadratic field extension. The argument in their proof can
be reframed as follows: the generators come with a natural linear order (. . . , x−1, x0, x1, . . . )
such that there is a relation of the form xi−1 + xi+1 = cixi for all i. Once any two consecutive
points are fixed, the other points become fixed one at a time by successively applying these
relations. Of course, once all points are fixed then all possible relations are determined; in this
sense, all relations among the generators of O+ are determined by “local” ones.

For number fields of higher rank, the indecomposable elements of O+ are much more elusive,
and not much is known about the relations (see, for instance, [3, 5, 6]). Nonetheless, it is natural
to wonder if there is an abstract Hejda–Kala type argument showing that only some initial data
and the “local” relations could determine the entire semigroup structure of O+. However, we
may run into a combinatorial obstruction: at each stage it must be possible to determine at
least one additional point from those which have already been determined. In R1 it is obvious
that this obstruction does not arise, but higher dimensions are less clear; our stable sets may
be understood roughly as a worst-case analysis of such obstructions in two dimensions.
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1.1 Definitions and results

As mentioned above, we call a subset T ⊆ Z2 a triangle if T is the set of integer-lattice points
in the convex hull ∆ in R2 of three noncollinear points in Z2. Such a triangle T uniquely
determines ∆ (which is a triangle in the conventional sense) so we may speak of the area,
vertices, boundary points, and interior points of T . The triangle T is unimodular if the vertices
are an affine basis of the lattice Z2 over Z. Equivalently, the unimodular triangles are the
triangles that have area 1/2. Pick’s formula A = i + b/2 − 1 expresses the area A of T in
terms of the number b of lattice points on its boundary and the number i of lattice points in its
interior. From this relation, unimodular triangles are easily recognized as precisely the triangles
that contain exactly 3 points. A minimal triangle is a triangle that contains exactly 4 points.
A minimal triangle is either a border or an internal triangle, depending on whether the fourth
point (in addition to the vertices) appears on the boundary or the interior of the triangle. From
Pick’s formula, the border triangles are precisely the triangles of area 1, and every internal
triangle has area 3/2 (though some triangles of area 3/2 are not internal triangles).

A unimodular transformation of Z2 is an affine-linear bijection from Z2 to Z2. Equivalently,
the unimodular transformations of Z2 are the maps of the form x 7→ Mx + b, where M is a
2 × 2 matrix with integer entries and determinant ±1, and b ∈ Z2. Note that unimodular
transformations also preserve the number of lattice points on a line segment. Thus unimodular
transformations preserve the property of a triangle’s being unimodular, border, or internal,
respectively.

Let S be a subset of Z2. We say that S is B-stable if no border triangle has exactly three
of its points in S. We call S I-stable if no internal triangle has exactly three of its points in S.
Finally, we call S BI-stable if S is both B-stable and I-stable. Since Z2 itself is BI-stable, we
say that a proper subset S of Z2 is a maximal B/I/BI-stable set if S is B/I/BI-stable and no
B/I/BI-stable proper subset of Z2 properly contains S.

Not I-stable Not B-stable

Figure 1: Configurations that are not stable. Specifically, if a set contains only the three blue
points in one of the minimal triangles but not the red cross in that triangle, then that triangle
demonstrates that the set is not stable in the indicated sense.

Roughly speaking, our results fall into two categories: Results regarding the possible densi-
ties of B/I/BI-stable sets, and results regarding the existence and uniqueness of B/I/BI-stable
subsets that satisfy various conditions, such as maximality or the presence of particular point-
configurations.

Our first two theorems summarize our results on the densities of stable sets. We define the
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(upper) density of a subset X ⊆ Z2 to be

δ(X) := lim sup
n→∞

|X ∩ [−n, n]2|
|[−n, n]2| ,

where, here and throughout, [a, b] denotes the interval of integers {i ∈ Z : a ≤ i ≤ b}. While
δ(X) is a fairly natural way to define the density of a subset X ⊆ Z2, it is not always true that
δ(φ(X)) = δ(X) for every unimodular transformation φ. However, this property does hold if X
is periodic in two independent directions, which will be the case for most of the subsets X ⊆ Z2

that we consider. Our first theorem gives the possible values of these densities for stable sets
(periodic or aperiodic).

Theorem 1.1. Let S ⊊ Z2.

(a) If S is B-stable, then δ(S) ≤ 1/4. Moreover, for every δ ≤ 1/4, there exists a BI-stable
set S with δ(S) = δ; for instance, every subset of 2Z2 is BI-stable.

(b) If S is I-stable, then δ(S) ≤ 1/2. Moreover, for every δ ≤ 1/2, there exists an I-stable
set S with δ(S) = δ; for instance, every subset of Z× 2Z is I-stable.

The two upper bounds in Theorem 1.1 are proved in Propositions 3.5 and 4.12, respectively.
The BI-stability of 2Z2 and its subsets is Corollary 2.2, and the I-stability of Z × 2Z and its
subsets is Corollary 4.3.

For B-stable sets (and in particular for BI-stable sets), the upper bound in Theorem 1.1 is
attained by 2Z2. Our next theorem shows that any stable set that is “structurally far” from 2Z2

must have a significantly lower density. That is, the maximally dense construction for B-stable
sets is “stable” in the sense commonly used in extremal combinatorics. In order to state this
result precisely, we define the (lower) consecutive density γ(X) of a set X ⊆ Z2 as follows: Let
Γ(X) denote the set of points (x, y) ∈ X such that (x+ 1, y) ∈ X, and let

γ(X) := lim inf
n→∞

|Γ(X) ∩ [−n, n]2|
|[−n, n]2| .

Thus, the consecutive density provides one measure of the “distance” between a set X ⊆ Z2

and 2Z2. We show that, for B-stable proper subsets S ⊊ Z2, if γ(S) is large, then δ(S) must
be correspondingly smaller than the maximum given by Theorem 1.1. The following is proved
in Section 3.1.

Theorem 1.2. If S ⊊ Z2 is B-stable (in particular, if S is BI-stable), then γ(S) ≤ 1/9 and

δ(S) ≤ (1 − γ(S))/4. Moreover, there is a BI-stable sets S with γ(S) = 1/9 and δ(S) = 2/9,

and a BI-stable set S ′ with γ(S ′) = 0 and δ(S ′) = 1/4.

We remark that no analogous result is possible for I-stable sets. For example, there exist
two very different I-stable sets I2 and J1/2 that both have the maximum possible density 1/2.
(See Constructions 4.1 and 4.4 below for the definitions of I2 and J1/2, respectively.)

Our next two theorems summarize our results regarding the existence and uniqueness of
stable sets under various conditions. The next theorem shows that, if a stable set S contains
certain small configurations, then S must be one of a very few different sets. For the definitions
of the sets J1/4 and J1/2 referred to in the theorem, see Construction 4.4 and Figure 6 below.
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Theorem 1.3. Let S ⊆ Z2.

(a) If S is B-stable and contains any three points of a border triangle, then S = Z2.

(b) If S is BI-stable and contains any three points of a minimal triangle, then S = Z2.

(c) If S is I-stable and contains any three points of an internal triangle, then, up to a uni-
modular transformation, S is one of J1/4, J1/2, or Z2.

Parts (a) and (b) of Theorem 1.3 are proved in Proposition 3.1, while Part (c) follows from
Corollary 4.10. Note that, in particular, if S contains a unimodular triangle, then S meets all
of the “contains any three points . . . ” conditions in Theorem 1.3.

Our final theorem summarizes our results regarding maximal stable sets. The first two parts
of this theorem show that the study of stable sets reduces to the study of maximal stable sets.

Theorem 1.4.

(a) If S is a proper B/BI-stable subset of Z2, then every subset of S is B/BI-stable (of the
same stability type).

(b) If S is an I-stable subset of Z2 that is not, up to unimodular transformation, either J1/4,
J1/2, or Z2, then every subset of S is I-stable.

(c) Every proper B/I/BI-stable subset of Z2 is contained in a maximal B/I/BI-stable set (of
the same stability type).

(d) There exist non-periodic maximal B/I/BI-stable sets.

Part (a) of Theorem 1.4 is proved in Corollary 3.2. Part (b) follows from Corollary 4.11.
Part (c) is proved in Proposition 5.3, and Part (d) is proved in Propositions 5.4 and 5.5.

This paper is organized as follows. In Sections 2, 3, and 4 we consider BI-stable, B-stable,
and I-stable sets respectively. In Section 5 we study maximal stable sets. We conclude with
some open problems in Section 6.

2 BI-stable Sets

In this section we give several constructions of BI-stable sets. Here and throughout, we use the
standard notations

nX := {nx : x ∈ X}, X + Y := {x+ y : x ∈ X and y ∈ Y }, X + z := X + {z},

for integers n ∈ Z, subsets X, Y ⊆ Z2, and points z ∈ Z2. We will also write [n] for the interval
[1, n] = {1, . . . , n} of integers.

Our first construction is the set nZ2; see Figure 2 for the case n = 2.

Proposition 2.1. Let n ≥ 2. Every minimal triangle intersects nZ2 in at most 2 points. In
particular, every subset of nZ2 is BI-stable.

Proof. The line segment between any two points of nZ2 contains at least n+1 ≥ 3 lattice points
including the endpoints, so any triangle containing at least three points of nZ2 will contain at
least 2n+ 1 > 4 lattice points and thus cannot be a border or internal triangle.
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Figure 2: The blue points denote 2Z2, a BI-stable set of density 1/4.

With this lemma we can prove the existence statement of Theorem 1.1(a) for BI-stable sets
with small density.

Corollary 2.2. For every δ ≤ 1/4, there exists a set S ⊆ 2Z2 with δ(S) = δ that is BI-stable
(and hence also B-stable and I-stable).

Proof. LetX(0) := ∅, and iteratively defineX(n) ⊆ 2Z2∩[−n, n]2 to be any set containingX(n−1)

and which has exactly min{⌊δ(2n+ 1)2⌋, |2Z2 ∩ [−n, n]2|} points of 2Z2. Let S :=
⋃

i≥0X
(i). By

construction we have δ(S) = δ. Since S is a subset of 2Z2, S is BI-stable by Proposition 2.1.

We know of no other maximal BI-stable sets with upper density 1/4 besides 2Z2 and its
unimodular transforms; see Question 6.1 for more on this. In fact, Theorem 1.2 shows that
any BI-stable set that is “far” from 2Z2 (in a certain precise sense) has density strictly smaller
than 1/4. The following gives an example of a BI-stable set that is “far” from 2Z2 and which
still has a relatively large density of 2/9. See Figure 3 for an illustration.

Construction 2.3. Let S∗
2/9 := {(0, 0), (1, 0)} and S2/9 = S∗

2/9 + 3Z2.

Proposition 2.4. The set S2/9 is BI-stable with δ(S2/9) = 2/9.

Proof. First, recall that the area of a triangle with vertices (a1, a2), (b1, b2), and (c1, c2) is

1

2
det

[
b1 − a1 b2 − a2
c1 − a1 c2 − a2

]
.

When these vertices are in S2/9, the second column of this matrix is a multiple of 3, and thus
the area of any such triangle is a multiple of 3/2.

Thus S2/9 contains neither any unimodular triangle nor the vertices of any border triangle.
Therefore, it intersects any border triangle in at most 2 points and so is B-stable.

Moreover, by the pigeonhole principle, among any three points in S2/9 there must be at least
two points that are in the same equivalence class modulo 3Z2. These two points have at least
two additional lattice points on the line segment joining them. Therefore, S2/9 does not contain
the vertices of any internal triangle. As noted before, S2/9 also does not contain a unimodular
triangle, and thus S2/9 intersects any internal triangle in at most 2 points. Therefore, S2/9 is
also I-stable.
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Figure 3: The blue points are from S2/9, a BI-stable set of density 2/9 defined in Construc-
tion 2.3.

The proofs in this section showed that the relevant sets S are BI-stable by using a stronger
property, namely that S contains at most two points of any minimal triangle. This is not
a coincidence; as we shall soon see (Proposition 3.1(b) below), this property is equivalent to
BI-stability for proper subsets of the integer lattice.

3 B-stable Sets

In this section we establish our bounds on B-stable sets, namely that δ(S) ≤ 1/4 whenever
S ⊊ Z2 is a B-stable set. Our most important structural result towards this end is the following.

Proposition 3.1. Let S ⊊ Z2. Then S is:

(a) B-stable if and only if S contains at most 2 points from any border triangle, and

(b) BI-stable if and only if S contains at most 2 points from any minimal triangle.

Proof. We begin with part (a). Evidently, if S contains at most 2 points from any border
triangle, then by definition S is B-stable. Conversely, assume that S is B-stable but contains
at least 3 points from a border triangle, which implies S contains all 4 points of this border
triangle. Applying a unimodular transformation to S, we may assume without loss of generality
that this triangle is {(0, 0), (1, 0), (2, 0), (0, 1)}. Observe that, for each t ∈ Z, each of the border
triangles {(0, 0), (1, 0), (2, 0), (t, 1)} intersects S in at least three points, and so the B-stability of
S implies that S contains every point of the form (t, 1). Thus, S intersects each of the triangles
{(0, 1), (1, 1), (2, 1), (t, 2)} in at least three points, and hence contains every point of the form
(t, 2). Iterating this procedure, both up and down Z2, we conclude that S = Z2, completing
the proof of part (a).

We will show that part (b) follows from part (a). As before, containing at most two points
from any minimal triangle immediately implies BI-stability. Conversely, if S ⊊ Z2 is BI-
stable, then S contains at most 2 points from any border triangle by part (a); if S contains
at least 3 points from an internal triangle, then S contains that internal triangle. Applying
a unimodular transformation, we may assume without loss of generality that this triangle has
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points {(0, 0), (1, 0), (−1,−1), (0, 1)}. But then this triangle contains 3 points (0, 0), (1, 0), (0, 1)
from a border triangle, a contradiction.

Corollary 3.2. If S ⊊ Z2 is a B-stable set, then any subset of S is also B-stable. Similarly, if
S ⊊ Z2 is a BI-stable set, then any subset of S is also BI-stable.

Corollary 3.2 follows immediately from Proposition 3.1 and yields a large supply of examples.
We note that the situation for I-stable sets is somewhat more complicated (see Corollary 4.10).

With Proposition 3.1 we can also quickly derive the following.

Lemma 3.3. If S ⊊ Z2 is B-stable, then |S ∩ ([3]× [2])| ≤ 2.

Proof. Let S ⊊ Z2 be B-stable. If S contains at least three points of [3]×[2], then without loss of
generality we can assume it contains at least two points from the set X := {(1, 1), (2, 1), (3, 1)}.
If S contains X, then S contains three points of a border triangle, contradicting Proposition 3.1.
Otherwise, S contains two points ofX and some point of the form (x, 2), and so againX contains
three points of a border triangle.

From this result, it follows that δ(S) ≤ 1/3 for any B-stable set S ⊊ Z2. To see this, note
first that any translate of S is also B-stable, and therefore S contains at most two points of
any translate of [3]× [2]. Now cover [−n, n]2 by ⌈2n+1

3
⌉2 translates of [3]× [2]. By the previous

lemma we know that S contains at most a third of the points from each of these translates,
giving the bound.

We prove the optimal bound δ(S) ≤ 1/4 similarly, using the following more subtle replace-
ment of Lemma 3.3.

Lemma 3.4. If S ⊊ Z2 is B-stable, then |S ∩ [6]2| ≤ 9.

We provide two proofs of this result. The first uses a computer search, the code for which
may be found in the supplementary files. For this we simply exhaustively checked that all
B-stable subsets of [6]2 are either [6]2 or have at most 9 points. However, we also give a
human-readable proof, which can be found in the appendix.

We now prove our main result for this section, which together with Corollary 2.2 completes
the proof of Theorem 1.1(a).

Proposition 3.5. If S ⊊ Z2 is B-stable, then δ(S) ≤ 1/4.

Proof. Cover [−n, n]2 by ⌈2n+1
6

⌉2 pairwise disjoint translates of [6] × [6]. By Lemma 3.4, each
of these translates contains at most 9 points of S, for a total of at most

9

⌈
2n+ 1

6

⌉2

≤ 9

(
2n+ 1

6
+

5

6

)2

=
1

4
((2n+ 1)2 + 20n+ 35)

points in S ∩ [−n, n]2.

Remark 3.6. The [6] × [6] translates used in the proof of Proposition 3.5 are the smallest
translates that are able to prove the theorem this way. Indeed, for every a < 6 and every b,
at least one of the B-stable sets 2Z2 or S2/9 from Construction 2.3 has more than 1/4 of the
points in [0, a− 1]× [0, b].
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3.1 Consecutive pairs in B-stable sets

Here we prove Theorem 1.2, which roughly says that if a B-stable set has many consecutive
pairs, then its density cannot be close to the maximum of 1/4. For this we need two lemmas
concerning Γ(S), which we recall is the set of points (x, y) ∈ S such that (x+ 1, y) ∈ S.

Lemma 3.7. Let S ⊊ Z2 be a B-stable set. Then |Γ(S) ∩ [3]2| ≤ 1.

Proof. Suppose (x, y) ∈ Γ(S) ∩ [3]2, which means (x, y), (x+ 1, y) ∈ S. Checking all the cases,
we easily see that any additional point (x′, y′) with |x − x′| ≤ 2 and |y − y′| ≤ 2 other than
(x − 2, y) is in a border triangle with (x, y) and (x + 1, y), so (x′, y′) /∈ S by Proposition 3.1,
and thus (x′, y′) /∈ Γ(S). Finally, (x− 2, y) /∈ Γ(S) since (x− 1, y) /∈ S.

We obtained the next result by computer search, similar to Lemma 3.4. The code we used
may be found in the supplementary files.

Lemma 3.8. Let S ⊊ Z2 be a B-stable set. If Γ(S) ∩ ([6]× [12]) ̸= ∅, then

|S ∩ ([6]× [12])| ≤ 16.

We note that Lemma 3.4 implies that for any S ⊊ Z2 which is B-stable, |S∩([6]×[12])| ≤ 18,
so Lemma 3.4 says we have a stronger bound provided Γ(S) ∩ ([6] × [12]) ̸= ∅. We can now
prove Theorem 1.2.

Proof of Theorem 1.2. Let S ⊊ Z2 be B-stable. To prove that γ(S) ≤ 1/9, we use a similar

argument as in the proof of Proposition 3.5. Cover [−n, n]2 by
⌈
2n+1

3

⌉2
translates of [3]2, each

of which contains at most one point of Γ(S) by Lemma 3.7. This implies the desired result.
Now we prove that δ(S) ≤ 1

4
(1− γ(S)). Let ε > 0, and choose n large enough such that∣∣Γ(S) ∩ [−n, n]2

∣∣ ≥ (γ(S)− ε)(2n+ 1)2 ≥ (γ(S)− ε)4n2. (1)

Call a translate of [6] × [12] deficient if it contains a point in Γ(S). By Lemma 3.8, such
a deficient translate contains at most 16 points in S. Since [6] × [12] can be covered by 8
translates of [3]2, we have by Lemma 3.7 that every translate of [6] × [12] contains at most 8
points in Γ(S).

Cover [−n, n]2 with 2
⌈
2n+1
12

⌉2
translates of [6]× [12]. Using (1), this implies that there are

at least 1
2
(γ(S)− ε)n2 deficient translates among these. Therefore,

∣∣S ∩ [−n, n]2
∣∣ ≤ 18× 2

⌈
2n+ 1

12

⌉2

− 2× 1

2
(γ(S)− ε)n2

≤ (1− γ(S) + ε)n2 + 12n+ 36

<
1

4
(1− γ(S) + ε)(2n+ 1)2 + 12n+ 36.

Since ε > 0 was chosen arbitrarily, this shows that δ(S) ≤ (1− γ(S))1
4
.

The bound γ(S) ≤ 1/9 is best possible, as exhibited by S2/9 from Construction 2.3. Similarly

the bounds on δ(S) are best possible when γ(S) ∈ {0, 1/9} by considering 2Z2 and S2/9,
respectively.
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Figure 4: The blue points are from B1/12, a B-stable set of density 1/12 that is not I-stable.
See Construction 3.11.

Remark 3.9. As with Remark 3.6, the [6] × [12] translates used in the proof of Theorem 1.2
are the smallest translates which work for this purpose. Indeed, by Remark 3.6 such an [a]× [b]
window should have a and b divisible by 6, but there are B-stable sets S ⊆ [6] × [6] with
Γ(S) ̸= ∅ and |S| = 9, as shown in Figure 13.

Remark 3.10. We do not expect the bound δ(X) ≤ (1 − γ(X))1
4
for B-stable X ⊊ Z2 to be

sharp for all values of γ(X). In fact, we can not rule out that having even a single consecutive
pair in X decreases its density by a fixed constant; see Question 6.2.

3.2 B-stability without BI-stability

Most of the constructions of B-stable sets that we know of are also BI-stable. However, the
following gives an example of a set of positive density which is B-stable but not BI-stable.

Construction 3.11. Let B∗
1/12 := {(1, 0), (0, 1), (−1,−1)} and B1/12 := B∗

1/12 + 6Z2; see Fig-
ure 4.

Proposition 3.12. The set B1/12 is B-stable, but not I-stable, with δ(B1/12) = 1/12.

Proof. First note that B1/12 is not I-stable, since B∗
1/12 are the three vertices of an internal

triangle, but B1/12 does not contain the fourth point, (0, 0). It is easy to check that δ(B1/12) =
3/36 = 1/12.

To check that B1/12 is B-stable, we let x, y, and z be three points in B1/12 and prove that
they are not contained in the same border triangle. To do this, it suffices to confirm they are
not all consecutive lattice points in any line, and also that they do not form a triangle of area 1
or 1/2.

By way of contradiction, suppose first that x, y and z are collinear and consecutive. In
particular this means that, without loss of generality, x + y = 2z. Since (1, 0), (0, 1), and
(−1,−1) do not satisfy this relation in any permutation, x, y, and z cannot all be distinct mod
6Z2. But if, say, x and y are equal mod 6Z2, there are at least 5 lattice points on the line
between them; only one of these could be z and hence x, y, and z are not consecutive.
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Suppose instead that x, y, and z are vertices of a triangle. The area of that triangle is, up
to sign, half the determinant of the matrix with columns y − x and z − x. Thus, we need to
show that this determinant is never ±1 or ±2. If any two points are equal mod 6Z2 then this
determinant is divisible by 6. Otherwise, modulo 6, this determinant (up to sign) is

det

[
2 1
1 2

]
= 3 (mod 6).

Thus the determinant is not ±1 or ±2, so x, y, and z are not contained together in any border
triangle.

4 I-stable Sets

We start our analysis of I-stable sets by giving a construction which achieves upper density 1/2.

Construction 4.1. For n ≥ 1, let In := Z× (nZ). See Figure 5 for I2.

Figure 5: The I-stable set I2 from Construction 4.1.

Lemma 4.2. If n ̸= 1, 3, then every internal triangle intersects In in at most two points.

Proof. From Pick’s theorem, it is easy to see that every three points of an internal triangle have
a convex hull of area 1/2 or 3/2. We also recall that the area of the convex hull of (0, 0), (a, b)
and (c, d) is

1

2

∣∣∣∣a b
c d

∣∣∣∣ = ad− bc

2
.

Thus the area of the convex hull of any three points of In is an integral multiple of n
2
. Since

n ̸= 1, 3, we conclude that no internal triangle intersects three points of In.

Since every subset of In also intersects every internal triangle in at most two points, we
conclude that every subset of In is I-stable, which gives the following corollary.

Corollary 4.3. For every δ ≤ 1/2, there exists an I-stable set I with δ(I) = δ.
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We now work towards proving that every I-stable set has density at most 1/2. The analogue
of Proposition 3.1 for I-stable sets does not hold, and in particular there exist I-stable sets that
contain a unimodular triangle. However, these sets turn out to be highly structured. For this
we need the following constructions.

Construction 4.4. Let J∗
1/4 := {(0, 0), (1, 0), (0, 1), (−1,−1)}. Define J1/4 := J∗

1/4 + 4Z2 and

J1/2 := J1/4 ∪ (J1/4 + (2, 2)). See Figure 6.

J1/4 J1/2

Figure 6: The I-stable sets J1/4 and J1/2 from Construction 4.4.

The following lemmas show that I-stable sets containing a unimodular triangle must contain
some unimodular transformation of J1/4; containing any other point in addition to J1/4 forces
the containment of a unimodular transformation of J1/2; and containing any other point in
addition to J1/2 forces the I-stable set to be the entire grid Z2.

Lemma 4.5. Let S be an I-stable set containing {(0, 0), (0, 1), (1, 0)}. Then J1/4 ⊆ S.

Proof. Let S be the intersection of all I-stable sets that contain {(0, 0), (0, 1), (1, 0)}. Since
an intersection of I-stable sets is I-stable, S is an I-stable set, and so S is minimal under
inclusion among the I-stable sets containing {(0, 0), (0, 1), (1, 0)}. Note that (−1,−1) ∈ S
since S contains the other three points of the internal triangle J∗

1/4, so J∗
1/4 ⊆ S.

By the minimality of S, if a unimodular map U fixes J∗
1/4, then U also fixes S. Note that

the unimodular maps

x 7→
[
0 −1
1 −1

]
x and x 7→

[
−1 1
−1 0

]
x

fix J∗
1/4 and map J∗

1/4 +(4, 0) to J∗
1/4 +(0, 4) and J∗

1/4 +(−4,−4), respectively. Thus if we show

that S contains J∗
1/4 + (4, 0), then S must contain J∗

1/4 + (0, 4) and J∗
1/4 + (−4,−4). By similar

reasoning, S must contain J∗
1/4+(0, 4)+(−4,−4) = J∗

1/4+(−4, 0) and J∗
1/4+(4, 0)+(−4,−4) =

J∗
1/4 + (0,−4), and thus S contains J1/4.

12



1 2

2

3

4

5 6

Figure 7: An I-stable set S containing {(0, 0), (0, 1), (1, 0)} (in red) must contain J∗
1/4 and

J∗
1/4 + (4, 0). The points are labeled according to the order in which their membership in S is

demonstrated in the proof of Lemma 4.5.

To show that S contains J∗
1/4 + (4, 0), we compute as follows (see Figure 7):

(0, 0), (1, 0), (0, 1) ∈ S =⇒ (−1,−1) ∈ S,

(0, 0), (1, 0), (0, 1) ∈ S =⇒ (3,−1), (−1, 3) ∈ S,

(0, 0), (1, 0), (−1,−1) ∈ S =⇒ (4, 1) ∈ S,

(0, 0), (0, 1), (−1, 3) ∈ S =⇒ (1,−4) ∈ S,

(1,−4), (3,−1), (4, 1) ∈ S =⇒ (4, 0) ∈ S,

(3,−1), (4, 1), (4, 0) ∈ S =⇒ (5, 0) ∈ S.

This lemma already shows that any I-stable set containing a unimodular triangle contains
J1/4, since any unimodular triangle is the image of {(0, 0), (0, 1), (1, 0)} under some unimodular
transformation. The following lemma with J1/2 appears more modest, but see Corollary 4.10
for the analogous conclusion.

Lemma 4.6. Let S be an I-stable set containing {(0, 0), (0, 1), (1, 0), (1, 1)}. Then J1/2 ⊆ X.

Proof. We immediately have that J1/4 ⊆ S by Lemma 4.5. In addition, J∗
1/4+(2, 2) ⊆ S because

(0, 0), (1, 0), (1, 1) ∈ S =⇒ (2, 3) ∈ S,

(0, 0), (0, 1), (1, 1) ∈ S =⇒ (3, 2) ∈ S,

(1, 0), (0, 1), (1, 1) ∈ S =⇒ (2, 2) ∈ S.

Thus, again by Lemma 4.5, we have that J1/4 + (2, 2) = J∗
1/4 + (2, 2) + 4Z2 ⊆ S.

We prove below that J1/4 and J1/2 are in fact I-stable. The case analyses in these proofs
will make frequent use of the following elementary lemma. Given vectors a, b ∈ Z2, we write
det(a, b) for the determinant of the 2× 2 matrix with first column a and second b.

Lemma 4.7. Let {a, b, c, d} ⊆ Z2 be an internal triangle, and let a0 ≡ a, b0 ≡ b, c0 ≡ c, and
d0 ≡ d, modulo 4Z2. Then a0 + b0 + c0 + d0 ≡ 0 mod 4Z2 and det(b0 − a0, c0 − a0) ≡ ±1
mod 4.
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Figure 8: Blue circles indicate the points in [−1, 2]2 ∩ J1/4. Green squares indicate the points
in [−1, 2]2 ∩ J1/2 \ J1/4.

Note that the points a0, b0, c0, d0 in Lemma 4.7 are not necessarily uniformly translated
copies of a, b, c, d, so they may no longer form a minimal triangle.

Proof of Lemma 4.7. Let T := {a, b, c, d}. It is not difficult to show that for any internal
triangle, the lattice points that it contains are its centroid and its vertices. If, without loss of
generality, a is the centroid of T , then 3a = b+ c+d, and so a0+ b0+ c0+d0 ≡ a+ b+ c+d ≡ 0
mod 4Z2.

To prove the second claim, note that, modulo 4, det(b0 − a0, c0 − a0) ≡ det(b− a, c− a) ∈
{±1,±3} since if a, b, c form a unimodular triangle, then the determinant is ±1, and otherwise,
a, b, c are the vertices of T so the determinant is ±3.

We now prove that J1/4 and J1/2 are stable.

Proposition 4.8. The set J1/4 is I-stable with δ(J1/4) = 1/4.

Proof. Let T be an internal triangle that intersects J1/4 in at least three points a, b, and c. We
show that the fourth point d of T is in J1/4.

By construction, the points a, b, c are respectively congruent modulo 4Z2 to points a0, b0, c0
in J∗

1/4. By Lemma 4.7, the points a0, b0, c0 are pairwise distinct and d is congruent to a point

d0 in [−1, 2]2 that satisfies the congruence a0 + b0 + c0 + d0 ≡ 0 mod 4Z2. By checking each of
the four subsets of J∗

1/4 that may equal {a0, b0, c0}, one finds in each case that this congruence
forces d0 ∈ J∗

1/4, and so d ∈ J1/4, as desired.

Proposition 4.9. The set J1/2 is I-stable with δ(J1/2) = 1/2.

Proof. Let T be an internal triangle that intersects J1/2 in at least three points a, b, and c, and
let d be the fourth point of T . Let a0, b0, c0, d0 be the points in [−1, 2]2 that are congruent to
a, b, c, d, respectively, modulo 4Z2.

By rotating T by 90 degrees about the rational point (1
2
, 1
2
) some integer number of times,

and then adding the vector (2, 2) if necessary, we may assume without loss of generality that
a0 = (0, 0). If b0, c0 ∈ [−1, 2]2 ∩ J1/4, then the claim follows from Proposition 4.8, so assume
without loss of generality that c0 ∈ X ∩ J1/2 \ J1/4; see Figure 8.

If b0 ∈ [−1, 2]2 ∩ J1/4, then, after reflecting about the line x = y if necessary, we have that
b0 ∈ {(1, 0), (−1,−1)}. If b0 = (1, 0), then the condition that det(b0, c0) ≡ ±1 mod 4 forces
c0 ∈ {(2,−1), (1, 1)}, while if b0 = (−1,−1), then (after reflecting about the line x = y if
necessary), we likewise have that c0 = (2,−1).

On the other hand, if b0 ∈ [−1, 2]2 ∩ J1/2 \ J1/4, then, up to reflection about the line x = y,
we have that b0 ∈ {(1, 1), (2, 2), (2,−1)}. However, b0 = (2, 2) is impossible because no value
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of c0 ∈ [−1, 2]2 ∩ J1/2 \ J1/4 satisfies det((2, 2), c0) ≡ ±1 mod 4, so in fact b0 ∈ {(1, 1), (2,−1)}
in this case. If b0 = (1, 1), then, up to reflection about the line x = y, c0 = (2,−1), while if
b0 = (2,−1), then c0 ∈ {(1, 1), (−1, 2)}.

In summary, the following table gives the possible values of b0, c0 that we must consider,
together with the corresponding values of d0 forced by the condition that a0 + b0 + c0 + d0 ≡ 0
mod 4Z2.

b0 c0 d0
(1, 0) (2,−1) (1, 1)
(1, 0) (1, 1) (2,−1)
(−1,−1) (2,−1) (−1, 2)
(1, 1) (2,−1) (1, 0)
(2,−1) (1, 1) (1, 0)
(2,−1) (−1, 2) (−1,−1)

In each case, we find that d0 ∈ [−1, 2]2 ∩ J1/2, so that d ∈ J1/2, as required.

As an aside, this last result implies that there are two very different I-stable sets S with
δ(S) = 1/2, namely J1/2 and I2. This is quite far from the situation for B-stable and BI-stable

sets, where the only stable sets that we know of which achieve the maximum value δ(S) = 1/4
are subsets of 2Z2 (see Question 6.1).

Combining all of these results gives the following.

Corollary 4.10. Let S be an I-stable set.

(a) If S contains a unimodular triangle, then S contains a unimodular transformation of J1/4.

(b) If S properly contains J1/4, then S contains a unimodular transformation of J1/2.

(c) If S properly contains J1/2, then S = Z2.

In particular, the only I-stable sets which contain a unimodular triangle are unimodular trans-
formations of J1/4, unimodular transformations of J1/2, and Z2.

Proof. Observe that J1/4 and J1/2 are I-stable by Propositions 4.8 and 4.9, respectively. By
Lemma 4.5, any I-stable set containing a unimodular triangle contains a unimodular transfor-
mation of J1/4.

We show that if S is an I-stable set containing both J1/4 and also a point not in J1/4, then S
contains a unimodular transformation of J1/2. Up to translation and reflection, we may assume
that S contains some (x, y) with 0 ≤ x ≤ y ≤ 3 not in J1/4, so there are 7 points to consider.
We split these into three cases (see Figure 9).

Case I: S contains (1, 3). If (1, 3) ∈ S, then S contains {(0, 4), (1, 3), (0, 5), (1, 4)}, which is
the image of {(0, 0), (1, 0), (0, 1), (1, 1)} under a unimodular transformation. This is the bottom
left picture in Figure 9.

Case II: S contains (1, 2), (0, 2) or (0, 3). If (1, 2) ∈ S, then since (0, 1), (3, 3) ∈ S, we have
(0, 2) ∈ S. If (0, 2) ∈ S, then since (1, 0), (−1, 3) ∈ S, we have (0, 3) ∈ S. If (0, 3) ∈ S, then S
contains {(−1, 3), (0, 3), (0, 4), (1, 4)}, which is the image of {(0, 0), (1, 0), (0, 1), (1, 1)} under a
unimodular transformation. This is the bottom middle picture in Figure 9.

Case III: S contains (2, 3), (2, 2), or (1, 1). If (2, 3) ∈ S, then since (0, 1), (3, 3) ∈ S, we
have (2, 2) ∈ S. If (2, 2) ∈ S, then since (0, 1), (1, 0) ∈ S, we have (1, 1) ∈ S. If (1, 1) ∈ S, then
S contains {(0, 0), (1, 0), (0, 1), (1, 1)}. This is the bottom right picture in Figure 9.
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Figure 9: Adding a yellow diamond point to the top left picture will generate all yellow diamond
points, given in the bottom left picture, and so on for each color/shape. Thus, the only proper
I-stable supersets of J1/4 are the three in the second row, which are unimodular transformations
of J1/2.

In any of these cases, S must contain a unimodular transformation of J1/2 by Lemma 4.6.
Finally, we show that if S is an I-stable set containing J1/2 and also some point not in J1/2,

then S = Z2. Up to translation and rotation, we may assume that (2, 0) ∈ S. Then

(1, 0), (2,−1), (2, 0) ∈ S =⇒ (3, 1) ∈ S,

(1, 0), (2, 2), (3, 1) ∈ S =⇒ (2, 1) ∈ S,

(2,−1), (4, 0), (3, 1) ∈ S =⇒ (3, 0) ∈ S.

Thus, since S contains {(2, 0), (3, 0), (2, 1), (3, 1)}, we have that S contains J1/2 + (2, 0) =
Z2 \ J1/2. We conclude that S = Z2 by Lemma 4.6.

We summarize these structural observations in the following corollary.

Corollary 4.11. A set S ⊊ Z2 is I-stable if and only if we have one of the following:

(a) S is a unimodular transformation of J1/4;
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(b) S is a unimodular transformation of J1/2;

(c) S contains at most 2 points from every internal triangle.

Proof. By Proposition 4.8 and Proposition 4.9, S is I-stable in cases (a) and (b); case (c) is
immediate.

Conversely, if S ⊊ Z2 is I-stable and contains at least 3 points from an internal triangle, then
S contains an internal triangle, and thereby contains a unimodular triangle. By Corollary 4.3,
S is a unimodular transformation of J1/4 or J1/2.

We now prove our main density result for this section, which together with Corollary 4.3
completes the proof of Theorem 1.1(b). (We recall that (a) was proven in Section 3.)

Proposition 4.12. If S ⊊ Z2 is I-stable, then δ(S) ≤ 1/2.

Proof. By Corollary 4.10, if S contains a unimodular triangle then it is a unimodular trans-
formation of J1/4, J1/2, or Z2; since S ̸= Z2, we have δ(S) ≤ 1/2. If S does not contain a
unimodular triangle, then S intersects every 2 × 2 square in at most 2 points. Tiling Z2 by
2× 2 squares, we have δ(S) ≤ 1/2.

5 Maximal Stable sets

Up to this point we have established a number of structural results about stable sets. Corol-
lary 3.2 states that every subset of a B-stable set S ⊊ Z2 is B-stable and every subset of a
BI-stable set S ⊆ Z2 is BI-stable. Similarly, from Corollary 4.11, every subset of an I-stable
set S is I-stable, unless S is a unimodular transformation of J1/4, J1/2, or Z2 (see Figure 9). In
view of this, classifying all stable sets is equivalent to classifying all maximal stable sets, that is,
stable sets S ⊊ Z2 such that S and Z2 are the only stable sets containing S. In this section we
consider some constructions that are maximal stable and give some nonconstructive existence
results.

We begin with I-stable sets. We recall that In := Z× (nZ) is I-stable for every n ̸= 1, 3 by
Lemma 4.2.

Proposition 5.1. Let In := Z× (nZ). Then In is maximal I-stable if and only if either n = 9
or n is a prime number other than 3.

Proof. If n ≥ 2 is composite and not 9, then we can write n = pq with p ̸= 1, 3 and q > 1. As
Ipq ⊆ Ip, we have that In is not a maximal I-stable set in this case. Also, I3 is not I-stable (see
Figure 11). It suffices to prove then that In is maximal I-stable for prime n ̸= 3 and for n = 9.

Consider the set X consisting of In with an extra added point, which we may assume to be
of the form (0, a) with 1 ≤ a ≤ n−1 without loss of generality. We claim that the only I-stable
set containing X is Z2. Let us first assume n ̸= 3 is a prime number. Since gcd(a, p) = 1, there
are integers t1, t2 > 0 such that pt1 − at2 = 1. Hence, the area of the triangle with vertices
(t1, 0), (t1 − t2, p), (0, a) is

1

2
det

[
−t2 p
−t1 a

]
=

pt1 − at2
2

=
1

2
,

which implies that {(t1, 0), (t1 − t2, p), (0, a)} is a unimodular triangle with all vertices in X (see
Figure 10). Because n is prime and thus not divisible by 4, every unimodular transformation
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Figure 10: The sets I7 ∪ {(0, 4)} and I5 ∪ {(0, 2)} contain a unimodular triangle.

Figure 11: I9 is maximal I-stable, but I3 is not I-stable. The addition of the red pentagonal
points to I9 either creates a unimodular triangle or the three vertices of an internal triangle,
which forces a unimodular triangle.

of J1/4 and J1/2 fails to contain In (see Figure 9 for the only unimodular transformation of J1/4
and the two unimodular transformations of J1/2 up to rotation and translation), we conclude
by Corollary 4.10 that the only I-stable set containing X is Z2.

Let us now assume n = 9. The previous argument yields the desired result whenever the
additional point (0, a) has gcd(a, 9) = 1. If a ∈ {3, 6}, X contains 3 points of an internal
triangle, which forces a unimodular triangle (see Figure 11), and we can conclude this case as
before.

We recall S2/9 := {(0, 0), (1, 0)}+ 3Z2 from Construction 2.3.

Proposition 5.2. The set S2/9 is maximal B-stable, maximal I-stable, and maximal BI-stable.

Proof. By Proposition 2.4, we know that S2/9 is BI-stable. Let X be the set obtained after
adding one extra point to S2/9. Then either X contains a unimodular triangle or has 5 points in
a row. By Proposition 3.1, the only B-stable set containing X is Z2. Therefore, S2/9 is maximal
B-stable and maximal BI-stable.
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Furthermore, every I-stable set containing X also contains a unimodular triangle (see Fig-
ure 12). As every unimodular transformation of J1/4 and J1/2 fails to contain the set S2/9

(see Figure 9 for the only unimodular transformation of J1/4 and the two unimodular transfor-
mations of J1/2 up to rotation and translation), we conclude by Corollary 4.10 that the only
I-stable set containing X is Z2.

Figure 12: The set S2/9 is a maximal I-stable set. The addition of the yellow diamond point
creates a unimodular triangle, and the addition of the red pentagonal point forces such a yellow
diamond point.

All of the constructions we considered in this paper are periodic, i.e. of the form X + kZ2

for some finite set X and positive integer k. Although we have not explicitly constructed a
(maximal) aperiodic stable set, it follows from Zorn’s Lemma that such sets must exist as well.
For this, we need a simple lemma.

Proposition 5.3. Let S ⊊ Z2 be B/I/BI-stable. Then there exists a maximal B/I/BI-stable
set (of the same stability type as S) that contains S.

Proof. We give the proof for I-stable sets. The reasoning is nearly identical for B-stable and
BI-stable sets.

Let Σ be the collection of all proper I-stable subsets of Z2 containing S. Then Σ is nonempty
since S ∈ Σ. Let C ⊆ Σ be a chain with respect to inclusion, and let S =

⋃
T∈C T .

We claim that S is I-stable. Suppose it is not. Then there exist four distinct points
x1, x2, x3, y ∈ Z2 forming an internal triangle, with x1, x2, x3 ∈ S and y /∈ S. For each i = 1, 2, 3,
let Ti ∈ C contain xi. Since C is a chain, we may assume T1 ⊆ T2 ⊆ T3 without loss of generality,
which means that x1, x2, x3 ∈ T3. But y cannot be in T3 since y /∈ S, contradicting I-stability
of T3.

Next, we show that S is a proper subset of Z2. If not, then by the same reasoning as in
the previous paragraph, some T ∈ C must contain every point in [4]2. Since T is I-stable,
we have that T = Z2 by Corollary 4.11 (or Proposition 3.1 for B-stable and BI-stable sets),
contradicting that T is a proper subset of Z2.

Thus, S ∈ Σ is an upper bound of C. By Zorn’s lemma, Σ contains a maximal element.
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Now we can now give a nonconstructive proof that there exist maximal aperiodic stable
sets.

Proposition 5.4. There exists a maximal I-stable set S ⊆ Z2 that is not periodic.

Proof. Let S0 = {(x, 0) : x ≥ 10} ∪ {(0, y) : y ≥ 10}. The set S0 is I-stable since any
triangle with vertices in S0 has area at least 5. By Proposition 5.3, S0 is contained in a
maximal I-stable set S. Suppose that S is periodic. Then the intersection of S with the x-axis
{(x, 0) : x ∈ Z} is periodic. Since the infinite ray {(x, 0) : x ∈ Z, x ≥ 10} is in this periodic
intersection, all of {(x, 0) : x ∈ Z} is S. Likewise, S contains the entire y-axis {(0, y) : y ∈ Z}.
Thus, S contains the three points (0, 0), (−1, 0), (0,−1) and hence, by I-stability, (1, 1) ∈ S.
Now {(0, 0), (1, 0), (0, 1), (1, 1)} ⊆ S, so by Lemma 4.6, S contains J1/2. But J1/2 is maximal
I-stable by Corollary 4.10 and does not contain the set {(x, 0) : x ∈ Z} ∪ {(0, y) : y ∈ Z} ⊆ S,
which is a contradiction. Thus S is an aperiodic maximal I-stable set.

Proposition 5.5. There exists a maximal B-stable set S ⊆ Z2 that is not periodic. There also
exists a maximal BI-stable set S ⊆ Z2 that is not periodic.

Proof. Let X ⊆ Z be any set of integers satisfying the following conditions:

(1) X contains no three consecutive integers,

(2) X ∪ {x} contains three consecutive integers for all x ∈ Z \X, and

(3) X is not periodic.

Such a set can be constructed as follows. Let 0.b1b2 · · · be the binary expansion of any irrational
number in (0, 1). Define x0 := 1 and iteratively xi+1 := xi + 2 + bi. Take X ′ := {xi}i≥0 ∪ {xi +
1}i : bi=1 and set X := X ′ ∪ (−X ′). It is straightforward to check that this set has the desired
properties.

Let S0 := X × {0} ⊆ Z2. By Condition (1), S0 intersects each border triangle in at most
two points, so it is a B-stable proper subset of Z2. By Proposition 5.3, there exists some S ⊇ S0

that is maximal B-stable. Observe that S ∩ (Z×{0}) = X, as otherwise S would contain three
consecutive integers by Condition (2), which by Proposition 3.1 would imply S = Z2. Finally,
S is not periodic because X is not periodic by Condition (3).

For a maximal BI-stable set, we apply Proposition 5.3 to obtain S ⊇ S0 that is maximal
BI-stable, and the rest of the argument is unchanged.

6 Concluding Remarks and Maximal Stable Sets

In this paper we defined S ⊆ Z2 to be B/I/BI-stable if there exists no border/internal/minimal
triangle (respectively) on four points that intersects S in exactly three points. There are many
ways one could generalize these notions. When considering the number-theoretic motivation,
work in Z2 is related to degree-3 number fields. To handle higher-degree fields, it is natural to
consider a notion of stability with respect to minimal simplices in Zd. However, the classification
of simplices in Zd containing d + 2 points is considerably more complicated when d ≥ 3 than
when d = 2. For example, there exist infinitely many tetrahedra in Z3, not equivalent up to
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unimodular transformation, containing exactly five points, including eight tetrahedra containing
one interior point [1, Table 1].

As discussed in Section 5, understanding stable sets is equivalent to understanding maximal
stable sets. As such, many of our open problems center around such sets. For example, we
showed that any B-stable set S ⊊ Z2 has δ(S) ≤ 1/4, and that this is tight by considering
S = 2Z2. The following asks if this is essentially the only such set with this property.

Question 6.1. Does there exist a set S ⊊ Z2 that is maximal B-stable with δ(S) = 1/4 and
that is not equal to a unimodular transformation of 2Z2?

A negative answer to this question would also imply a negative answer to the analogous
question for BI-stable sets. Here the condition that S be maximal is essential, as otherwise one
can just consider 2Z2 after deleting a point. A related question is the following.

Question 6.2. What is the largest value of δ(S) for B-stable S ⊊ Z2 if S contains (0, 0) and
(1, 0)?

The set S2/9 shows that δ(S) = 2/9 is achievable, and Proposition 3.5 implies δ(S) ≤ 1/4.
If this latter bound were tight, then this would imply a positive answer to Question 6.1, and
any proof showing δ(S) = 1/4 is not possible might give insight into proving that Question 6.1
has a negative answer.

It would be interesting if one could construct a stable set S with positive density that is not
periodic.

Question 6.3. Does there exist an aperiodic set S ⊆ Z2 with δ(S) > 0 that is maximal B/I/BI-
stable?

We note that if either δ(S) = 0 or S is periodic, then δ(φ(S)) = δ(S) for any unimodular
transformation φ. As such, a negative answer to this question would imply that δ(S) is an
“intrisictly geometric” property of maximal stable sets. The maximality condition in Ques-
tion 6.3 is critical, as 2Z2 minus a point trivially satisfies all of the other conditions. Similarly,
Propositions 5.4 and 5.5 show that we can find such sets if one drops the requirement δ(S) > 0.
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[5] V. Kala and M. Tinková. Universal quadratic forms, small norms, and traces in families of
number fields. Int. Math. Res. Not., 2022. doi:10.1093/imrn/rnac073.
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A Computer-assisted proofs

In this appendix, we include Python code for a program that proves Lemma 3.4 and Lemma 3.8,
and classifies the sets considered in Remark 3.9. This code can also be found in the supplemen-
tary files. For a computer-free proof of Lemma 3.4, see Appendix B.

The code enumerates all B-stable subsets of a given set of points using a depth-first search.
First we set up some helpful functions, including the main recursive step. Then we give the three
applications. Lemma 3.4 states every B-stable set S ⊊ Z2 has |S∩([6]×[6])| ≤ 9 and Remark 3.9
describes all B-stable sets S ⊆ [6]2 with Γ(S) ̸= ∅ and |S| = 9 up to rotation and reflection;
the code completes this calculation in only a few seconds on a personal computer. Lemma 3.8
states that every B-stable set S ⊊ Z2 with Γ(S) ∩ ([6] × [12]) ̸= ∅ has |S ∩ ([6] × [12])| ≤ 16;
this takes longer to calculate, about 6 minutes on the same hardware.

from math import gcd

########## FUNCTIONS ##########

# Determines if three points a,b,c are three points of a unimodular or border triangle

def bad(a,b,c):

# x and y are the vectors of two sides of the triangle

x = [b[0]-a[0],b[1]-a[1]]

y = [c[0]-a[0],c[1]-a[1]]

# compute 2*area with determinant formula

area2 = abs(x[0]*y[1]-x[1]*y[0])

# if area is 1/2 it is a unimodular triangle, if area is 1 it is a border triangle

if area2 == 1 or area2 == 2:

return True

# if area is 0, then we test if the three points are consecutive

if area2 == 0:

# c is in middle

if a[0]+b[0]==2*c[0] and a[1]+b[1]==2*c[1] and abs(gcd(y[0],y[1])) == 1:

return True

# b is in middle

if a[0]+c[0]==2*b[0] and a[1]+c[1]==2*b[1] and abs(gcd(x[0],x[1])) == 1:

return True

# a is in middle

if c[0]+b[0]==2*a[0] and c[1]+b[1]==2*a[1] and abs(gcd(y[0],y[1])) == 1:

return True

return False

# We search for stable subsets of a given set of points using a recursive depth first search.
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Figure 13: All B-stable sets S ⊆ [6]2 with Γ(S) ̸= ∅ and |S| = 9, up to reflection and rotation.

# S is the currently constructed stable set.

# U is the set of remaining points which can be added to S to make another stable set.

# If U is empty, we print S if it is larger than some threshold.

# Otherwise, for the first point p in U, we remove p from U and either put p in S or do not.

# If we do not put p in S, we repeat the recusive step.

# If we put p in S, we remove everything from U which upon addition to the new S would not be a stable set,

# and we repeat the recursive step.

# We initialize the search by setting S to the points we want to force to be in our stable set and

# by setting U to the remaining points in consideration which can be added to S without forming a stable set.

def step(S, U, thresh):

if len(U) == 0:

# No unused vertices remain

if len(S) >= thresh:

print(S)

else:

# CASE 1: add the next point to S

nextpt = U[0]

# copy S to newS

newS = list(S)

# update U

newU = []

# remove a point from U if it makes a bad triangle with nextpt and a point of S

for pt in U:

keep = True

if pt == nextpt:

keep = False

for pt2 in S:

if bad(pt,nextpt,pt2):

keep = False

break

if keep:

newU.append(pt)

# add the next point to S

newS.append(nextpt)
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# iterate

step(newS, newU, thresh)

# CASE 2: do not add the next point to S

# make copies of S and U to be safe

newS = list(S)

newU = list(U)

# remove the nextpt from U

newU.remove(nextpt)

#iterate

step(newS, newU, thresh)

########## APPLICATIONS ##########

### Lemma 3.4: all stable subsets of [6]^2 have at most 9 points.

# Generate 6 by 6 grid.

grid = []

for i in range(6):

for j in range(6):

grid.append([i,j])

# Enumerate all stable sets with at least 10 points.

print("stable subsets of [6]^2 with at least 10 points:")

step([],grid, 10)

print("finished")

### Lemma 3.8: all stable subsets of [6]×[12] with a pair of consecutive points have at most 16 points.

# Generate 6 by 12 grid.

grid = []

for i in range(6):

for j in range(12):

grid.append([i,j])

# Let the consecutive pair be (k,l) and (k+1,l).

# By symmetry, it suffices to check for k=0,1,...,5 and l=0,1,...,5.

# Enumerate all stable sets which contain (k,l) and (k+1,l).

print("stable subsets of [6]x[12] with a consecutive pair and at least 17 points:")

for l in range(6):

for k in range(6):

print(str(k) + ", " + str(l) + ":")

S = [[k,l],[k+1,l]]

# create U so that any point of U forms a stable set with S

U = []

for pt in grid:

if not(S[0] == pt or S[1] == pt or bad(pt,S[0],S[1])):

U.append(pt)

if k==5:

# if S contains (5,l), then we need to increase the threshold by 1

step(S,U,18)

else:

step(S,U,17)

print("finished")

### Remark 3.9: there exist stable subsets of [6]^2 with 9 points and a pair of consecutive points.

# Generate 6 by 6 grid.

grid = []

for i in range(6):

for j in range(6):

grid.append([i,j])

# Let the consecutive pair be (k,l) and (k+1,l).

# By symmetry, it suffices to check for k=0,1,...,5 and l=0,1,2.

# Enumerate all stable sets which contain (k,l) and (k+1,l).

print("stable subsets of [6]^2 with a consecutive pair and at least 9 points:")

for l in range(3):

for k in range(6):

print(str(k) + ", " + str(l) + ":")

S = [[k,l],[k+1,l]]

# create U so that any point of U forms a stable set with S
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U = []

for pt in grid:

if not(S[0] == pt or S[1] == pt or bad(pt,S[0],S[1])):

U.append(pt)

if k==5:

# if S contains (5,l), then we need to increase the threshold by 1

step(S,U,10)

else:

step(S,U,9)

print("finished")

B Computer-free proof of Lemma 3.4

In this Section, we prove Lemma 3.4, namely that every B-stable set S ⊊ Z2 intersects [6]2

in at most 9 points, without computer aid. A proof along similar lines should be possible for
Lemma 3.8, but we do not provide one here.

First, we show that it is enough to prove the following.

Lemma B.1. Let S ⊊ Z2 be a B-stable set. If S ∩ [6]2 contains a pair of points (x, y) and
(x+ 1, y), then |S ∩ [6]2| ≤ 9.

Lemma B.2. If S ⊊ Z2 is B-stable, S ∩ [6]2 has no pair of points at distance 1 and S ∩ [6]2

contains two points at distance
√
2, then |S ∩ [6]2| ≤ 9.

Proof of Lemma 3.4. Assume that S ⊊ Z2 is a B-stable set and |S ∩ [6]2| > 9. Then, by
Lemma B.1 applied to S and a 90-degree rotation of S, we have that S∩ [6]2 contains no pair of
points at distance 1. Thus, by Lemma B.2, S ∩ [6]2 contains no pair of points at distance

√
2.

This implies that every translate of [2]× [2] intersects S in at most one point, contradicting the
fact that |S ∩ [6]2| > 9.

B.1 Proof of Lemma B.1

Let T = S ∩ [6]2. If such T contains a pair of horizontally consecutive points in the 2nd, 3rd,
4th, or 5th rows of [6]2, then T contains at most 8 points (see Figure 14). We may assume this
is not the case, and by symmetry that T also contains no pair of vertically consecutive points
in the middle four columns.

≤ 2 ≤ 2

≤ 2

Figure 14: Possible sets in which S ∩ [6]2 contains a pair of points at distance 1 in the 2nd, 3rd,
4th, or 5th row. Points marked with a red X cannot be included in S, or else S = Z.
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Now without loss of generality, the top row of [6]2 contains a consecutive pair from T .
Then as we can see from Figure 15, T contains at most 4 points from row 6, no points from
rows 5 and 4, and at most 6 points total from rows 1, 2, and 3, and hence |T | ≤ 10. Thus
either |T | ≤ 9 already, or the top row must contain exactly 4 points of T , and in particular,
we can assume without loss of generality that either (1, 6), (2, 6) ∈ T , (5, 6), (6, 6) ∈ T , or
(1, 6), (3, 6), (4, 6), (6, 6) ∈ T .

≤ 2 ≤ 2 ≤ 2

≤ 2

≤ 2 ≤ 2 ≤ 2

Figure 15: Possible sets with two points at distance 1 on the 1st row of a 6× 6 window.

We will break these into further cases depending on which 2 points appear in the ‘middle
2× 3 window’ with coordinates {3, 4} × {1, 2, 3}, see Figure 16 for all 15 possibilities.

Case 1 Case 2 Case 3 Case 4 Case 5

Case 6 Case 7 Case 8 Case 9 Case 10

Case 11 Case 12 Case 13 Case 14 Case 15

Figure 16: All possible configuration of 2 points in a 2× 3 window.

From now on, we will refer to each possibility as the label included in Figure 16. By our
assumption on consecutive points in middle rows and columns, we can immediately rule out
cases 1, 6, 8, 12, 13, and 15. Moreover in case 3, regardless of the configuration in the top row,
we can have at most 4 points in the last three rows for a total of at most 8.
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The configuration (1, 6), (3, 6), (4, 6), (6, 6) ∈ T is then relatively straightforward. In cases
5, 9, 10, and 11, T has three points of a unimodular triangle. In cases 2, 4, 7, and 14, T has
three points of a border triangle.

Finally, we handle the configuration (1, 6), (2, 6) ∈ T , which by symmetry, covers the con-
figuration (5, 6), (6, 6) ∈ T as well. In cases 10 and 11, there are three points of a unimodular
triangle. In cases 2 and 7, there are three points of a border triangle. We deal with the
remaining cases of 4, 5, 9, and 14 in the following.

In cases 4, 5, and 9, we rule out new points that will create either unimodular or border
triangle with the points in T . A quick check shows that T has at most 9 points in these cases,
as seen in the following.

≤ 2 ≤ 2 ≤ 2 ≤ 2

For case 14, we will need a slightly more detailed analysis. For this, we introduce a new
labeling system in pictures that will help the case checking later on.

The points (2, 6) and (4, 3) are labeled 1 and 2 in the following figure. They form a border
triangle with the bottom-right point (6, 1), which forbids (6, 1) from being in T . We notate this
in the picture with a red 1, 2 label over that point. Further, the points (4, 1) and (4, 3) make it
impossible to have both points (6, 2) and (6, 3) from the ‘right 2× 3 window’ {5, 6} × [3]. We
conclude that there is at most one point from T in that 2× 3 window. Thus we conclude that
in this last case, as in all others, T has at most 9 points.

1

2

1, 2
≤ 1

B.2 Proof of Lemma B.2

We now assume that S has no points at distance 1 but has points at distance
√
2.

Throughout this argument, in the grid [k]2, the main diagonal is the set of k lattice points
(x, y) for which x − y = 0; the main antidiagonal is the set of points for which x + y = k.
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Similarly, the dth diagonals are the sets of 2(k − d) lattice points in [k] with x − y = ±d; and
the dth antidiagonals are the ones with x+ y = k ± d.

We will make use of the following Claim (see Figure 17).

Claim B.3. If S has no points at distance 1, then an upper or lower triangular part of the
grid [k]2 can contain at most 3 points when k = 3, and at most 6 points when k = 5. The only
configurations achieving equality are shown in Figure 18. Moreover, when k = 4, if we further
assume there are no points at distance

√
2 on the main diagonal or antidiagonal, there are at

most 3 points on such a triangular grid.

≤ 3 ≤ 3 ≤ 6

Figure 17: Claim B.3: The upper or lower triangular part of the grid [k]2 can contain at most
3 points when k = 3, 4, and at most 6 points when k = 5. Moreover, for k = 3 and k = 5, the
only configurations achieving equality are shown below.

Figure 18: The “optimal” equality cases in Claim B.3.

Proof. In each of the cases, let [k]L = {(x, y) ∈ Z2 : 1 ≤ y ≤ x ≤ k}, and T = S ∩ [k]L. The
proofs for the upper triangular part are immediate by symmetry.

For k = 3, note that T ∩ [2]L either contains at most one point or is {(1, 1), (2, 2)}. Now
condition on the number t3 of points in the last column, which is at most 2 because of the
distance 1 restriction. If t3 = 0, then clearly |T | ≤ 2. If t3 = 1, then regardless of which point
of the last column is in T , it forms three points of a border triangle with (1, 1) and (2, 2), and
hence |T | ≤ 2. Finally, if t3 = 2, then the second column must be empty and so either the (1, 1)
is not in T and |T | = 2, or it is, in which case we have the first k = 3 case in Figure 18.

For k = 4, we break [4]L into the last column and [3]L. We condition on the number t4
of points of T in the last column, which is at most 2 because of the distance 1 restriction. If
t4 = 0 then all points of T are in [3]L, so as before |T | ≤ 3. If t4 = 1 then there can be at most
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one point of T in the third column, and the extra non-diagonal assumption in this k = 4 case
implies that there is at most one point of T in [2]L, for a total of |T | ≤ 3. Finally, if t4 = 2
then we conclude as in Figure 19:

≤ 1 ≤ 1

Figure 19: The three possible locations of two points in the last column. In the first two cases,
the entire third column is forbidden by the distance 1 and non-diagonal assumptions, so there is
only at most one other point in T . In the last case, the same argument holds unless (3, 1) ∈ T ,
but then each point in [2]L is forbidden because of triangles they form with it and (4, 2).

For k = 5, we cover [5]L by three pieces: the triangle [3]L, the “top triangle” and “the
square”:

≤ 3

≤ 3

≤ 2

Figure 20: Covering [5]L by two triangles and a square. Note that both triangles have at most
3 points by the k = 3 case above, and the point (3, 3) is in both triangles.

We condition on the number of points ts in the square, which is at most 2 because of the
distance 1 condition. The cases ts = 0 and ts = 1 can be handled simultaneously. In both,
|T | ≤ 5 unless one triangle has 3 points of T and the other has at least 2 points of T distinct
from the first triangle. Without loss of generality, suppose T ∩ [3]L has 3 points; this implies
it must have the optimal k = 3 configuration, and hence (3, 3) ∈ T . But then the top triangle
must have two additional points of T , that is, three points of T as well, yielding the same
configuration. One then easily checks that the only point of the square which can be in T is
(5, 1), and including it yields the second k = 5 case in Figure 18.

Finally, suppose that ts = 2. Any pair of two points of the square being in T forbids the
four points adjacent to the square. In particular, this forbids the optimal k = 3 configuration
in either triangle, and so both have at most 2 points of T . Thus, |T | ≤ 5 unless both have
exactly 2 points of T , neither of which is (3, 3). This implies that the third column has no
points in T , which means that T ∩ [2]L = {(1, 1), (2, 2)} as previously noted. Analogously, the
two points of T in the upper triangle are forced to be (4, 4) and (5, 5). Finally, these two points
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1

2

1, 2

Figure 21: When ts < 2, then there are enough points in T only if both triangles must have
the optimal k = 3 configuration. When ts = 2, the third row and columns have no points of T .
In either case, one of the optimal k = 5 configurations is achieved.

form a unimodular triangle with (4, 2), which fixes the pair of points of T in the square, and in
particular yields the first k = 5 case in Figure 18.

This claim for k = 3 and k = 5, together with its equality cases (Figure 18) deal with the
cases when there are points at distance

√
2 on the main diagonal or a second diagonal (see

Figures 22 and 23).

≤ 3

≤ 3
1 2

3

1, 2

1, 3

5 6

41, 5

2, 6

Figure 22: There are two points in T at distance
√
2 on the main diagonal. We apply the

equality case for k = 3 in Claim B.3 to conclude T has at most 9 points.

Now, we assume there are no points at distance
√
2 either on the main diagonal or a second

diagonal. The latter assumption allows us to use of the claim for k = 4 when there are points
at distance

√
2 on a first diagonal (see Figure 24) or a third diagonal (see Figure 25).

We now make the following observation: the above cases show that T cannot have more
than 9 points unless the only points at distance

√
2 are those of either a fourth diagonal or

fourth antidiagonal. Without loss of generality, let T contain the two points of the upper fourth
diagonal.

Suppose also that T does not contain the two points of the lower fourth diagonal. We
partition the grid as in Figure 26 and observe that if |T | > 9 then each of the six windows must
contain the maximum number of points. But there are only two ways to include 2 points in the
‘left 2× 3 window’ avoiding distance 1 or

√
2 on a lower diagonal; neither yields enough points.

Thus, the last remaining case is when T contains both fourth diagonals, in which case
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≤ 6

1

2

1, 2

1, 2

Figure 23: There are two points in T at distance
√
2 on a second diagonal. We apply the

equality case for k = 5 in Claim B.3 to conclude T has at most 9 points.

≤ 3

≤ 2

Figure 24: There are two points in T at distance
√
2 on a first diagonal. We apply the k = 4

case of Claim B.3 to conclude T has at most 9 points.

≤ 2

≤ 2

≤ 3

Figure 25: There are two points in T at distance
√
2 on a third diagonal. We make use of

skewed 2× 3 windows and the k = 4 case of Claim B.3 to conclude T has at most 9 points.

|T | > 9 can be achieved only if at most one point missing; that is, one of the five remaining
windows can have one fewer than its maximum number of points.

Using the notation from Figure 27, at least one of points 1 and 2 are in T ; by symmetry,
we may say that point 1 is in T . Then the top 3× 2 window contains at most one point, and
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≤ 1

≤ 1 ≤ 1

≤ 1≤ 2

≤ 2

1

2 1, 2

1, 2

1, 2

3

2, 3 2, 3

2, 34

3, 4

3, 43, 4

3, 4

1

2

1, 2

3

4

Figure 26: In the first case, we conclude there cannot be 2 points in the top 3× 2 window. The
second case forces 3 and 4 to be in T and so it is analogous to the first case by symmetry.

|T | > 9 only if both 2 and 4 are in T . If 2 is in T , then there is at most one point in both
rectangular corner windows. We conclude |T | ≤ 9.

≤ 1

≤ 1 ≤ 1

≤ 2≤ 2

≤ 2

1

2 3

5

1, 3 1, 3

1, 3

1

4

2, 5

2, 5

2, 5

2, 5

Figure 27: Without loss of generality, point 1 is in T . But then both the points 2 and 4 must
also be in T , and |T | ≤ 9.

We thus conclude that |T | ≤ 9 if it has any consecutive points in any diagonal of [6], as
desired.

32


	Introduction
	Definitions and results

	BI-stable Sets
	B-stable Sets
	Consecutive pairs in B-stable sets
	B-stability without BI-stability

	I-stable Sets
	Maximal Stable sets
	Concluding Remarks and Maximal Stable Sets
	Acknowledgements
	Computer-assisted proofs
	Computer-free proof of lem:6x6
	Proof of lem:6x6app1
	Proof of lem:6x6app2


