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Abstract

Ramsey numbers form a classical topic in combinatorics and have been extended from graphs
to a range of other combinatorial settings. In this paper, we investigate three such extensions.

We first consider ordered Ramsey numbers, which can be viewed as being as old as classical
Ramsey numbers, since the Erdds—Szekeres lemma already fits within this framework. Here, we
ask for a monochromatic copy of a linearly ordered graph G in every 2-edge-coloring of a linearly
ordered complete graph K,. The smallest such n is denoted by R(G).

Next, we study canonical Ramsey numbers. A canonical coloring of a linearly ordered graph G is
an edge-coloring in which G is monochromatic, rainbow, or min/max-lexicographic. In the latter
case, each pair of edges receives the same color if and only if they share the same first (respectively,
second) vertex. Erd6s and Rado showed that for every p there exists n such that every edge-coloring
of a linearly ordered K,, contains a canonical copy of K,; the smallest such n is denoted by ER(G).

Finally, we examine unordered canonical Ramsey numbers, introduced by Richer. An edge-
coloring of G is orderable if there exists a linear ordering of its vertices such that the color of
each edge is determined by its first vertex. Unlike lexicographic colorings, this notion also includes
monochromatic colorings. Richer proved that for all s and t, there exists n such that every edge-
coloring of K,, contains an orderable copy of K or a rainbow K,. The smallest such n is denoted
by CR(s, t).

In all three settings, we focus on determining the corresponding Ramsey numbers for small
graphs G. We use tabu search and integer programming to obtain lower bounds, and flag algebras
or integer programming to establish upper bounds. Among other results, we determine R(G) for
all graphs G on up to four vertices except K, , ER(P,) for all orderings of P,, and the exact values
CR(6,3) = 26 and CR(3,5) = 13.

Keywords: Ramsey numbers, canonical Ramsey, ordered Ramsey, tabu search, integer programming, flag
algebras, semidefinite programming

1 Introduction

Ramsey’s theorem states that for any two integers s and t, there exists a minimal integer n such
that every red-blue-coloring of the complete graph of size n contains either a red complete graph
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of size s or a blue complete graph of size t. This integer is called the Ramsey number R(s, t). This
result, proved by Frank Ramsey in 1930, gave rise to an entire area of combinatorics called Ramsey
theory. Ramsey theory is now a very active and prolific area of mathematics which intersects with
areas such as graph theory, geometry, number theory, topology, measure theory, among many others.
In this paper, we focus on some variants of the Ramsey numbers that expand the notion to ordered
graphs, colorings with an unbounded number of colors, and both. These variants are the ordered
and unordered canonical Ramsey numbers and the ordered Ramsey numbers.

Notation. For any graph G, we denote by V(G) the set of vertices of G and by E(G) the set of edges
of G. We denote by |G| = |V(G)| the size of G. Without loss of generality, when |G| = n we set
V(G) =[n]:={1,...,n}. We denote by K,, = {[n], ([g])} the complete graph of size n.

A linear ordering (or simply ordering) m of G is a permutation of the vertices of G. The pair
G = (G, ) is called an ordered graph. Ordered graphs can be visualized by drawing all the vertices
on a horizontal line in order. In Figure 1, we show all orderings of the path of length 3 Ps.
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(a) (P5,(1,2,3)) () (P3,(1,3,2)) () (P3,(2,1,3))

Figure 1: All orderings of a path on 3 vertices.

Two ordered graphs (G, n) and (H, p) are isomorphic if G and H are isomorphic via a graph
isomorphism that preserves the orderings m and p. In other words, there exists a bijective mapping
¢ : V(G) — V(H) such that ¢(i)¢(j) is an edge of H if and only if ij is an edge of G, and p(¢(i)) <
p( () if n(i) < m(j). Simply put, two ordered graphs (on the same vertices) are isomorphic if and
only if they are identical. G = (G, ) is an ordered subgraph of H = (H, p) if G is a subgraph of H
and the relative ordering of the vertices of G given by 7 follows the ordering of the vertices in . We
also say that G is contained in H, or that H contains a copy of G. Note that there is only one ordered
graph (K,,, ) up to isomorphism. To ease notation, we refer to the ordered complete graph of order
n simply as K,,.

We now provide more details on the three variants of Ramsey numbers considered in this paper.
Each variant records the minimum integer n for which a certain pattern appears in every coloring
of K,, with either two or infinitely many colors. For each of these numbers, we refer to a colored
complete graph in which none of these patterns appear as a Ramsey graph, and we say that this graph
is feasible.

1.1 Canonical Ramsey numbers

The canonical variant of the Ramsey numbers was introduced in 1950 by Erdés and Rado. It gener-
alizes Ramsey numbers to colorings with an arbitrary number of colors in ordered graphs.

Definition 1.1. We say that an ordered graph G = (G, ) is canonically colored if one of the following
three conditions holds:

« G is monochromatic: all edges have the same color;
« G is rainbow: all edges have different colors,

« G is (lower /upper) lexicographically colored: edges m(i)m(j) and m(k)m(£) have the same color if
and only if min(7(i), (j)) = min(7r(k), ©(£)) (resp. max(7n(i), 7(j)) = max(r(k), w(£))).



In 1950, Erd6s and Rado proved the following theorem, usually called the Canonical Ramsey
Theorem.

Theorem 1.1 (Erd8s, Rado [26]). For every integer p, there exists a least positive integer n such that
every edge-coloring of K,, (with an arbitrary number of colors) contains a canonically colored copy of K,,.

This integer n is called the canonical Ramsey number, or Erd6s-Rado number, and is denoted
by ER(p).

Known bounds. In their proof of Theorem 1.1, Erdés and Rado provide an upper bound on ER(p).
This bound was improved by Lefmann and R8dl [42, 43], who proved that

207" < ER(p) < 262P"logp

for some constants ¢; and c,. In 2023, Kamcev and Schacht prove lower bounds for this number in
binomial random graphs [39].

We also consider the canonical Ramsey number of non-complete graphs. For any ordered graph
G, we denote by ER(G) the least positive integer n such that every edge-coloring of K,, contains a
canonically colored copy of G.

Tighter asymptotic bounds on canonical Ramsey numbers for general graphs were computed for
some families of graphs, such as equipartitioned stars [36] and cycles [4]. Asymptotic bounds were
derived for the asymmetric canonical Ramsey numbers, a variant in which one does not forbid a
single canonically colored graph but a family composed of one monochromatic, one rainbow and one
lexicographically colored graph [38, 36, 4]. Other known bounds for the canonical Ramsey numbers
and their variants can be found in Section 3.3. of the dynamic survey on rainbow variants of Ramsey
numbers by Fujita, Magnant and Ozeki [30]. We now examine one of these variants in more depth:
the unordered canonical Ramsey numbers.

1.2 Unordered canonical Ramsey numbers

In 2000, Richer [51] introduced the unordered canonical Ramsey numbers, a variant of the canonical
Ramsey numbers in the setting of unordered graphs. To do so, he defined the concept of an orderable
coloring.

Definition 1.2 (Richer [51]). An edge-coloring y : E(G) — w of a graph G is called orderable if there
exists an ordering T of the vertices of G such that the color of an edge is completely determined by its
lower point. In other words, for any three vertices i, j, k with i adjacent to j and k, if n(i) < 7(j) and

(i) < m(k), then y (n())(j)) = x (n(D)m(k)).

Contrary to the definition of a lexicographically colored graph of Erd6s and Rado, this definition
does not require two edges with different lower ends to have different colors. Hence, monochromatic
graphs are orderable.

Definition 1.3 (Richer [51]). The unordered canonical Ramsey number CR(s, t) is the smallest integer
n, such that every edge-coloring of K, contains either an orderable copy of K, or a rainbow copy of K,.

Known bounds. Richer gave bounds on the unordered canonical Ramsey numbers: for every pair
s, t of integers,

s—2
((D - 1) +1 < CR(s, 1) < 727 e))



To our knowledge, these remain the best non-asymptotic bounds for general graphs. Tighter
asymptotical bounds were introduced by Babai in 1985 [5] and improved by Alon et al. in 1995 [43],
both papers using probabilistic arguments. In 2009, the gap between the asymptotic upper and
lower bounds was tightened by Jiang [37], before being closed by Araujo and Peng in 2024 [3], who

obtained that
c- 372
CR(s,t)=© (—) .
logt

Araujo and Peng introduced as well the variant ER(m, [, ), which is the minimum n such that every
copy of K,, contains either a monochromatic K,,, a (strictly) lexicographically colored K; or a rainbow
K,, and studied the asymptotic behavior of this number.

General graphs. In this paper, we also extend the notion of unordered canonical Ramsey numbers
from complete to general graphs.

Definition 1.4. Let G and H be finite graphs. The unordered canonical Ramsey number CR(G, H) is the
smallest integer n such that every edge-coloring of K,, contains either an orderable copy of G or a rainbow

copy of H.

This generalizes the unordered canonical Ramsey number introduced by Richer: in particular, we
have CR(s, t) = CR(K,,K,).

Here, in addition to the usual unordered canonical Ramsey numbers for complete graphs, we will
study, in particular, the ones of bipartite graphs. This is partly motivated by the work of Gishbo-
liner, Milojevi¢, Sudakov and Wigderson [32], who considered an intermediate variant between the
ordered and unordered canonical Ramsey Numbers ER(H) and CR(G, H), where they do not forbid
all orderable colorings, but only the strict lexicographic orderable colorings. They showed that this
number grows polynomially for (d-regular) bipartite graphs and exponentially for non-bipartite (d-
regular) graphs. This gives us reason to think that the unordered canonical Ramsey numbers may
behave similarly. The bounds for bipartite graphs may stay within reach more than the ones for
complete graphs as the graphs get bigger.

1.3 Ordered Ramsey Numbers

We now turn our attention to ordered Ramsey numbers, another variant of Ramsey numbers for
ordered graphs. These are more similar to the original Ramsey numbers since they involve 2-colorings
of edges.

Definition 1.5. The ordered Ramsey number _R)(g) of an ordered graph G is the smallest integer n such
that every 2-edge-coloring of K,, contains a monochromatic copy of G.

Here, we restrict ourselves to the diagonal ordered Ramsey numbers. The off-diagonal variant

was introduced in [22]: the ordered Ramsey number _R)(Ql, ...,G,) of n given ordered graphs, is the
smallest integer n, such that every n-edge-coloring (c4,...,c,) of K, contains a copy of G; of color c;
for at least one i.

Ordered Ramsey numbers were defined by Choudum and Ponnusamy in 2002 [22]. However,
their study took off in 2015, driven by the simultaneous and independent works of Balko, Cibulka,
Krdl’ and Kyncl [8, 7] and Conlon, Fox, Lee and Sudakov [23]. They are an interesting extension of
Ramsey numbers of graphs because different orderings of the same graph may have different Ramsey
numbers.



Known bounds. The following are trivial bounds for any ordered graph G = (G, 7t) on n vertices:

R(G) < R(G) < R(K,). 2

Erdés and Szekeres [25, 27] provided, as soon as 1935, the following bounds on the Ramsey
number of a complete graph
22 <R(K,) < 27"

A recent breakthrough by Campos, Griffiths, Morris and Sahasrabudhe [19] improved the upper
bound to R(K,) < (4—¢)". Their argument was subsequently optimized by Gupta, Ndiaye, Norin
and Wei [34] who obtained R(K,,) < 3.8". These results, together with (2), ensure the existence and
finiteness of the Ramsey number for any ordered graph. As detailed in [23], further results of Erdés
and Szekeres [27] can directly be used to deduce that

R(P™™) = (n—1)*—1, 3)

where P"° denotes the monotone path on n vertices, as depicted for instance in Figures 1a and 2a.
However, other orderings of paths behave differently. Let us call alternating path, denoted 73;‘“, the
ordered path on n vertices (P,, 7,,) where 7, = (1,n,2,n—1,3...), depicted in figures 1b and 2b.
The authors of [8, 7] show that the ordered Ramsey numbers of these graphs are linear in n and give
their exact values up to n = 8. They prove as well that for the monotonous cycle on n vertices ;"
(depicted in 2c), we have

R(C™™) = 2n2 —6n +6.

In [7] the exact ordered Ramsey numbers of three orderings of C, are also given. Choudum and
Ponnusamy [22] show that the ordered Ramsey number of any ordering of the star on n vertices
is linear in n. Overman, Alm, Coffey and Langhoff [48] compute upper bounds on several ordered
Ramsey numbers of graphs of size 4, as well as some exact numbers using a SAT solver.
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Figure 2: Monotonous and alternating Ps and monotonous Cs.

Ordered Ramsey numbers can prove very challenging to compute even for graphs with an “easy”
structure whose unordered versions have linear Ramsey numbers. For example, it was proven in
both [7] and [23] that there exist orderings of matchings whose ordered Ramsey number grows
super-polynomially. The authors of these papers also derived bounds for graphs depending on their
degeneracy, interval chromatic number, or bandwidth. This, in turn, allowed them to show that
ordered Ramsey numbers of graphs, for which any of the previous parameters is constant, grow
polynomially in the number of vertices of the graph. In [47], Neidinger and West obtained new exact
ordered Ramsey numbers and some new bounds for several classes of graphs with interval chromatic
number equal to 2. In 2019, Geneson et al. [31] examined the effects of various graph operations on
ordered Ramsey numbers, including the addition of a vertex, an edge, or the disjoint union of two
graphs. They also derived new upper bounds for several families of matchings.

For a very comprehensive overview of existing bounds and results on ordered Ramsey numbers,
we refer to the recent survey of Balko [6].



1.4 Overview

We summarize here the notation, types of graphs and forbidden structures of the variants of the
Ramsey numbers considered in this paper.

Variant | Graph type Forbids

Ramsey number R(G) 2-color graph monochromatic G
monochromatic G

Canonical Ramsey number ER(G) oo-color ordered graph  lexic. colored G
rainbow G

) orderable G
Unordered Canonical Ramsey number CR(G,H) | oo-color graph rainbow H
Ordered Ramsey number T{)(G) 2-color ordered graph monochromatic G

Table 1: Overview of the variants of Ramsey numbers we consider.

2 Upper bounds: flag algebras

Razborov introduced flag algebras in the seminal paper [49], generalizing ideas in extremal combi-
natorics in a common framework of model theory. He followed with the paper [50], where he first
applied the theory to determine the edge-triangle graph profile, i.e., the minimum density of triangles
given the edge density of a graph. Since then, there have been a multitude of applications of flag
algebras to not just extremal graph theory [28, 33], but also oriented graphs [21, 15], Ramsey num-
bers [41, 45, 44], hypergraphs [18, 29], permutations [24, 53, 20], hypercubes [13, 10], crossing
number [12, 11], SAT functions [9], trees [17], vector spaces [52], or phylogenetic trees [1] to name
a few.

While originally designed for asymptotic extremal graph theory, bounding problems in graph
limits, their use was first extended to finite graphs by Lidicky and Pfender to compute upper bounds
on Ramsey numbers [45]. Here, we apply their ideas to the colored and ordered variants of Ramsey
numbers as introduced above. The approach is analogous to theirs: we compute upper bounds for
the edge density in blow-up graphs, graph limits obtained from a finite (Ramsey-)graph by replacing
each vertex with increasingly large independent sets.

For a detailed and rigorous introduction to flag algebras and their use in computing Ramsey
numbers, we refer to Lidicky and Pfender’s [45] work. We also recommend [17] for an introduction
of the method. To apply flag algebras to the setting of ordered and colored graphs considered here,
we need to work with two variants: the colorblind and the ordered flag algebra, which we explain in
this section.

On an intuitive level, flag algebras work by providing a framework to prove linear relations be-
tween densities of small subgraphs. For a graph G in H, denote by N(G, H) the number of subsets X
of size |V(G)| in H such that X induces in H a graph isomorphic to H. The density of G in H, denoted
by d(G,H), is N(G, H) divided by (\“;?8:) As an example, consider Mantel’s theorem claims that any
n-vertex triangle-free graph has at most n?/4 edges. This can be rephrased as a density question by
asking what is maximum d (K, G) over all G satisfying d(K5, G) = 0. Flag algebras answers questions,
where the objective and constraints can be express in terms of d(F, G) for Fs of constant sizes and
the size of G going to infinity. Since the proof should work for all sequences of G, the graph G is
often implicit and the problem formulation then reduces to something like maximize d(K,) subject



to d(K3) = 3. Often the d is also dropped and the resulting formulation is

maximize I

s.t. v =0.

The main ingredient in the calculation is establishing that certain linear combination of densi-
ties are asymptotically non-negative by writing them as sum-of-squares. This allows us to employ
semidefinite programming and search for proofs more efficiently and for more complex proofs than
humans can. In the natural setting, flag algebras work for large graphs. However, investigating small
graphs can be also possible. We describe the trick in the following section.

2.1 General method

Blow-up graphs. In order to use methods from asymptotic extremal graph theory, we use the
method introduced by Lidicky and Pfender in 2021 to compute bounds for Ramsey numbers using
flag algebras [45, 44].

A balanced k-blow-up of a graph G is the graph obtained by replacing every vertex of G with an
independent set of size k and every edge by a complete bipartite graph. The blow-up of the cycle
graph Cs is depicted in Figure 3.
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Figure 3: 2-colored Cs and its even blow-up.

Blow-ups of complete (colored) graphs are characterized by forbidding two types of subgraphs on
three vertices: graphs with exactly one edge and graphs with exactly two edges with different colors.
The forbidden graphs are depicted in Figure 4.
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Figure 4: The forbidden graphs in blow-ups of simple complete 2-edge-colored graphs.

For completeness, we give the following claim.

Claim 2.1. In a blow-up of a complete edge-colored graph, there is no triple of vertices with exactly two
non-edges and no triple inducing exactly two edges of different colors.

Proof. Let B(G) be a blow-up of the complete edge-colored graph G. Each vertex of G is replaced by
an independent set and these are the only maximal independent sets in B(G). Observe that if u and v
are non-adjacent, then they are part of the same maximal independent set. Hence, if there are three



vertices u, v, x in V(B(G)) where both uv and vx are non-edges, then vx must also be a non-edge.
This rules out the triple with exactly two non-edges. In B(G), the complete monochromatic bipartite
graph between any two independent sets is monochromatic. If there is a triple u,v,x € V(B(G))
with exactly one non-edge u, v, then u, v are in the same independent set, and x is in a different one.
Hence, both edges ux and vx come from the same complete monochromatic bipartite graph and have
the same color. This rules out the second configuration of a triple with exactly two edges that have
different colors. O

If G is a complete graph on n vertices, the k-blow up of the graph has exactly n(g) non-edges.
Thus, as k grows, the density of non-edges approaches

k=00 (kzn) k—oo kn(kn—1)/2 n’

As the balanced blow-up, under all possible blow-ups of G, minimizes the density of non-edges, any
lower bound & on the asymptotic density of non-edges gives an upper bound of 1/6 on the number
of vertices n of G.

Example 2.1. The (usual, two-colored) Ramsey number R(3,3) can be reformulated as

R(3,3)=1+1/inf !

°
s.t. v = v =0, (Ramsey graph)
—eo o—o --
NS =N = v =0. (Blow-up graph)
. [

2.2 Colorblind flag algebras

All variants of the Ramsey numbers considered here are color-permutation invariant: Both ordered
and unordered canonical Ramsey numbers forbid subgraphs solely depending on the patterns of col-
ors, not the colors themselves. Of the ordered Ramsey numbers, we only consider diagonal Ramsey
numbers, which forbid the same graphs for each color.

Thus, we can state all problems in a colorblind fashion: We do not care about the specific colors
of the edges, only whether two edges have identical or different colors; we partition the edges into
disjoint subsets. While we restrict the number of partitions to two for ordered Ramsey numbers, we
allow any number of parts for canonical un-/ordered Ramsey numbers.

Thus, we can handle infinitely many colors by working with the flag algebra of colorblind graphs.
Note that the resulting bounds may worsen compared to working with colored graphs [40].

Example 2.2. In the colorblind flag algebra (with at most two color classes), the Ramsey number R(3, 3)
is given by
*

R(3,3)=1+1/inf .
[

s.t. v =0, (Ramsey graph)
—eo

YW o= V =0. (Blow-up graph)
®



Note that the colors indicate color classes, not specific colors. In particular, setting the blue triangle to
zero means all monochromatic triangles are zero.

Similarly, the unordered Ramsey number CR(3, 4) in the colorblind flag algebra (with unlimited color
classes) can be reformulated as

CR(3,4)=1+1/inf |
[ )

s.t v = v =0, (Orderable C53)
| f =0 (Rainbow K,)

—eo o--
YW= v =0. (Blow-up graph)
.

Formally, we define a colorblind graph as a pair G = (V,{E4,...,E;}), where V is the set of
vertices, and the edges E = Ui E; are partitioned into disjoint (non-empty) subsets. The parts E; are
unordered; we do not distinguish between two colorblind graphs (V, {E;, E,}) and (V, {E,, E;}). The
number of parts k is either at most two (for ordered Ramsey numbers) or any integer (for Canonical
Ramsey numbers). For a subset of vertices S C V, a subgraph G[S] of G is the graph (S,{E; N
(‘Z), . LEN (i)}) where we remove empty intersections. Two colorblind graphs are isomorphic if
and only if there is a graph isomorphism between them that preserves the partition of the edges.

Thus, colorblind graphs fit into the general theory built by Razborov [49], and we can define
densities, flags, and products in the flag algebra the usual way.

2.3 Ordered flag algebras

Flag algebra theory is applicable in the setting where the structures are ordered. A natural ordered
structure is permutations. See [24, 53] for an introduction to flag algebras on permutations. Permu-
tations can be modeled as ordered graphs, where inversions correspond to edges.In our case, we add
an ordering to multicolored graphs. Since the ordering of vertices is fixed, the isomorphism testing
becomes trivial. On the other hand, the number of possible configurations increases dramatically
since each graph is also equipped with a fixed order on its vertices.

The blow-up argument can be applied to ordered graphs. When we blow up vertices into inde-
pendent sets, we need the relative order of the independent sets to correspond to the relative order
of the original vertices. Hence, we replace each vertex with a consecutive sequence of vertices form-
ing an independent set, see Figure 5. The condition that the independent sets are consecutive can
be translated to flag algebras by forbidding two more configurations in the case of 2-edge-colored
complete graphs; see Figure 6.

Figure 5: An ordered graph on 4 vertices and its ordered blow-up.
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Figure 6: The forbidden graphs in blow-ups of 2-edge colored complete graphs. The first two lines
come from orderings of graphs in Figure 4. The third line comes from each vertex being replaced by
an independent set of consecutive vertices.

3 Lower bounds: integer linear programming formulations and
heuristics

We use integer linear programming (ILP) approaches and tabu search to determine lower bounds on
the unordered canonical Ramsey numbers and the ordered Ramsey numbers. While tabu search has
the potential to scale to larger graphs, ILPs are more consistent and, in some cases, can be used to
obtain sharp upper bounds by infeasibility certificates. We also formulated the problem as an SAT
instance, which we solved using a SAT-solver to obtain feasibility certificates and lower bounds on
these numbers. However, this method did not scale well and failed to provide worthwhile bounds.
For this reason, we do not include it here.

3.1 Integer linear programs for unordered canonical Ramsey numbers

To decide whether the unordered canonical Ramsey number CR(G, H) is greater than n, we formulate
an integer linear program that aims to find a coloring of K,, without any orderable subgraph isomor-
phic to G, and any rainbow subgraph isomorphic to H. If the program is feasible (and terminates),
it returns a Ramsey graph of size n, proving that n+ 1 is a lower bound for CR(G, H). If the program
is infeasible, then we know that n is an upper bound for CR(G, H).

We denote by s the size of G and t the size of H. We consider the general case where G and H
can be any graph, CR(s, t) being the special case where G and H are both complete.

A first ILP Formulation. We start by introducing a first naive ILP formulation, with a variable for
each edge and each possible color. We denote by c,,,, the maximum number of colors that can be
used in the coloring. To be sure that we consider all possible colorings, c.,,, should be set to (;) -1,
although in practice when a coloring exists, it requires significantly fewer colors. We denote by
C:={1,...,cnax} the set of possible colors of the edges.

We introduce the binary variables xfj for every i # j € [n] and ¢ € C, where

_ )1 ifedgeij has color c,
~ |0 otherwise.

In practice, we only define these variables for i < j, identifying xl?j = x;fi. For simplicity, we will
not concern ourselves with this when describing the constraints here.
To ensure that each edge gets assigned exactly one color, we need to enforce, for every ij € ([g]),

that
foj =1.

ceC

10



To forbid the existence of rainbow subgraphs isomorphic to H, we enforce the following constraint.
For every copy of H in K,,, for all colors ¢;; €C,

> x < |EH)| 1.

ijeE(H)

The constraints required to enforce the absence of orderable copies of G differ for each graph G.
We here only explain the ones we introduce for G = C; and G =Kj.

When G = C;, we forbid the presence of orderable triangles: this is equivalent to requiring a
proper coloring of the graph. We can enforce this with the following constraint: for all distinct
i,j,k € [n], for every color c € C,

xicj +x; < 1.

For G = Ky, the constraint is slightly different. Indeed, the complete graph on 4 vertices K, is
orderable if and only if it contains one vertex i with all three incident edges of the same color; and
another vertex j whose two incident edges different from ij have same color, as depicted in Figure 7.

X PN

Figure 7: An orderable coloring of K.

We can thus forbid this with the following constraint: for all pairwise-distinct vertices i, j, k, £, all
colors ¢,d €C,
c c c d d
X5 + x; + x5, +xjk +xﬂ <4.

For G = C3, we then obtain the following set of constraints

Zx?. =1 forallij e ([n])
1] 2

ceC
Z xf}j <|E(H)|—1 forall H=H, forallc;eC (4a)
ijeE(H)
xfj +x;, <1 for all distinct i, j,k € [n], forallceC (4b)
x;; €{0,1} for alli# je[n], forall c € C.

The formulation is similar for any other forbidden orderable graph G, with the constraint (4b) being
replaced by the appropriate constraint; for instance, constraint (3.1) for G = K.

We can also choose to minimize (resp. maximize) the number of colors used by introducing
variables (2°).cc that take value 1 if and only if the color c is used at least once in the coloring. We
then minimize (resp. maximize) ZCEC z¢ and add the constraint z¢ > xicj foreveryij€ E(G)andc €C
(resp. z° < Zij x{; for every c €0).

This program works well on very small instances. However, considering the exponential number
of constraints, it is no surprise that this program quickly becomes virtually impossible to solve. In
particular, there are ¢/ - (':) constraints of type (4a), forbidding the presence of a rainbow copy of
K,. This number becomes quickly so large that it is impossible even to generate all of the constraints.

A Colorblind ILP formulation. To tackle this scalability issue, we introduce another integer linear
formulation for this problem, where we do not have to generate all possible combinations of colors:
a colorblind formulation.

11



We introduce binary variables y, ; for all distinct edges e, f € ([Z]), such that

_J1 ifedges e and f have the same color,
Yef =10 otherwise.

We identify y, ; = y;, for every pair of edges (e, f), and, as before, always write edges ij without
regard to the order of vertices. Note that we have the following relation between these variables and
the x-variables previously introduced: for all distinct edges e, f

Yef = ngx;.

ceC

To accurately model a coloring, these variables have to respect transitivity: for any three edgese, f, g,
if edges e and g and edges f and g have the same color, then edges e and f have the same color. We
enforce these relations using the transitivity inequalities, for all pairwise-distinct edges e, f, g

ye,f_ye,g_yf,g =—1

With these variables, the absence of a rainbow copy of H can be enforced by requiring at least
two edges of each copy H of H in K,, to be of the same color:

Z Ye,f =>1.

e,f€E(H)

We now detail how we forbid orderable copies of graph G depending on G in the cases where G
is a complete graph or a cycle.

A colored cycle is orderable if and only if it has one vertex with two incident edges of the same
color, as shown in Figure 8. Hence, forbidding canonical colorings of any cycle is equivalent to
requiring proper edge coloring (if the graph has at least as many vertices as the cycle). This can be
expressed by fixing

Yijik = 0

for all vertices i, j,k € [n].

e

Figure 8: An orderable coloring of C¢. The black edges can be any color.

As mentioned in the previous section, the complete graph G = K, is orderable if and only if it
contains one vertex i with all three incident edges of the same color and another vertex j whose two
incident edges are different from ij have the same color (see Figure 7). We can express this constraint
as

Yijik T Yijie t Yikie T Yikje <3 for all pairwise-distinct i, j, k, £ € [n].

This constraint enforces that, in the clique formed by vertices {i, j, k,£}, vertex i can have three
incident edges of the same color if and only if j does not have its other two incident edges of the
same color. Enforcing this for all pairwise-distinct i, j, k, £ ensures that there is no orderable clique in
the graph.

12



Likewise, a coloring of K, is orderable if and only if it has one vertex with n incident edges of the
same color, another vertex with (n — 1) incident edges of the same color, another one with (n — 2)
incident edges of the same color, and so on. More orderability constraints for bipartite graphs are
detailed in Appendix A.

For G = C; we obtain the following set of constraints

Yef —Yeg—Yfg=—1 foralle, f,g € ([;l]),
Z Yijik =0 for alli € [n], 5)
Jokeln]\{i}
PNEAES forall A= HCK,,
e.f€E(H)
Yes €{0,1} foralle, f € ([g]).

To forbid other graphs G to be orderable, we replace constraint (5) with one of the other con-
straints described above or in the Appendix A.

Compared to Formulation (4), the number of variables grows from order n? to n* and the number
of constraints remains exponential. However, the colorblind formulation has the advantage of avoid-
ing the bottleneck of the previous formulation, which lies in computing all possible rainbow colorings
of a clique of size t. Though this formulation still does not allow us to obtain bounds for large values
of n, especially as t increases, it provides more results, and in less time, than the non-colorblind one.

3.2 Integer linear formulation for ordered Ramsey numbers

Here we introduce an ILP formulation that, for given n and G, finds a 2-coloring of K,, that does not
contain a monochromatic copy of G when it exists, implying that T{’(g) > n+ 1. If this program is

not feasible, we obtain that —R>(G) <n.
To this end, we model a red-blue coloring of the edges of K, by introducing a vector of vari-

ables x € {0, 1}([;]), where, for every edge e € ([rzl])’

X, =

1 if e has color red,
0 if e has color blue.

We then formulate the following set of linear constraints

Z x,>1 forall GG, (6a)
e€E(G)
> x <IE(G) -1 forall =G, (6b)
ecE(G)
x, €{0,1} foralle € ([;]), (6¢)

in which constraint (6a) (resp. (6b)) forbid edges of a copy of G in K|, to be all blue (resp. red).

The number of constraints of this formulation remains exponential in |G|, preventing us from
obtaining bounds for larger graphs. However, it is efficient in computing bounds for small graphs, as
shown in Section 4.3.
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3.3 Tabu search

We implemented a tabu heuristic similar to what was done by Lidicky, McKinley, and Pfender [44] to
construct feasible graphs for Ramsey numbers. The goal of this method is to construct a coloring of
K, heuristically without the forbidden patterns. The idea is the following: we implement a scoring
function, which returns how far we are from a Ramsey graph. In practice, the scoring function simply
counts the number of copies of forbidden graphs appearing in a given graph. Then, starting from a
random coloring, we iteratively recolor a single edge. Here, we pick the edge that leads to the largest
improvement in the scoring function. To avoid getting stuck in a local minimum, the tabu list comes
into play, preventing the algorithm from visiting graphs more than once. This means that in some
steps, the score of the graph will first get worse before it gets better. Here, we only store the hashes
of the graphs in the tabu list. We stop the algorithm when the score of the graph reaches zero, i.e., it
does not contain any forbidden graphs.

We can speed up this approach by computing an upper bound on the number of colors. This can
be done by maximizing the number of colors in a small Ramsey graph using an ILE as explained in
Section 3.1.

This approach was needed to obtain the sharp lower bound CR(3,5) > 13.

3.4 Lower bounds by complete enumeration

One can also try to generate all Ramsey graphs of size n comprehensively. We start by generating all
Ramsey graphs for n = 1, that is, only the graph on one vertex. We then proceed iteratively. For each
n > 1, let us denote by {Gy,...,G,,} the set of feasibly colored graphs of size n up to isomorphism.
From each G;, we construct a graph of size n+ 1 by attaching a new vertex n+1. We then consider all
the possible colorings of the edges incident to the vertex n+1 and keep only the ones that are feasible.
The union of these graphs obtained from each G; contains the set of all feasible colorings of K,,,.; up
to isomorphism. Keeping only a set of representatives of these graphs, we repeat this iteratively until
we reach a size where no Ramsey graphs can be found. The limitation of this method clearly lies in
the fact that the number of Ramsey graphs may first become extremely large before becoming smaller
again, and at some point, it may become practically impossible to compute the next iteration of the
algorithm.

This is, for instance, how we compute the sharp lower bound CR(6, 3) > 26, as well as many of
the smaller lower bounds seen in Tables 3 and 6.

For CR(6, 3), it was not possible to enumerate all Ramsey graphs up to order 25 directly. First,
we used flag algebras calculation on 6 vertices to show that CR(6,3) < 26. Since the calculation
seemed sharp, we inspected the solution and noticed that monochromatic triangles were missing as
well as six other colored graphs of order 6. After forbidding these 7 graphs in addition to orderable
K and rainbow C;, we were able to enumerate the graphs up to order 25 and found some graphs
on 25 vertices. See Table 2, where give the number of these graphs for for each size of graph n.
The enumeration implies CR(6, 3) > 26. This demonstrates how even a numerical solution using flag
algebras can help with direct enumeration.
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n 1 2 3 4 5 6 7 8 9

#graphs 1 1 1 4 9 26 59 164 376
n 10 11 12 13 14 15 16 17 18
#graphs 901 1869 3727 6316 10482 15754 21319 25275 25269
n 19 20 21 22 23 24 25 26
#graphs 21901 15483 9433 4411 1795 476 127 0

Table 2: Number of graphs (up to isomorphism) used in enumeration for showing CR(6, 3) = 26.

4 Results

We now present the bounds obtained through the methods introduced above for the three Ramsey
variants considered. Throughout this section, we mark bounds in blue when they are sharp and
otherwise provide the interval [lower bound, upper bound].

4.1 Canonical Ramsey numbers

In Table 4, we present the bounds we obtain for the (ordered) canonical Ramsey numbers ER(G) for
all ordered graphs up to 4 vertices without isolated vertices, up to reflection. Indeed, the ordered
Ramsey number of the reflection of a graph G, that is, the graph with the reverse ordering, is equal
to the one of G.

All sharp upper bounds are obtained through complete enumeration or infeasibility of the corre-
sponding ILP formulation, and other upper bounds are obtained using flag algebras. All computations
were done on 5 vertices except the upper bound for K,, where the SDP was too large to be solved.

15



2D

10
Ko | 7D
’ 6
Paw .@» m @
9 [12,43] 9 [11,26] [11,17] 10
Ca [9,14]  [9,37]  [11,24]
K-

4 [15,00) [15,5224] [15,00) [13,288]

[16,00)

Table 3: Bounds for ordered canonical Ramsey numbers ER(G).

4.2 Unordered canonical Ramsey numbers

Complete graphs. In Table 4, we present our results for the unordered canonical Ramsey numbers
CR(s,t) for 3 <s < 6and 3 <t < 5. We obtain exact results for six of these numbers and we improve
the known upper bound on CR(4,4). The other numbers are still, for the moment, out of reach for
our algorithms.
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;'] 3 4 5
313 7 13
4 | 6 [2645] -
5 |11 - -
6 | 26 - -

Table 4: Lower and upper bounds on unordered canonical Ramsey numbers CR(s, t) of complete
graphs.

These results were obtained in the following way: solving the ILP provided the exact values of
CR(3,3), CR(3,4) and CR(4,3); as well as the lower bound on CR(5,3). We found a construction
for CR(3,5) on 12 vertices with the tabu algorithm, providing us with the lower bound of 13. The
construction of a graph on 25 vertices for CR(6, 3) was obtained through complete enumeration. The
lower bound for CR(4,4) is the specific case of the bound proven by Richer [51] for all s and t, as
shown in Equation (1).

The upper bounds for CR(3,5), CR(4,4), CR(5,3) and CR(6,3) were all obtained with the col-
orblind flag algebras method, on 7, 6, 5 and 6 vertices respectively. The computation of the upper
bound for CR(4,4) required 505,163 unlabeled flags in the program, requiring just below 2TB of
memory using csdp.

Bipartite graphs. We now present our bounds on the unordered canonical Ramsey number CR(G, H)
for bipartite graphs. A colored graph G on n vertices is orderable if and only if the restriction of G to
its vertices of degree at least 2 is orderable. Hence, for any G, an edge-coloring of K,,, with n > |V(G)|,
does not contain an orderable G if and only if it does not contain an orderable G (recursively) re-
moved of all its vertices of degree 1. In our computations, we thus only consider the unordered
canonical Ramsey numbers CR(G, H) for bipartite G without vertices of degree 1. Note that since
we can apply this recursively, this implies, in particular, that any coloring of a tree is orderable. The
graphs we examine are the even cycles C4 and Cg, the complete bipartite graphs K, 3, K, 3, K, 4 and
K3 3, the ladder graph on 6 vertices L3 and the complete bipartite graph with one edge removed Ky 5.
They are represented in Figure 9. All the lower bounds presented here are obtained by the colorblind
ILP formulation of Section 3.1; and the upper bounds are obtained via flag algebra computations.
They are summarized in Table 5.

X o om X % X

K-

3,3

Figure 9: The bipartite graphs considered.
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¢ |G Ky3 Ce Ly Ky, Ky4 Ks3

¢, |5 7 9 9 10 10 [11,13]
Kys | 7 9 9 9 [11,12] [11,13] [11,12]
Cs | 6 7 9 9 10 10 [11,13]
I, | 6 8 10 10 11 [11,12] [12,15]
Ky, | 7 10 10 [10,11] [10,00) [11,00) [12,00)
Kys | 10 [10,00) [10,00) [12,00) [12,00) [12,00) [13,00)
Kss | 10 [12,00) [11,00) [11,00) [13,00) [12,00) [14,00)

Table 5: Bounds on CR(G, H) for bipartite.

4.3 Ordered Ramsey numbers

In Table 6, we display the bounds obtained by the flag algebras on the ordered Ramsey numbers

—R)(g) of all graphs of size up to 4, up to reflection. The lower bounds shown here are the known
exact Ramsey numbers, proven in [8] and [48].
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4 10 14 11

Ky @' [14,17] [15,16]  [13,14]

Table 6: Bounds for ordered Ramsey numbers —R>(G).

We show in Table 7 our bounds on the ordered Ramsey numbers _R)(g) on some selected ordered
graphs of size 5. The second and third columns show the bounds obtained with the ILP formulation
introduced in Section 3.2. The last two columns display the upper bounds obtained using the ordered
variant of the flag algebra method described in Section 2.3 on 5 and 6 vertices, respectively.
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UBFA UBFA
ID g LBILP UBILP n=5 n=6

TSNS B 14 27 19
RN B 16 45 25

3 @ 15 15 32 20
4 @ 14 14 31 29

5 A 19 - 50 30
6 > 24 - - 33
7 = 13 13 21 16

8 NCSP g 15 15 26 19

9 AN 13 13 21 16
10 SYSS 12 12 22 16

Table 7: Lower and upper bounds on the ordered Ramsey numbers of certain graphs of size 5. ID is
used to identify the graphs in the code repository.

4.4 Implementation

We used the programming language Julia to implement the lower bounds. To compute the upper
bounds based on flag algebras, we used the Julia package FlagSOS [16] to generate the lists of
Ramsey graphs up to isomorphism, which were then used by a further developed version of the flag
algebra software developed by Lidicky and Pfender [45] to generate the list of flags, compute the
products of flags, and build the final SDP The SDPs were solved using either Mosek [2] or CSDP [14],
on an AMD EPYC 9474F 48-Core Processor with 1536GB RAM, and on the Alderaan cluster at the
University of Colorado Denver. The cluster was funded by an NSF grant 2019089 CC* Compute:
Accelerating Science and Education by Campus and Grid Computing. The ILP formulations were
solved using Gurobi [35] version 10.0.0 with JuMP [46] on an AMD EPYC 7532 32-Core Processor
with 1024GB RAM. Results of our calculations and programs to perform them are available athttps:
//github.com/DanielBrosch/Ramsey.

5 Conclusion

By combining the flag algebra method, which uses colorblind and/or ordered flag algebras, with
algorithms for constructing Ramsey graphs, we can efficiently compute numerous lower and upper
bounds in an automated manner. We recovered some known Ramsey numbers but also obtained
plenty of new bounds. When the resulting bound is small, ILP methods are very efficient. For larger
values, the combination of tabu search and flag algebras seemed to work better to obtain bounds.
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A Appendix: Criteria on orderability of bipartite graphs

Here, we detail the constraints we enforce in the colorblind ILP formulation (6) to forbid the pres-
ence of an orderable graph G in an edge-coloring of K, when G is one of the bipartite graphs
Ky3,L3,K;5,Ky4 and K3 3. The conditions on the orderability of the graphs were established by
considering all possible orderings of each graph and categorizing all orderable colorings into general
cases.

For each edge-colored graph G, we detail the subgraphs that make G orderable. We represent each
of these subgraphs and the orderable G it induces, drawn in its usual and ordered forms. We then
express the linear constraint forbidding this subgraph. In each of the drawings, edge color classes are
represented by different colors, though they may be combined, and black edges can be of any color.

To simplify notation, we extend the vector of y-variables introduced in Section 3.1 to also include
variables y,;, .4 for a = b, for c = d and for ab = cd, and we set all these variables to 0.

A.1 Complete bipartite graph K, ,

as

» AN,

Cy G a by o by

a;

by

A}

Z Yayagap S 1 for all a;,a, € [n]
bé{a,az}

as

” S,

Ca as b, a by Ca

by

Yayar,anb; T Ybyay,byb; < 1 for all pairwise-distinct a;, b;,a,, b, € [n]

<< -
by

Yayayasby T Yarbyaye, < 1 for all pairwise-distinct a;, by, as, b,, ¢, € [n]

A

a

” AN

Ca a; a by by ¢

A
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A.2 Ladder graph L,

Ao\

a

> Yabee<1  foralla,be[n]
c¢{a,b}

AN FE

© dp b a G dp G dy
6 a b=cy dy
AN
G 4 a b ¢ d; d,
ai=dy b
NN
Yacy.ac, T Ybdy,bd, < 1 for all a, b, ¢y, ¢y, d;,dy € [n] with [{a, b,cy,¢y,d;,ds}| =5
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A.3 Complete bipartite graph minus one edge K,

-

A

>

a;
b,

€1

yalaZaal by +ya1a2,0152 +yf11 by,a;cy +y‘12b1,a251 =3

a
b,

Ca a; a; ¢ by by ¢

for all pairwise-distinct a;, by, ¢;, ay, by, ¢y € [11]

"

P

ap
b

91

yalazﬂl by +y‘11a2,‘11‘32 +y‘11 by,a;cy +y‘-‘1‘12,51 b, =<3

as
by

Co a; ¢ a; by ¢, by

for all pairwise-distinct a;, by, ¢;, ds, by, ¢y € [11]

4

a;
b,

€1

yalbz,alcz + yazal,azbl + yclaz,clbz <2

as
by

Cy ¢, ay a; by by ¢y

for all pairwise-distinct a;, by, ¢y, as, by, ¢y € [1]

&

a;
b

G

yaZ(ll:aZbl + yc]a2:cl by + yc2“1’C2b1 <2

as
by

Co ¢ ay ¢ a; by by

for all pairwise-distinct a;, by, ¢, ay, by, ¢y € [11]




A.4 Complete bipartite graph K, 4

Z Yabac < 2 for all distinct a, b € [n] (7)
c¢{a,b}
J
N
as

b, €2 4 %%
d, a, a; by ¢y dy by

Yayay,anb; T Z Yaybyare < 2 for all pairwise-distinct a;, by, ay, b, € [n] 8)
c¢{as,az,b1}

Note that constraint (8) implies the previous constraint (7).

@l @ by
by “ -@
d; a by ¢ ay by 4,

Z Yeay by <2 for all distinct a;, b; € [n]

e¢{a;,bi}
J
N
as
by €2 é %
dy a; by a; ¢y dy by
Yayay,asb, T Ybyarbyb, T Yayepard, < 2 for all pairwise-distinct a,, by, ay, by, ¢y, d; € [n]

28



A.5 Complete bipartite graph K ,

¢ Cy a; b, a, b, Cy 1

yal“Zaale + yalaz’alCZ + ya1bz,alcz + yblﬂz,blbz + yblﬂz,blcz + yb1bz,b1¢z =4

for all pairwise-distinct a;, by, ay, by, ¢, € [n]

a; a
S F ==
c Cy a; a, b, b, Cy 1

yalaz,al b, + yalaz,alcz + yal by,a;c,y + yazbl,azcl + ybl by,bycy <4
for all pairwise-distinct a;, by, ¢y, ay, by, ¢y € [1]

: a; as
) % )
€1 Cy a; as b, by €1 Cy

yalaz,al b, + yalaz,alcz + ya1 by,a;cy + yazbl,azcl + .ybzbl,bzc1 <4
for all pairwise-distinct a;, by, ¢y, as, by, ¢y € [1]
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