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Abstract: We prove that up to two exceptions, every connected subcubic triangle-free
graph has fractional chromatic number at most 11 /4. This is tight unless further exceptional
graphs are excluded, and improves the known bound on the fractional chromatic number of
subcubic triangle-free planar graphs.
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1 Introduction

Fractional coloring was introduced in 1973 [10] as an approach for either disproving, or giving more
evidence for the Four Color Theorem. While this largely failed, the topic of fractional coloring turned out
to be interesting on its own, in part due to applications in the study of the independence number. For a
real number k, a graph G is fractionally k-colorable if any of the following equivalent [15] conditions
holds:

* There exists an assignment ¢ of sets of measure 1 to vertices of G such that ¢(u) N (v) = 0 for
every edge uv € E(G), and the measure of [,cy () @(v) is at most k.

* For some positive integers a and b such that a/b < k, there exists an assignment ¢ of subsets of
{1,...,a} of size b to vertices of G such that ¢(u) N @(v) = 0 for every edge uv € E(G).
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* For every assignment of non-negative weights to vertices of G, there is an independent set in G that
contains at least (1/k)-fraction of the total weight.

Note that either of the first two conditions directly implies that for an integer &, a properly k-colorable
graph is also fractionally k-colorable. The fractional chromatic number of G is defined as the infimum
of the values k such that G is fractionally k-colorable (actually, this infimum is achieved, and thus we
could write “minimum” in this definition [15]). By considering the uniform weight assignment, the
last of the equivalent conditions shows that every fractionally k-colorable graph on n vertices contains
an independent set of size at least n/k. Conversely, in case graphs from a certain class contain large
independent sets, it is natural to ask whether they have bounded fractional chromatic number.

The independence number of triangle-free graphs is of particular interest as one of the most basic
instances of the Ramsey theory—the fact that the Ramsey number R(3,t) is ®(¢?/logt) [1, 12] is
equivalent to saying that the minimum possible independence number of a triangle-free graph on n
vertices is @(y/nlogn). In terms of the maximum degree, it is known [1] that an n-vertex triangle-free
graph of maximum degree at most A has an independent set of size Q(nlogA/A). Actually, they also have
the chromatic number O(A/logA), but the proof of this fact is substantially more involved [11, 14, 13].

The bounds mentioned in the previous paragraph are asymptotic and do not give any information
for small values of A. In this paper, we are interested in the case of the maximum degree A < 3, i.e.,
subcubic triangle-free graphs. Culminating a series of previous results, Staton [16] proved that every
n-vertex subcubic triangle-free graph has an independent set of size at least 5n/14; this bound is optimal,
since the generalized Petersen graph P(7,2) has 14 vertices and no independent set of size greater than 5,
as observed by Fajtlowicz [6]. In fact, P(7,2) and another 14-vertex graph (see Figure 2) are the only
connected graphs for which this bound is tight. Fraughnaugh and Locke [7] proved that a connected
n-vertex subcubic triangle-free graph has an independent set of size at least (11n —4) /30, improving
upon Staton’s bound for rn > 14. Based on earlier experimental evidence of Bajnok and Brinkmann [3],
Fraughnaugh and Locke [7] also conjectured an improvement of this bound: An n-vertex subcubic

triangle-free graph avoiding graphs F; 1(4:)’ Fl(j ), Fi1, Fop, F 1(91), and F’ 1(92 ) as subgraphs has an independent

set of size at least 3n/8. Here F1(4:) and Fl(f ) are the two graphs depicted in Figure 2, and Fy, Fao, F1(9])

and F1(92 ) are the graphs depicted in Figure 3 which also have independence number smaller than 3/8
times their number of vertices. This conjecture was recently confirmed by Cames van Batenburg et al. [4].
Let us remark that this result is tight, as there exist infinitely many 3-connected subcubic triangle-free
graphs G of girth five with independence number 3|V (G)|/8.

The study of these questions from the perspective of the fractional chromatic number was first
proposed by Heckman and Thomas. In the paper where they gave a new proof of Staton’s result, they
suggest the following natural strengthening.

Conjecture 1.1 (Heckman and Thomas [8]). Every subcubic triangle-free graph is fractionally 14/5-
colorable.

Furthermore, in [9] they proved that every n-vertex planar subcubic triangle-free graph has an

independent set of size at least 3n/8 (since the graphs Fl(i ), e F1(92 ) are non-planar, this is a special case
of the result of Cames van Batenburg et al. [4]), and gave the corresponding fractional chromatic number
conjecture.
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Conjecture 1.2 (Heckman and Thomas [9]). Every subcubic triangle-free planar graph is fractionally
8/3-colorable.

Conjecture 1.1 was proved by Dvordak et al. [5]. Cames van Batenburg et al. [4] proposed the natural
strengthening, which would imply Conjecture 1.2.

Conjecture 1.3 (Cames van Batenburg et al. [4]). Every subcubic triangle-free graph avoiding F1(41 ), Fl(f ),

Fi1, F, Fl(gl) , and F1(92 ) as subgraphs is fractionally 8 /3-colorable.
In this paper, we present the first step towards this conjecture.

Theorem 1.4. Let G be a subcubic triangle-free graph. If no component of G is isomorphic to the graphs
Fl(i ) and Fl(f ) depicted in Figure 2, then G has fractional chromatic number at most 11/4.

Note that the bound 11/4 is the best possible if only the two subgraphs Fl(i ) and Fl(j ) are forbidden,

as the graphs Fj; and F»; have fractional chromatic number 11/4. Conversely, let us remark that Fl(i )

and Fl(f ) both have fractional chromatic number 14 /5 > 11/4, and thus we cannot avoid forbidding them.

Since Fl(i) and Fl(f ) are both non-planar, we obtain the following partial result towards Conjecture 1.2.

Corollary 1.5. Every subcubic triangle-free planar graph is fractionally 11 /4-colorable.

Let us end the introduction by proposing the following conjecture, intermediate between Theorem 1.4
and Conjecture 1.3.

Conjecture 1.6. Every subcubic triangle-free graph avoiding F](i ), Fl(f ), F11, and Fy; as subgraphs is

fractionally 19 /7-colorable.

In the following section, we present a strengthening of Theorem 1.4 that enables us to carry out an
inductive argument; this strengthening is motivated by the proof method of Heckman and Thomas [8]
and Dvordk et al [5]. In the following sections, we consider the properties of a hypothetical minimal
counterexample to this strengthening, gradually obtaining more information on its structure.

* First, we argue that it can have only trivial 2-edge-cuts (where one side of the cut is a path of
vertices of degree two) and use this to conclude that the minimal counterexample cannot have
nailed vertices, and that any adjacent vertices of degree two must be contained in a 5-cycle.

* Next, we show that every vertex has at most one neighbor of degree two.

* Then, we show that the minimum counterexample does not contain KI as an induced subgraph.
This significantly simplifies the verification that the e-graphs arising from further reductions do not
have critical induced sub-e-graphs.

* In the next step, we reduce 5-cycles containing two vertices of degree two. As we have argued
before that any adjacent vertices of degree two belong to a 5-cycle and that no vertex has two
neighbors of degree two, this implies that the distance between distinct vertices of degree two is at
least three.
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» Next, we show that vertices at distance at most one from a 4-cycle have degree at least three.

* We now enter the final stages of the proof. Up to this point, we generally used straightforward
reductions, replacing the configuration of interest with a smaller one, arguing that the resulting
e-graph is valid and does not contain critical induced sub-e-graphs and thus has an 11 /4-coloring,
and showing that this 11/4-coloring can be extended to the original configuration.

We now reduce vertices of degree two, for which this approach is not sufficient. Instead, we try two
different reductions, neither of which quite works—we obtain two fractional colorings ¢, and ¢,
which assign fewer colors than required to some of the vertices. However, they also assign more
colors than required to other vertices, and we argue that a convex combination of ¢; and ¢, is an
11 /4-coloring of the whole graph.

» Using similar ideas, we then eliminate 4-cycles.

Hence, at this point (Section 10), we know that the minimum counterexample is 3-regular and has girth at
least five. We now come to the core of the argument, very similar to the one used in [5]. For each vertex v
of a minimum counterexample G, we delete v and the neighbors of v and find an 11/4-coloring of the
resulting e-graph G, without nailed vertices. We then convexly combine these |V (G)| colorings to obtain
an 11/4-coloring of the whole graph, which gives a contradiction. Compared to [5], we need to work
much harder to argue that the graph G, does not contain critical induced sub-e-graphs. Indeed, the critical

e-graphs Fl(i ) and Fl(j ) arise in the analysis performed in this step.

Programs

Many of the arguments in this paper are computer-assisted; the programs we used to verify the claims can
be found at https://iuuk.mff.cuni.cz/ rakdver/elevenfour/. To decrease the chance of errors,
two of the authors wrote independent programs using different frameworks:

* The program by Zdenck Dvordk is written in C++, using the Parma Polyhedra Library to enumerate
vertices of polyhedrons and Gurobi to solve linear programs. While the Parma Polyhedra Library
operates in exact arithmetics, Gurobi uses floating-point arithmetics. However, to eliminate the
issue of rounding errors, we convert the obtained solutions (of primal or dual programs, depending
on the outcome) to rational numbers and verify their validity in exact arithmetics.

* The program by Bernard Lidicky is written in SageMath. It can use variety of solvers shipped with
SageMath, including Gurobi and/or Parma Polyhedral Library.

2 Preliminaries

Following the ideas of [5, 8], we are going to prove a strengthening of Theorem 1.4 where we put
additional constraints on the coloring of vertices of degree less than three. When coloring the given graph
G, we generally choose an induced subgraph H of G, find its coloring inductively, then extend the coloring
to G, taking advantage of these additional constraints on the coloring of H. However, occasionally it is
necessary not to enforce these constraints at some of the vertices of H, and to treat the vertices according
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to their original degree in G rather than their current degree in H. To deal with this issue, we introduce
the following definition.

A graph with external degrees (an e-graph for short) is a graph G (the underlying graph of the
e-graph) together with a function dg : V(G) — Z{ such that dg(v) > degv for every v € V(G). We say
degv is the degree and dg(v) is the external degree of the vertex v of the e-graph. We use deg; v when we
need to specify that the degree is in G. A vertex v € V(G) is nailed if dg(v) > degv. We say an e-graph
G is subcubic if dg(v) < 3 for every v € V(G), and cubic if dg(v) = 3 for every v € V(G); let us remark
the underlying graph of a cubic e-graph may contain vertices of degree less than three. In contrast, we
say an e-graph G is 3-regular if all its vertices have degree three. Note that if G is subcubic and has
minimum degree at least two, then the function d¢ is uniquely determined by the set of nailed vertices of
G (each nailed vertex v has degree two and dg(v) = 3, while all other vertices u satisfy dg(u) = degu);
in figures, nailed vertices are drawn in black and all other vertices in white. We say that G is valid if G is
subcubic, triangle-free, and dg(v) > 2 for every v € V(G). A sub-e-graph of G is an e-graph consisting
of a subgraph of G and the restriction of dg to its vertex set. For Y C G, let G[Y] denote the e-graph
consisting of the subgraph of G induced by Y and the restriction of d to Y; we say that G[Y] is an induced
sub-e-graph of G. If Y # V(G), we say G|Y] is a proper induced sub-e-graph. Note that an induced
sub-e-graph of a valid e-graph is itself valid.

For a measurable set S of real numbers, let |S| denote the measure of S. For a real number r > 0, by
a set r-coloring of an e-graph G, we mean a function ¢ assigning a measurable subset of the interval
[0,r) to every vertex v of G such that ¢ (u) N @(v) = 0 for every uv € E(G). Let us now introduce a key
definition.

Definition 2.1. Let ¢ be a set 11-coloring of a subcubic e-graph G. We say ¢ is an 11 /4-coloring
of Gif |o(v)| =7—dg(v) for every v € V(G). A subcubic e-graph G is 11/4-colorable if G has an
11/4-coloring.

That is, each vertex receives a color set of measure at least four, and we require sets of larger measure
to be assigned to vertices with dg(v) < 3. In particular

_J4 ifdg(v) =3,
WW_{S if dg(v) = 2.

Observe that if the e-graph G is cubic, then it has an 11/4-coloring if and only if the underlying graph of
G is fractionally 11 /4-colorable. A subcubic e-graph G is critical if G does not have an 11/4-coloring,
but every proper induced sub-e-graph of G has an 11/4-coloring. Observe that valid critical graphs have
a minimum degree at least 2. Critical e-graphs characterize 11/4-colorability in the following sense.

Observation 2.2. A subcubic e-graph G is 11 /4-colorable if and only if G does not contain a critical
induced sub-e-graph.

Let K be the graph obtained from the clique K4 by subdividing twice the edges of a perfect matching;
see Figure 1. Let € denote the set of all pairwise non-isomorphic valid critical e-graphs. Let us now state
the strengthening of Theorem 1.4 that we are about to prove in the rest of the paper.

Theorem 2.3. The set C contains exactly 176 e-graphs. Out of these, only the two 14-vertex e-graphs
depicted in Figure 2 are cubic. Furthermore:
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Figure 1: The graph K.
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Figure 2: Valid critical cubic e-graphs Fl(i) and F; 1(4% )

Y G
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Figure 3: Subcubic graphs F,; and F;; with fractional chromatic number 14—1 and F 1(91 ) and F1(92 ) with
fractional chromatic number ?
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(a) Each e-graph in C has at most two nailed vertices, and if it has two, then its underlying graph is
either Cs or K.

(b) If G € C has exactly one nailed vertex, then G contains at least three non-nailed vertices of degree
two.

(c) No graph in C has exactly three vertices of degree two.
This implies our main result.

Proof of Theorem 1.4. We can assume G is connected, as otherwise we can color each component
separately. Let us extend G to a valid cubic e-graph by defining dg(v) = 3 for every v € V(G). By the
assumptions, G is not isomorphic to either of the e-graphs depicted in Figure 2. Moreover, the e-graphs
depicted in Figure 2 are 3-regular, and since G is connected and has maximum degree at most three, it does
not contain either of them as a proper induced sub-e-graph. Since G is cubic, all its induced sub-e-graphs
are cubic, and thus Theorem 2.3 implies that G does not contain a critical induced sub-e-graph. By
Observation 2.2, G has an 11/4-coloring, and thus the underlying graph of G has fractional chromatic
number at most 11/4. O

Let Cy be the set of e-graphs listed in the Appendix (which we obtained by a computer-assisted
enumeration). Using computer, we also verified that all e-graphs in Cy are valid, subcubic, critical (so
Co C C), and pairwise non-isomorphic, |Cy| = 176, the only cubic e-graphs in Cy are the two drawn in
Figure 2, and the following conditions analogous to those from Theorem 2.3 hold:

(a0) Each e-graph in Cy has at most two nailed vertices, and if it has two, then its underlying graph is
either Cs or KI .

(b0) If G € €y has exactly one nailed vertex, then G contains at least three non-nailed vertices of degree
two.

(c0) No graph in Gy has exactly three vertices of degree two.
Therefore, Theorem 2.3 is implied by the following lemma.
Lemma 2.4. Every e-graph G € C belongs to Cy.

The rest of the paper is devoted to the proof of Lemma 2.4. We proceed by contradiction; we say a
graph G is a minimum counterexample if G is an e-graph in €\ €y with the smallest number of vertices
and subject to that the smallest number of nailed vertices. Thus, G is valid and critical, and in particular,
G does not have an 11/4-coloring.

Note that the subcubic e-graphs with at most two nailed vertices and underlying graphs Cs or K" are
not 11/4-colorable, and they all belong to C. Since a minimum counterexample is critical, we obtain the
following useful observation.

Observation 2.5. If G is a minimum counterexample, then every induced sub-e-graph of G whose
underlying graph is Cs or Kj has at least three nailed vertices. In particular, if G has no nailed vertices,
then every 5-cycle in G contains at least three vertices of degree three.
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Let us also note the following simple but useful observation.

Observation 2.6. Let G be an e-graph and let H be an induced sub-e-graph of G. Every vertex v € V(H )
incident with an edge e € E(G) \ E(H) is nailed in H.

2.1 Coloring and reducibility

The initial part of the proof of Lemma 2.4 consists of a series of reducible configuration arguments. In
the ordinary proper coloring setting, such an argument proceeds along the following lines. Suppose
G = G1 UGy, where G and G, are proper induced subgraphs of G, and let S = G1 N G,. Suppose
moreover that Gy is a quite small graph, and thus we can directly verify that it satisfies the following
condition: Every proper coloring of S (by the given number of colors) extends to a proper coloring of Gj.
This implies that G has a proper coloring by the given number of colors if and only if G, has one, and
thus the argument can be finished by applying induction.

In the fractional coloring setting, the argument is slightly more involved, since S typically has
infinitely many fractional colorings by the given measure of colors. However, through the standard linear
programming reformulation of fractional coloring, it can be seen that the fractional colorings of S (up to
measure-preserving transformations) form a polytope, and to verify that all of them extend to fractional
colorings of Gy, it suffices to verify this is the case for the colorings that form the vertices of this polytope.
In this section, we describe this idea in more detail.

Let r > 0 be a real number. The set r-colorings of an e-graph G can be convexly combined, in the
following sense. Let @y, ..., @, be set r-colorings of G, and let A1, ..., A, > 0 be real numbers summing
to 1. For i = 1,...,n, choose arbitrarily a linear bijection f; from [0, r) to a sub-interval of [0,r) of length
Air, so that the intervals fi([0,7)], ..., f4([0,r)) are pairwise disjoint. Let }'7 | A;¢; denote the function
¢ defined by ¢(v) = UL, fi(gi(v)) for every v € V(G).

Observation 2.7. Let G be an e-graph and let r > 0 be a real number. Let @y, ..., @, be set r-colorings
of G, and let Ay, ..., A, > 0 be real numbers summing to 1. Let ¢ =Y | L;¢;. Then @ is a set r-coloring
of Gand |@(v)| = X1, Xi|@i(v)| for every v € V(G).

Let G be a subcubic e-graph and let J(G) denote the set of all independent sets of G. Note that G has
an 11/4-coloring if and only if we can assign a non-negative real number x(I) to every set I € J(G) so
that

* forevery v € V(G), we have ¥ 5, x(I) =7 —dg(v), and

* Yiegcx(I) =11

Indeed, if @ is an 11/4-coloring, for a color ¢ € [0,11) let 9~ !(c) = {v € V(G) : ¢ € ¢(c)} be the
(independent) set of vertices on which ¢ appears, and for each independent set /, set x(I) to be the measure
of the set {c: @~ !(c) =I}. The converse is similarly easy. Let p be an mapping from J(G) to measurable
subsets of [0,11) such that |p(I)| = x(I) for all I € J(G) and p is a partition of [0,11). An 11/4-coloring
¢ of G can be constructed by letting ¢(v) = U5, p(i) for each vertex v € V(G).

We say that this function x : J(G) — Rar is the LP representation of the coloring ¢ (as the constraints
on x form a linear program). Note that two 11 /4-colorings have the same LP representation exactly if
they differ only by a measure-preserving transformation.
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The functions x € R*(9) satisfying the above constraints form a polytope, which we denote by P (G),
1.€.,
xRN x(I) > 0forall I €I(G),
P(G) = Yy x(I) = 11,
Yisvx(I) =7—dg(v) forallv € V(G)

For a set S C V(G), the restriction of x to S is the function y : J(G[S]) — Ry defined by

W= Y x(0) @.1)
1€9(G),INS=J

for J € J(G[S]). Note that if x is the LP representation of an 11/4-coloring ¢, then y is the LP representa-
tion of the restriction of ¢ to G[S]. If y is the restriction of the LP-representation of an 11/4-coloring
of G, then we say that y extends to G. Observe that y extends to G if and only if there exists x € P(G)
satisfying the linear equations (2.1), and thus extendability of y can be tested algorithmically via linear
programming.

We often deal with various conditions on 11/4-colorings ¢ of G[S], of the form | (u)Ne((v)| < a
or |[(u)Ue(v)| < a, for vertices u,v € S and a non-negative real number . In the LP representation
y of @, these correspond to the linear constraints Y.;5,,} ¥(J) < @ or ¥jng,0120Y(J) < @. In greater
generality, the LP representation y of ¢ may be known to belong to a certain polytope P C P(G[S]).

Definition 2.8. Let G be a subcubic e-graph, let S be a subset of its vertices, and let P be a subpolytope
of P(GIS]). The e-graph G is a reducible configuration subject to P if every vertex of the polytope P
extends to G.

This implies that every 11/4-coloring of G[S] satisfying the constraints expressed by P extends
to an 11/4-coloring of G. To simplify the statements, we will usually specify P only by listing the
conditions on the 11/4-colorings ¢ of G[S] it represents; e.g., by “G is a reducible configuration subject
to |@(u) N@(v)| <17, we mean “G is a reducible configuration subject to the polytope P defined as
the intersection of P(G[S]) with the half-space };5¢,,1 ¥(J) < 17, and so on. Let us now state the key
property of reducible configurations.

Lemma 2.9. Let G = G UG, where G, is an induced subgraph of G, and let S =V (G1) NV (G,). Let
P C P(G1[S]) be a polytope and suppose that Gy is a reducible configuration subject to P. Let xy be
the LP representation of an 11/4-coloring of Ga, and let y € P(GIS]) be the restriction of xo to S. Let
y € P(G1[S]) be obtained from y by setting y'(J) = 0 for every J € I(G,[S]) \I(G[S]). If y € P, then G
has an 11 /4-coloring.

Proof. Letyy, ..., yn be the vertices of P. Note that y' € P is a convex combination of the vertices, and
thus there exist o,..., 0, > Osuch that Y oy =1 and Y7, o;y; = y'. Fori=1,...,m, since G| is a
reducible configuration subject to P, there exists an 11/4-coloring of G| with the LP representation x;
whose restriction to S is equal to y;. Then x’ = Y | @,x; is the LP representation of an 11/4-coloring of
G, with restriction y'. Let x : J(G) — R be defined by setting

X (INV(G))x(INV(Gy))
x(I) =
y(INns)
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for every I € J(G) such that y(INS) # 0, and x(I) = 0 for I € J(G) such that y(INS) = 0 (let us remark
that in the latter case we also have xo(INV(Gy)) =x'(INV(Gy)) = 0). It is easy to verify that x is the
LP representation of an 11/4-coloring of G. U

Observe that the reducibility of a configuration can be tested algorithmically, since the (finitely
many) vertices of P can be enumerated and their extendability can be verified via linear programming as
noted above. Throughout the paper, whenever we claim a configuration is reducible, we perform such a
verification in our programs, and we will not mention this explicitly.

When arguing reducibility, we occasionally do not know whether all vertices in S are pairwise distinct,
or whether they have external degree two or three. For example, we consider a configuration consisting
of a 4-cycle K of vertices of degree three. The e-graph G| consists of K, the set S of the neighbors of the
vertices of K outside of K, and the edges between K and S; in this situation, we do not know anything
about the degrees of vertices of S, or even whether S consists of two, three, or four vertices. So, it would
seem we need to go over all these cases and separately test their reducibility. However, typically it
suffices to prove the reducibility in the most restrictive case that the vertices in S are pairwise distinct and
those that can have external degree two do: We are arguing that a precoloring ¢ of S subject to certain
constraints extends to S. If two vertices of S are identified we can instead consider the situation where
they are distinct but receive the same color set. If a vertex has external degree three, it is typically possible
to add colors of measure one to its color set so that the constraints under which we prove the reducibility
are satisfied, obtaining a valid precoloring for the configuration where the vertex has external degree two.

To apply Lemma 2.9, we need to ensure that the 11/4-coloring of G, (which exists if G is critical
and Gy # G) satisfies the restrictions expressed by P. To do so, we often find an 11/4-coloring of a
super-e-graph G, of G, rather than just of G itself (a more involved argument is then needed to show
that G, has an 11 /4-coloring, the criticality of G is no longer sufficient). The e-graph G} is obtained
from G by replacing the known configuration G; by a smaller set configuration. More precisely, the
replacement operation is defined as follows. Let F and R be e-graphs sharing a subset B=V (F)NV(R)
of their (boundary) vertices, where R[B] C F[B]; these e-graphs specify the original configuration F and
its replacement R. Let G = G UG; and G, = G’l U G, be e-graphs such that G is an induced sub-e-graph
of G and V(G) NV(G2) =V (G))NV(Gy); let S = V(G1) NV(Gy). If there exist isomorphisms fr of
F to G; and fg of R to G| such that fr(B) =S and fr(v) = fg(v) for all v € B, then we say that G} is
obtained from G by replacing a sub-e-graph matching F by R, see Figure 4 for an illustration.

2.2 Common arguments

We now introduce a shorthand for a line of reasoning we frequently use throughout the proof of Lemma 2.4.
The setting is as follows.

* G is a minimum counterexample,

'A careful reader might wonder whether the inequality R[B] C F[B] is in the right direction; when replacing the reducible
configuration by a smaller one, it may be useful to add new edges between the boundary vertices, but it is rarely possible to
drop them. Indeed, we generally use the replacement operation in the opposite direction, where F is a smaller graph we used to
replace the reducible configuration R, and we need to work out what graphs may arise from those in €y by the inverse to such a
replacement. See the following section for more details.
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Figure 4: Replacing a sub-e-graph matching F by R.

* G is a sub-e-graph of G and S is a set of vertices of G such that no edge of E(G) \ E(G) has an
endin V(Gy)\ S,

* P is (a list of conditions determining) a subpolytope of P(G[S]) as described in the previous
section, and

e His ane-graph with V(H)NV(G) =S, H[S] 2 G[S], and dy (v) = dg(v) forall v € S.

Note there exists a unique induced sub-e-graph G, of G such that G = G UG, and S =V (G)NV(Gy).
Let G’ be the e-graph G, UH.

As a specific example for such a setting, consider the situation depicted in Figure 9: We want to show
that the minimum counterexample G cannot contain a vertex v of degree three with two neighbors u and
w of degree two. Let z, u’, and w' be the neighbors of v, u, and w, respectively, not contained in {u,v,w}.
We consider the e-graph G’ obtained from G — {u,v,w} by adding vertices a and b, where d (a) =2
and dg (D) = 3, and edges az, ab, bu’ and bw'. Hence, S = {u',w’,z} is the set of vertices in which these
configurations attach to the rest of the graph, G is the configuration that we want to exclude formed by
SU{u,v,w} and the edges of G incident with u, v, and w, and H is the replacement configuration formed
by SU{a,b} and the edges of G’ incident with a and b. The polytope P will express the conditions that
an 11/4-coloring @ of G,[S] satisfies |@(u') U @(v')| <7 and |@(z) N (@(«') U@ (w'))| <2;itis easy to
check that any 11/4-coloring ¢ of H must satisfy these conditions.

Suppose we verify that the following conditions are satisfied.

(i) The e-graph G’ is valid and |V (G')| < [V(G)|.
(i) The e-graph G is a reducible configuration subject to P.
(iii) Every 11/4-coloring of H satisfies the conditions P.

(iv) For every e-graph in Cy, replacing any sub-e-graph matching H by G| results in an e-graph that
either is not critical or belongs to Cy.

Since G does not have an 11/4-coloring, the condition (ii) and Lemma 2.9 imply that no 11 /4-coloring
of G, satisfies P. By (iii), it follows that no 11/4-coloring of G extends to G', and thus G’ does not
have an 11/4-coloring. Hence, G’ contains a critical induced sub-e-graph F. By (i), F is valid and
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|V(F)| < |V(G)|, and thus the minimality of G implies F € Cyp. We claim that F is actually a proper
induced sub-e-graph of G/, that is, F # G’. Indeed, note that G is obtained from G’ by replacing a
subgraph matching H by G,. If G’ = F, then since F € @, (iv) would imply that G either is not critical
or belongs to Cp, a contradiction to the assumption that G is a minimum counterexample.

In the proof of Lemma 2.4, we repeatedly use this line of reasoning, followed by a further analysis of
the e-graph F'. We use the statement “The standard argument for the configuration G| attaching at S and
the replacement graph H enforcing P gives an e-graph G' and its proper induced sub-e-graph F € Cy.”
as a shorthand for the argument described above, including the claim that we verified the conditions
(1)—(iv). Let us remark that the following properties of F are often useful in the analysis following the
standard argument:

e F € Qp, and thus it satisfies the conditions (a0), (b0), and (c0).
* F is a proper induced sub-e-graph of G, and thus |V (F)| < |V(G')| < |[V(G)|.

* Since both F and G are critical, F is not a proper induced sub-e-graph of G, and thus the intersection
of F with H is non-empty.

Let us now comment on how we show that the conditions (i)—(iv) hold. The condition (i) is usually
straightforward to verify (it suffices to check we do not increase the degrees of vertices and do not create
triangles by the replacement). The condition (ii) is verified by computer (or by hand for very simple
e-graphs G1) using the procedure we described after Lemma 2.9. The condition (iv) is also generally
verified by a computer-assisted enumeration, or by hand in simple cases when H contains at least two
nailed vertices, so that (a0) applies to e-graphs containing H. The following easy observation is often
used to show the validity of the condition (iii).

Observation 2.10. Let H be an e-graph and let S be a subset of vertices of H. Let ¢ be an 11/4-coloring
of H. For any A C S, if all vertices in A are adjacent to a vertex z € V(H)\ S, then

U o) < dn(z)+4.

Let B and C be non-empty subsets of S. If all vertices in B are adjacent to a vertex z; € V(H)\ S, all
vertices in C are adjacent to a vertex zop € V(H)\ S, and z1z € E(H), then

(Us)n (U om)|<anten anten >

Proof. In the former case, J,c4 @(v) C [0,11)\ ¢(z) and |[0,11) \ @(z)| = du(z) +4. In the latter case,
(Unes ) 71 (Unec0(9)) S 10,110 (er) Ul and [[0.11) (90z1) ()] = 11~ (e)] —
[9(22)| = d(z1) +dp(2) = 3. O

We call all inequalities among the color sets of vertices of S implied by this observation the trivial
constraints of H, and we say that a vertex z € V(H) \ S participates in trivial constraints if z is contained
in a path in H of length at most three with both ends in S.

Let us now introduce another shorthand, applied in the following setting.
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* G is a valid critical e-graph,

* G is a sub-e-graph of G and S is a set of vertices of G such that no edge of E(G) \ E(G) has an
end in V(Gp)\ S, and

* avertex z € V(Gy) \ S does not participate in the trivial constraints of Gj.
Suppose we verify (using computer or by hand for very simple e-graphs G1) that
(r) the e-graph G is a reducible configuration subject to its trivial constraints.

Note there exists a unique proper induced sub-e-graph G, of G such that G = G; UG, and S =V (G;) N
V(G>). Since G is critical, the e-graph G — z has an 11/4-coloring @, and since z does not participate in
the trivial constraints of Gy, the restriction of ¢ to V(G,) satisfies the trivial constraints of G;. By the
condition (r) and Lemma 2.9, it follows that G has an 11 /4-coloring. This is a contradiction, since G is
critical. This shows that the configuration G cannot appear in G; we use the statement “The configuration
G attaching at S is excluded by reducibility.” as a shorthand for this argument.

Let us remark that in the figures illustrating either of the two arguments, the vertices of S are drawn
with double line.

3 Connectivity and nailed vertices

We now start our work on restricting the structure of minimum counterexamples. Since a minimum
counterexample is critical, it is connected. In fact, it is straightforward to argue it is 2-connected, as we
see next.

Lemma 3.1. Let G be a critical subcubic e-graph. For every clique K in G in G, the graph G — K is
connected. Consequently, G is 2-connected and if |V (G)| > 2, then it has minimum degree at least two.

Proof. If G— K is not connected, then let G| and G, be proper induced sub-e-graphs of G intersecting in
K. By the criticality of G, both G| and G, have an 11 /4-coloring, and by applying a suitable measure-
preserving bijection on the 11/4-coloring of G, we can assume that the two 11/4-colorings assign the
same color sets to vertices of K. This gives an 11/4-coloring of G, which is a contradiction. U

We need the following observation on the coloring of paths.

Observation 3.2. Let P be a subcubic e-graph whose underlying graph is a path vy ... vy of length k > 1.
An 11/4-coloring @ of vo and vy, extends to an 11/4-coloring of P if and only if

e kis odd and
k—1

lo(vo) N@(vi)| < <i dp(vi)) —3(k—1)/2, or

i=1

e kis even and
k—1

90 U] < (L dr(v)) — (3%~ 14)/2.

i=1
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In particular, if either k > 3 is odd and |@(vo) N @(vi)| < 1, or k > 2 is even and |¢(vo) U @(vi)| < 6,
then @ extends to an 11/4-coloring of P.

Proof. By induction on k. In the basic case k = 1, the assumption gives |@(vp) N @(v;)| = 0, as needed
for the set coloring of the path. Hence, assume that k£ > 2.

If k is even, choose @' (vi_1) C [0,11)\ @(vx) of measure 7 —dp(v_1) with |@(vo) N @' (ve_1)|
minimum and let ¢’(vg) = @(vp). By the induction hypothesis, we see that ¢ extends to P if and only if
¢’ extends to P — vy. Observe that

10/(v0) N9/ (v1)| = max (0, (7 — dp(vi_1)) — (11 = [@(v0) U @(0)]))
— max(0,[p(v0) U @(ve)] — dp(vi_1) —4).

If [@(vo) U@(vi)| < (X4 dp(v)) — (3k— 14) /2, then

k=2 _
000) U] ~dplos1) 4 < (L dpl)) ~ 5 4
v 3(k—2
B (;dp(w)) = 2 !

Moreover, note that (Y5 dp(v;)) —3(k—2)/2 > 0, since dp(v;) > degpv; =2 >3/2for  <i<k—2.
We conclude that [¢'(vo) N @' (vi—1)| < (Z5=7dp(vi)) — 3(k—2)/2, and thus ¢’ extends to an 11/4-
coloring of P — vy by the induction hypothesis. Conversely, if [@(vo) U@ (vi)| > (Yo' dp(vi)) — 3k —
14)/2, then

3(k—2)
R

k=2
9/00)09/(-0)] 2 [9(00) V@) | —dr(is-1) =4 > (L dr() -

and thus ¢ does not extend to an 11/4-coloring of P — v; by the induction hypothesis.

The case k > 3 is odd is dealt with analogously. We choose ¢’ (v¢_1) C [0,11)\ @(vx) of measure
7 —dp(vk—1) with |@(vo) U @' (vx—1)| minimum and let ¢’(vy) = ¢(vo), and note that by the induction
hypothesis, @ extends to P if and only if ¢’ extends to P — vy. Observe that

9" (v0) U@’ (vi1)| = max (|@(vo)|,7 — dp(vi—1) + 1@ (vo) N @(vi)])-
If |@(vo) N@(vie)| < (X! dp(vi)) —3(k—1)/2, then

k=2 — —
7—dp(vk-1) +|@(vo) N@(ve)| < (; dP<Vf)) - W'

Moreover, note that the expression on the right-hand side is greater or equal to 2 — (3-2—14)/2 =6 >
7—dp(vo) = |@(vo)|. We conclude that |¢' (vo) U’ (vi—1)| < (L5 dp(vi)) — (3(k—1) — 14) /2, and thus
¢’ extends to an 11/4-coloring of P — v; by the induction hypothesis. Conversely, if |@(vo) N @(vi)| >
(X5l dp(vi)) —3(k—1)/2, then |@'(vo) U@’ (vi—1)| > (X2 dp(vi)) — (3(k— 1) — 14)/2, and thus ¢’
does not extend to an 11/4-coloring of P — v, by the induction hypothesis.
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The final claim follows from the fact that dp(v;) > degpv; =2 >3/2 for 1 <i < k— 1, and thus the
right-hand sides of the conditions from the statement of this observation are greater or equal to 1 if k > 3
1s odd and to 6 if k > 2 is even. O]

By Lemma 3.1, minimum counterexamples are 2-edge-connected. We now further restrict 2-edge-
cuts.

Lemma 3.3. Let G be a minimum counterexample, and let {A1,A»} be a partition of V (G) into non-empty
parts. If G contains exactly two edges between A| and A, then there exists i € {1,2} such that all vertices
in A; have degree two.

Proof. Suppose for a contradiction that each of A; and A; contains a vertex of degree three. Then
there exist subsets A} C Ay, A5 C A, and disjoint induced paths Py and P, in G such that for i € {1,2}
the path P, has ends x; € A} and y; € A}, of degree three and is otherwise disjoint from A} UA), and
G = G[A|]UG[A,]UP, UP,. Let us remark that x; # x, and y; # y», as otherwise the edge incident with
x1 or y; not contained in P; U P, would form a bridge in G.

Let G| be the e-graph obtained from G[A/] by adding a path x;abx,, with dg, (a) = dg, (b) = 3, and let
G, be defined analogously. Suppose first that both G| and G, are 11/4-colorable, and let ¢; and @, be the
restriction of their 11/4-colorings to A} and A}, respectively. By Observation 2.10 (or Observation 3.2),
we have [@;(x1) N @1 (x2)] < 3 and [@2(y1) N@2(y2)] < 3.

Observe that by applying a measure-preserving bijection to ¢, we can without loss of generality
assume any one of the following three conditions holds, as needed:

@) [@1(x1)U@a(y1)| < 6and |@(x2) U@z (y2)| < 6;
(i) |@1(x1)N@2(y1)| =0 and |1 (x2) Upa(y2)| < 6;

(i) [@1(x1)N@2(y1)| =0 and [@1(x2) N @2(y2)| = 0.

Subproof. We show how to enforce the condition (ii); the conditions (i) and (iii) are dealt with similarly.
For r € {0,3}, let y; , be the set 11-coloring of {xj,x,} defined by y; ,(x;) = [0,4) and y; ,(x2) =
[4—r,8—r), so that |y .(x1) Ny (x2)| = r. Letting 4; = [@;(x1) N @1(x2)|/3, we can without loss
of generality assume A,y 3+ (1 — A1)y o is the restriction of @; to {x;,x2}. Define v, y» 3 and A,
analogously so that A,y 3+ (1 — A2) ya g is the restriction of @ to {y1,y2}.

Observe that for ri,r; € {0,3}, there exists a set 11-coloring ¥ ,, (i)~ of {y1,y2} obtained by
applying a measure-preserving bijection to v ,, and such that [y, (x1) V¥, (i), (V1) = 0 and
Wi, (x2) U, i), (v2)| < 6. Indeed, we can let

* Yoai00n) = [7,11) and ¥ g 55y o (v2) = [3,7),
* V33n001) = [5,9) and ¥, 3 i) 0 (02) = [4,8),
* Woai3() = [7,11) and ¥ g iy 3(v2) = [1,5),

* W3303(0) = [4,8) and ¥, 3 i) 3(v2) = [3,7].
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Now let 06070 = (1 — 7(4)(1 *3,2), OC073 = (1 *ﬂ,l)ﬂ,z, 0637() = QLI(I *2,2) and 0633 = 1,12,2. Then

Y1 = Z O Wi = MYi3+ (1= A1) Yo
rl,r2€{0,3}

is the restriction of @; to {xj,x,}, and

Vo = Z Oy 1y V2 1y (i) 1y
ri1,r2€{0,3}

is obtained by applying a measure-preserving bijection 6 to

Z Ory Y2, = A21//2,3 + (1 — 7Lz)l//270,
ri1,r2€{0,3}

which is the restriction of ¢, to {y1,y>}. Moreover, by linearity, we have

@1 (x1) N0 (2(v1))| = w1 (x1) Ny (1))

= Y Wi ()N W, i, 1) =0
}’1,}’26{0,3}

[Q1(x2) UO ™ (@2(32))] = W1 (x2) Uy (2)]

= Z ®ry ‘ Vi (Xz) U Vo 1o (i) 1 (y2)| <6.
rl,r26{0,3}

Hence, (ii) holds after applying the measure-preserving bijection 8! to ¢s. |

We can by symmetry assume that if P; has even length, then so does P». By applying a measure-preserving
bijection if necessary, we can without loss of generality assume that if P; and P> both have even length,
then (i) holds, if P, has odd length and P, has even length then (ii) holds, and if P; and P, both have
odd length, then (iii) holds. But then for i € {1,2}, Observation 3.2 implies that ¢; U ¢, extends to an
11/4-coloring of P, thus giving an 11/4-coloring of G. This is a contradiction.

Hence, we can by symmetry assume G; does not have an 11/4-coloring, and thus G, contains a
critical induced sub-e-graph Fj. Recall that since G is 2-connected, we have x; # x,, and thus G| (and
consequently also Fj) is triangle-free. Note that since degy; = 3 and degy, = 3, we have |A}| > 2,
and thus |V (F)| < |V(G})| < |V(G)|. Since G is a minimum counterexample, it follows that F; € Cy.
Since G is critical, Fj is not an induced sub-e-graph of G, and thus a,b € V(F}). Hence F; contains
two nailed vertices a and b, and by (a0) no other vertex of Fj is nailed and the underlying graph of F;
is either Cs or K j’ . Since no vertex of Fj other than a or b is nailed and G is connected, we conclude
using Observation 2.6 that G| = Fj. Furthermore, since degx; = 3, G| cannot be a 5-cycle, and thus the
underlying graph of Gy is K.

For i € {1,2}, let y; be the neighbor of x; in P,. Let G3 be the e-graph obtained from G[A]] by
adding the edges x;y| and x,y}. Since Gy is K, with only a and b nailed, G5 is the e-graph depicted in
Figure 5. Let S3 = {y},y5} and let H3 be the e-graph with the vertex set S3 U {z}, edges y}z and y5z, and
dp,(z) = 3. The standard argument for the configuration G3 attaching at S3 and the replacement graph
Hj enforcing |@(y}) U@(y5)| < 7 gives an e-graph G’ and its proper induced sub-e-graph F3 € Cy (note

ADVANCES IN COMBINATORICS, 2025:5, 61 pp. 16


http://dx.doi.org/10.19086/aic

11/4-COLORABILITY OF SUBCUBIC TRIANGLE-FREE GRAPHS

Figure 5: The reducible configuration G3 and the replacement graph H3.

N~
o

Figure 6: The graphs arising in the final case analysis in Lemma 3.4.

that by Lemma 3.1, we have y}y, ¢ E(G), and thus G’ is triangle-free). Since G is critical, F3 is not an
induced sub-e-graph of G, and thus z € V(F3). However, Lemma 3.1 implies that G’ is 2-connected, and
since F3 # G/, it follows by Observation 2.6 that F; contains at least two nailed vertices (those with a
neighbor in V(G’) \ V(F3)) in addition to z, which contradicts (a0). O

Let us now derive two simple consequences of Lemma 3.3.
Lemma 3.4. A minimum counterexample has no nailed vertices.

Proof. Suppose for a contradiction that v is a nailed vertex of a minimum counterexample G, and thus
degv =2 and dg(v) = 3. Let G’ be the e-graph obtained from G by setting d/(v) = 2. Since G is not
11/4-colorable, G’ is not 11 /4-colorable, and thus it contains a critical induced sub-e-graph F. Note that
|V(F)| <|V(G)| and F has fewer nailed vertices than G, and thus the minimality of G implies F € Cy.
By a computer-assisted enumeration, we verified that for every e-graph in Cy, nailing a vertex results in
an e-graph that either is not critical or belongs to Cy. Since G ¢ Cy is critical, it is not obtained by nailing
a vertex of F € €y, and thus F # G’. Since G is 2-edge-connected by Lemma 3.1, at least two vertices of
F have a neighbor in V(G) \ V(F), and thus at least two vertices of F are nailed. By (a0), exactly two
vertices v and v, of F are nailed and the underlying graph of F is Cs or K. By Lemma 3.1, we have
vivy € E(G). By Lemma 3.3, G is obtained from F by adding a path P of vertices of degree two between
v1 and v, and nailing v. However, a straightforward case analysis shows that all valid e-graphs arising
from Cs or KI in this way and satisfying the conclusion of Observation 2.5 (depicted in Figure 6) are
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Figure 7: The graphs arising in the final case analysis in Lemma 3.5.

11/4-colorable, which is a contradiction. Let us remark that although the added path P may have arbitrary
length and its vertices can be nailed arbitrarily, Observation 3.2 implies that to verify the 11/4-colorability
of the e-graphs depicted in Figure 6, it suffices to consider the case that P has length two or three and its
vertices are not nailed. 0

Lemma 3.5. Let G be a minimum counterexample and let uv € E(G). If degu = degv = 2, then u and v
are contained in a 5-cycle. Consequently, G does not contain a path of three vertices of degree two.

Proof. Suppose for a contradiction that uv is not an edge of a 5-cycle in G. Let ',V & {u,v} be the
other neighbors of u and v, respectively. Then the e-graph G’ = G — {u,v} +u'V is triangle-free. Every
11/4-coloring ¢ of G’ would satisfy ¢@(u') N @(v') = 0, and thus by Observation 3.2, it would extend
to an 11/4-coloring of G. Therefore, G’ is not 11/4-colorable, and thus G’ contains a critical induced
sub-e-graph F. Since G is critical, F cannot be an induced sub-e-graph of G, and thus «'v' € E(F).

The minimality of G implies F € Cy. By a computer-assisted enumeration, we verified that for every
e-graph in Cy, replacing an edge by a path of two vertices of degree two results in an e-graph that either
is not critical or belongs to €. Since G ¢ €y is critical, we have F # G'. By Observation 2.6 and
Lemma 3.1, F contains at least two nailed vertices. By (a0), it follows that F' contains exactly two nailed
vertices x and y and the underlying graph of F is Cs or K;”. By Lemma 3.3, G is obtained from F by
replacing an edge by a path of two vertices of degree two and adding a path of vertices of degree two
between x and y. By Lemma 3.1, we have xy € E(G). A straightforward case analysis shows that none of
such e-graphs (depicted in Figure 7) is critical, which is a contradiction.
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If G contained a path of three vertices of degree two, then these vertices would be contained in a
5-cycle K, and by Lemma 3.1, we would have G = K. However, all critical e-graphs whose underlying
graph is a 5-cycle belong to Cy. 0

Combining Lemmas 3.3 and 3.5, we obtain the following.

Corollary 3.6. Let G be a minimum counterexample, and let {A1,A2} be a partition of V (G) to non-empty
parts. If G contains exactly two edges between A| and A, then there exists i € {1,2} such that all vertices
in A; have degree two and |A;| < 2.

4 Two neighbors of degree two

Next, we want to show that every vertex has at most one neighbor of degree two. Let us start by excluding
the special case of a vertex with two neighbors of degree two contained in a common 5-cycle (together
with some related configurations). Notice that Observation 2.5 and Lemma 3.4 imply that every 5-cycle
contains at most two vertices of degree two.

Lemma 4.1. Let G be a minimum counterexample and let C be a 5-cycle in G with exactly three vertices
of degree three. Then the vertices of degree two in C are adjacent and every vertex v € V(G) \ V(C) with
a neighbor in C has degree three.

Proof. Firstly, we claim that every vertex v € V(G) \ V(C) of degree two with a neighbor v; in C has
exactly one neighbor in C and both neighbors of v have degree three.

Subproof. Indeed, let v' be the neighbor of v distinct from vi. By Lemma 3.1, v/ € V(C), since if v/
belonged to C, then the degree three vertex of C distinct from v; and v/ would be incident with a bridge.
Suppose for a contradiction that degv’ = 2. Then v/ does not have a neighbor in C, since G is 2-connected
and exactly three vertices of C have degree three. By Lemma 3.5, v/ has a neighbor x of degree three, and
x and v have a common neighbor v, belonging to C. Let w be the degree three vertex of C distinct from
vy and v,. By Corollary 3.6, x and w are joined by an edge or by a path of at most two vertices of degree
two. This leaves only finitely many choices for the e-graph G. As we verified using computer, among
these e-graphs, all critical ones are contained in Cy. This is a contradiction, implying that degv' =3. W

Let C = vivav3v4vs, where degv; = degv, = 3. For each vertex v; of C of degree three, let v} denote
the neighbor of v; outside of C, and if degv} = 2, then let v/ be the neighbor of v} distinct from v;. Let O
consist of V(C) and all vertices of degree two with a neighbor in V(C). Let G, be the sub-e-graph of G
consisting of all edges incident with Q and all vertices incident with these edges, and let S =V (G;) \ Q.

If degvs = 3 and degv| = 2 or degV}, = 2, then the configuration G attaching at S is excluded by
reducibility. If degvy = degv| = degV), = 3, then let H, be the e-graph with the vertex set SU{z1,22},
edges V|z1, z1z2, and 2oV, and dy, (z1) = 2 and dp, (z2) = 3. The standard argument for the configuration
G, attaching at S and the replacement graph H; enforcing |@(v}) N@(v})| < 2 gives an e-graph G’ and
its proper induced sub-e-graph F; € Cy. Since G is critical, Fj is not an induced sub-e-graph of G,
and thus 71,7, € V(F}). Furthermore, Corollary 3.6 implies that G’ is 2-connected, and since F} # G/,
Observation 2.6 implies that F; has at least two nailed vertices in addition to z, which contradicts (a0).
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Hence, we can assume degvs = 2 and by symmetry degvs = 3. Suppose now for a contradiction
that at least one of the vertices v, v5, and v§ has degree two. For i € {1,2,3}, let w; = v} if degv} =3
and w; = v otherwise, so that S = {wy, w2, w3 }. If say w; = w», then by Corollary 3.6 applied to the cut
formed by the edge incident with w; not belonging to G and the edge v3v}, we also have wy = w3 and
G consists of a 5-cycle and three paths of length at most two to wy; but a straightforward case analysis
shows that all such critical e-graphs belong to Cy. Hence, we can by symmetry assume wy, wy, and w3
are pairwise distinct. Furthermore, we can by symmetry assume degv| > degvj. Let H, be the e-graph
with the vertex set SU {z1,22}, edges wiz1, 2122, and zow;, where i = 3 if degv) = 2 and i = 2 otherwise,
and dy,(z1) = 2 and dp, (z2) = 3. The standard argument for the configuration G; attaching at S and
the replacement graph H, enforcing |@(w;) N @(w;)| < 2 gives an e-graph G” and its proper induced
sub-e-graph F, € €. Clearly z;,z, € V(F,). Observe that Corollary 3.6 implies that G” is 2-connected.
Since F, # G”, Observation 2.6 implies that F> has at least two nailed vertices in addition to z, which
contradicts (a0). ]

We now proceed to excluding a vertex with two neighbors of degree two in general.
Lemma 4.2. No vertex in a minimum counterexample has two neighbors of degree two.

Proof. Let G be a minimum counterexample and let uvw be a path in G, and suppose for a contradiction
that degu = degw = 2. Let u’ and w' be the neighbors of u and w distinct from v. By Lemma 3.5, we have
degv = 3; let z be the neighbor of v distinct from u and w. Note that u’ # w’, as otherwise « and w would
have the same neighborhood, contradicting the criticality of G. Moreover, u'w’ ¢ E(G) by Lemma 4.1.
We claim that degz = 3.

Subproof. Suppose for a contradiction that degz = 2, and let 7’ be the neighbor of z distinct from v. The
argument from the previous paragraph implies that u’ # 7/ # w’ and {u/,w’,7’} is an independent set.
Note that degu’ = degw’ = degz’ = 3 by Lemma 3.5 and Observation 2.5. Let Z be the auxiliary directed
graph with the vertex set {u/,w’, 7'}, where for distinct vertices x,y € V(Z), we have (x,y) € E(Z) if and
only if x is contained in a unique 4-cycle xrts C G — {u,w,z,v}, r and s are joined by a path of length
three, {r,s,t} N{u',w',7’} =0, and ry € E(G); see Figure 8 for an illustration. Note that for a fixed vertex
x, such a vertex y is uniquely determined by these conditions, and thus 7 has maximum outdegree at most
one. Furthermore, observe that Z contains at most one of the edges (u',w') and (7, u’). Therefore, we can
by symmetry assume («/,w'), (W, 1) € E(Z).

Let So = {«/,w,7'} and let Gy, be the sub-e-graph of G with the vertex set So U {u,v,w,z} and all edges
incident with u,v,w,z. Let Hy be the e-graph with the vertex set Sy U {c}, with ¢ adjacent to ' and w’
and with dp, (c) = 2. The standard argument for the configuration Gy attaching at Sy and the replacement
graph H enforcing |@(u') U @(w')| < 6 gives an e-graph G” and its proper induced sub-e-graph F € €.
Note that since G is critical, F; is not a proper induced sub-e-graph of G, and consequently ¢ € V (Fp).
Note that Lemma 3.1 implies that G” is 2-connected, and thus F, contains at least two nailed vertices by
Observation 2.6. By (a0), it follows that the underlying graph of Fy is either Cs or KI .

* In the former case, Fy = u'cw’ab for some vertices a and b, u' and w' are nailed in F; since they
have degree three in G, and deg;a = deg; b = 2. By Lemma 3.5, the path «/abw’ is contained in a
5-cycle in G, and since degu = 2, this 5-cycle contradicts Lemma 4.1.
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Figure 9: The e-graph G, and the replacement e-graph H.

* In the latter case, since the underlying graph of Fj is 1(4+ and degg, ¢ = 2, we can by symmetry
assume degy w' =2 (and thus w’ is nailed in Fy) and degy, u' = 3. Then «’ is contained in a 4-cycle
of non-nailed vertices of Fy, necessarily distinct from the vertex 7 which is nailed in Gy. This
4-cycle together with the rest of Fy — ¢ provides the structure implying that («/,w’) € E(Z), which
is a contradiction.

Therefore, we have degz = 3. Suppose now that degu’ = 2. By Lemma 3.5, uu’ is contained in a
5-cycle C; since u'w’ & E(G), C contains the path u/uvz. By Observation 2.5, C contains exactly three
vertices of degree three. However, v € V(C) is adjacent to a vertex w ¢ V(C) of degree two, contradicting
Lemma 4.1. Therefore degu’ = 3, and symmetrically degw’ = 3.

Let S = {u’,w,z} and let G| be the sub-e-graph of G induced by SU{u,v,w}. Let H be the e-graph
with the vertex set SU {a,b}, with edges b/, bw', ab, and az, and with dy(a) = 2 and dy(b) = 3,
see Figure 9. The standard argument for the configuration G, attaching at S and the replacement
graph H enforcing |@(u') U@(w")| <7 and |(@(u') Uo(w'))No(z)] < 2 gives an e-graph G’ and its
proper induced sub-e-graph F' € Cy. Since G is critical, F is not a proper induced sub-e-graph of G.
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Figure 10: The graph arising in the final case analysis in Lemma 4.2.

Moreover, F has minimum degree at least two, and thus V(F)\ V(G) # {a}. Therefore, b € V(F).
Since G is 2-edge-connected, so is G', and thus Observation 2.6 implies that F has at least two nailed
vertices. By (0), it follows that the underlying graph of F is either Cs or K. In the former case, since
degy u' = degy w = degg z = deg b = 3, F would contain at least three nailed vertices (b and two of
the vertices ', w', and z), contradicting (a0). Therefore, the underlying graph of F is K.

If V(F)n{u/,w'}| =1,say V(F)N{u',w'} = {u'}, then G contains an induced sub-e-graph F’ with
underlying graph K, obtained from F by replacing the path u'baz by the path u'uvz. By Observation 2.5,
at least three vertices of F” are nailed, implying that at least three vertices of F are nailed (the nailed vertex
v of F' corresponds to the nailed vertex b of F). This contradicts (a0). Hence, we have u’,w' € V(F).

Since deg,u’ = deg;w' = deg;z = 3, Corollary 3.6 implies that G — {u,v,w} is 2-edge-connected.
If a ¢ V(F), then b is a nailed vertex of F, and since F contains at most one more nailed vertex,
Observation 2.6 implies that F = G’ — a. This is not possible, since the underlying graph of F is K,
but b would have degree two in F and both its neighbors in F would have degree three. Therefore,
a,z € V(F); note that degy z = 2, since deg a = 2 and degy b = 3 and the underlying graph of F is Kj.
By Corollary 3.6 and Lemma 3.5, we conclude that G is obtained from F (a copy of KI with two nailed
vertices, one of which is z) by deleting a and b, adding G, and adding a vertex of degree two adjacent to
z and to another vertex of F of degree two (there is only one choice by symmetry). However, this graph
(depicted in Figure 10) is 11/4-colorable, which is a contradiction. ]

S Subdivided K4

In this section, we aim to show that the minimum counterexample does not contain K I as an induced
subgraph. Before that, let us get rid of another simple configuration.

Lemma 5.1. Let G be a minimum counterexample. If C = ujusuzuy is a 4-cycle in G, then deg;u; =3
forie{1,2,3,4}.

Proof. Suppose for a contradiction that degu; = 2. Lemmas 3.5 and 4.2 imply that degu; = 3 for
i € {2,3,4}; let v; denote the neighbor of #; not in C. These neighbors are pairwise distinct, since G is
triangle-free and if vo = v4, then u, and us would have the same neighborhood, which is not possible in a
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critical graph. Lemma 4.2 implies deg v, = degv4 = 3; note that degvs = 2 is possible. Let S = {v,,v3,v4}
and let G| be the sub-e-graph of G with the vertex set V(C) U S and with the edge set consisting of the
edges incident with V(C). The configuration G| attaching at S is excluded by reducibility. U

Next, let us exclude K j with three nailed vertices.

Lemma 5.2. Let G be a minimum counterexample. If H is an induced sub-e-graph of G and the underlying
graph of H is K|, then all vertices of H have degree three in G.

Proof. By Observation 2.5, at most one vertex of H has degree two in G. Suppose H contains a vertex
whose degree is two in G. Let i, v, and w be the vertices of H that have degree two in H and degree three
in G, where vw € E(H). Let u’ be the neighbor of u not in H, and note that degu’ = 3 by Lemma 4.2. Let
S = {u',v,w} and let G; be the sub-e-graph of G consisting of H and the edge u'u. The configuration G,
attaching at S is excluded by reducibility. O

Let us now proceed with the main result of this section.

Lemma 5.3. If G is a minimum counterexample, then G does not contain any induced sub-e-graph with
the underlying graph K.

Proof. Let H be an induced sub-e-graph of G with the underlying graph K", and let vivo,v3v4 € E(H)
be the edges joining vertices whose degree in H is two. Lemma 5.2 implies that for i € {1,...,4}, v;
has a neighbor v; outside of H. Let us remark that v} might have degree two, and {v},v,} N {V5,v,} #
0 is possible. Let S = {v},v5,v4,v,}, let G| be the sub-e-graph of G with the vertex set V(H)US
and containing all edges of G incident with V(H), and let H; be the e-graph with the vertex set SU
{x1,x2,x3,x4}, edges vix; fori € {1,...,4}, x1x2, and x3x4, and with dy, (x1) = dp, (x2) =2 and dp, (x3) =
dp, (x4) = 3, see Figure 11. The standard argument for the configuration G; attaching at S and the
replacement graph H; enforcing by Observation 3.2 [@(v}) N@(v5)| < 1and |@(Vi) N (v})| < 3 gives an
e-graph G’ and its proper induced sub-e-graph F € Cy. Note that G’ is connected, since otherwise either
we would obtain a contradiction with Lemma 3.1, or the edges of H from {vi,v2} to V(H) \ {vi,v2}
would form a 2-edge-cut contradicting Corollary 3.6. Since F # G, if x3,x4 € V(F), then F would
contain at least three nailed vertices (x3, x4, and at least one more by Observation 2.6), contradicting (a0).
Consequently x3,x4 & V(F). Furthermore, F is not an induced sub-e-graph of G, and thus x;,x; € V(F).

By Observation 2.6, F has at least one nailed vertex. Suppose first that " has exactly one nailed vertex
z;in G, z has a neighbor 7/ € V(G) \ V(F). Let G; be the sub-e-graph of G consisting of H, F — {x1,x,},
the edges vlv’1 and vzv’z, and the edge zZ/, see Figure 12. Note that 7 ¢ V(H), since if say 7 = v3, then
V4vg would be a bridge in G separating G,, contradicting Lemma 3.1. Let S, = {v3,v4,7'}. Note that
degz = 2 is possible. Since F € @, all possible e-graphs G, can be enumerated, and the configuration
G, attaching at S, is excluded by reducibility.

By (a0), it follows that F' contains two nailed vertices and the underlying graph of F is either Cs or
K. Let z; and z, be the nailed vertices of F. Suppose that z1z; € E(F). Let S5 = {z1,22,v3,v4} and
let G3 be the sub-e-graph of G consisting of H, F — {x;,x»}, and the edges v;v| and v,v}. Then the
configuration Gz attaching at 3 is excluded by reducibility.

Therefore 7122 ¢ E(F). Since F contains adjacent non-nailed vertices x; and x; of degree two, the
underlying graph F is either Cs or K", and degy z; = degp z2 = 2, it follows that F is a 5-cycle, z; = V|
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G] Hl

Figure 11: The e-graph G and the replacement e-graph Hj.

and zp =). Let Z| and z) be the neighbors of z; and z; outside of V(F) in G. Let z be the common
neighbor of z; and z; in F; since F has only two nailed vertices, we have deg;z = 2. By Lemma 4.2,
we have degz| = degz, = 3. If {2}, 25} N {v3,v4} # 0, then Corollary 3.6 implies {z},z5} = {v3,v4}, and
thus G is the e-graph depicted in Figure 13. However, this e-graph belongs to Cg, which is a contradiction.
Therefore, 7,2, ¢ V(H). Furthermore, 7} # z, by Lemma 5.1, since z; and z; have a common neighbor z
of degree two. We claim that 7|2, € E(G).

Subproof. Suppose for a contradiction that 7|z, ¢ E(G). Let Sy = {2},25,v3,v4} and let G4 be the
sub-e-graph of G consisting of H, F — {x;,x,} and the edges viV}, vav5, 212} and z22;. Let Hy be the
e-graph with the vertex set SU{a} and edges v3v4, az}, and az}, with dy,(a) = 3, see Figure 14. The
standard argument for the configuration G4 attaching at S4 and the replacement graph H; enforcing
lo(Z)) U(z,)| <7 gives an e-graph G” and its proper induced sub-e-graph F; € Cy (note that F; # G”
follows from (a0) and the fact that G” has three nailed vertices a, v3, and v4). Since G is critical, F4 is not
an induced sub-e-graph of G, and thus a € V(F,). By Lemma 3.1, G” is connected (as otherwise {v3,v4}
would be a cut in G), and thus Observation 2.6 implies that F; contains a nailed vertex different from a.
By (a0), F4 contains exactly one nailed vertex different from a and the underlying graph of Fy is Cs or
K/ .

Since dega = 2 and deg; 7| = deg; z5 = 3, observe that Fj cannot be a 5-cycle. Hence, the underlying
graph of Fj is K;” and by symmetry, we can assume z is a nailed vertex in Fy. Let Zj be the neighbor of z}
not belonging to V (F;) and distinct from z,. Note that z5 & {v3,v4} by Lemma 3.1. Let S5 = {v3,v4,2; }
and let Gs be the e-graph consisting of G4, F4 — a and the edges z,z}, 222}, and 2575, see Figure 15. Then
the configuration G5 attaching at Ss is excluded by reducibility. |

Therefore, we have z|z, € E(G); let us remark that the reduction from the case zz, ¢ E(G) does
not apply, as it would create a triangle. For i € {1,2}, let w; be the neighbor of z;, distinct from z; and
Zi_ ;o I {wi,wa} N {vs3,va} # 0, say w; = v3 by symmetry, then Corollary 3.6 and Lemma 3.5 imply
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Figure 13: The critical e-graph arising in Lemma 5.3.

either wy = vy, or degwy = 2 and wpvs € E(G); but both such graphs G are 11/4-colorable. Hence,
{WI,WZ} N {V3,V4} =0.

Let S¢ = {w1,w2,v3,v4} and let Gg be the sub-e-graph of G consisting of G4 and the path wlz’1 Z/2W2.
Let Hp be the e-graph with the vertex set SU{b,c} and edges v3v4, wib, bc, and cwy, with dp, (b) =3
and dp, (c) = 2; see Figure 16. The standard argument for the configuration Gg attaching at S¢ and
the replacement graph Hg enforcing |@(w1) N @(w2)| < 2 gives an e-graph G" and its proper induced
sub-e-graph Fg € Gy (note that Fy # G follows from (a0) and the fact that G has three nailed vertices
b, v3, and vy4). Clearly b,c € V (Fs), since Fg is not an induced sub-e-graph of the critical graph G. By
Lemma 3.1, G" is connected, and thus by Observation 2.6, Fg contains a nailed vertex y distinct from b.
By (a0), the underlying graph of Fg is Cs or KI . If the underlying graph of Fg were K", then replacing
the path wibcw, of Fy by the path w;z|z,w, would yield an induced sub-e-graph of G with underlying
graph KI containing a vertex (a neighbor of y) whose degree in G is two, contradicting Lemma 5.2.
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Figure 14: The e-graph G4 and the replacement e-graph Hj.

Hence, Fg is a 5-cycle, and by Lemma 4.2 and symmetry, we can assume y = wy, deg; wy = 2, and
y and w, have a common neighbor y’ of degree two in G. Let y” be the neighbor of y distinct from z]
and y'; we have y” & {v3,v4} by Lemma 3.1 and degy” = 3 by Lemma 4.2. Let S; = {y”,v3,v4} and let
G7 be the sub-e-graph of G obtained from Gg by adding the path yy'w; and the edge yy”, see Figure 17.
Then the configuration G7 attaching at S7 is excluded by reducibility. g

6 Adjacent vertices of degree two

Let C = viv2v3v4v5 be a 5-cycle in a minimum counterexample G, where deg; v4 = deg;vs = 2. For
i €{1,2,3}, let u; be the neighbor of v; not in C. By Lemma 4.1, we have deg; u; = deg; u» = deg,uz =
3. Furthermore, the vertices u;, u, and uz are pairwise distinct: Since G is triangle-free, we have
u| # up # us, and if u; = us, then the 2-edge-cut consisting of vou, and an edge incident with u; would
contradict Corollary 3.6. In this section, we exclude this configuration completely.

Our plan is to reduce this configuration by deleting V(C) and adding an edge between two of the
vertices uy, uy, and u3. This course fails if the addition of any such edge creates a triangle, i.e., if each
pair of these vertices has a common neighbor. Hence, we first need to deal with this situation, starting
with the special case that all three vertices have a common neighbor.

Lemma 6.1. Let C = v1vav3vavs be a 5-cycle in a minimum counterexample G, where deg; va = degg vs =
2. Forie {1,2,3}, let u; be the neighbor of v; not in C. Then the vertices uy, ua, and uz do not have a
common neighbor.

Proof. Suppose uy, up, and u3z have a common neighbor z. Let w; be the neighbor of u; distinct from v;
and z. Let S = {w,wz, w3} and let G| be the subgraph of G consisting of the cycle C and the paths v;u;z
and edges u;w; for i € {1,2,3}. The configuration G attaching at S; is excluded by reducibility. O
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Figure 15: The e-graph Gs.
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Figure 16: The e-graph G¢ and the replacement e-graph Hp.
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Figure 17: The e-graph G7.

Figure 18: The critical e-graphs arising in Lemma 6.2.

Next, we deal with the more complicated case that each pair of the vertices u;, uy, and u3 has a
distinct common neighbor.

Lemma 6.2. Let C = vivav3v4vs be a 5-cycle in a minimum counterexample G, where degs v4 = degsvs =
2. Fori € {1,2,3}, let u; be the neighbor of v; not in C. Then there exist distinct i, j € {1,2,3} such that
the vertices u; and u; do not have a common neighbor.

Proof. Suppose for a contradiction that for all distinct 7, j € {1,2,3}, u; and u; have a common neighbor
Zit j—2. By Lemma 6.1, the vertices z1, z2, and z3 are pairwise distinct.

Suppose one of the vertices z;, z2, and z3 has degree two. By Lemma 4.2, the other two have degree
three, and by Corollary 3.6 and Lemma 5.1, they are joined by a path of two vertices of degree two.
However, the resulting e-graphs, depicted in Figure 18, belong to Cy.

Hence, we have degz; = degzy = degzz = 3. For i € {1,2,3}, let w; be the neighbor of z; not
in {uy,u2,u3}. If w; = wy, then by Corollary 3.6 and Lemma 3.5, either w3 = w; or degws = 2 and
w3w] € E(G). The case wy = ws is symmetric. If w; = w3 # wy, then by Corollary 3.6 and Lemma 3.5
we have degw, = 2 and wow; € E(G). However, all these graphs are 11/4-colorable. It follows that wy,
w», and w3 are pairwise distinct.
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Figure 19: The e-graph G| in the case degw; = 2.

By Lemma 3.1, if for some distinct i, j € {1,2,3} the vertices w; and w; have degree two, then w;w; &
E(G). Fori=1,2,3,let w, = w; if degw; = 3 and let w/} be the neighbor of w; distinct from z; otherwise.
Let S; = {w),w), w5} and let G| be the sub-e-graph of G consisting of G[V (C) U{u,u,u3,z1,22,23}],
the edges z;w; for i € {1,2,3}, and the edges w;w’, for each i € {1,2,3} such that degw; = 2; see Figure 19.
If at least one of wy, wp, and w3 has degree two, then the configuration G attaching at S; is excluded by
reducibility.

Figure 20: The e-graph G; and the replacement e-graph Hj, the case {7, j} = {1,3}.

Therefore, we have degw; = degw, = degws = 3. Since G is triangle-free, there exist distinct
i,j €{1,2,3} such that wyw; ¢ E(G). Let H; be the e-graph with the vertex set S; U {a,b,c}, edges wia,
wija, ab, bc, and cwg_;_ j, and with dp, (b) = 3 and dy, (c) = 2; see Figure 20. The standard argument for
the configuration G attaching at S; and the replacement graph H; enforcing |@(w;)U@(w2)U@(w3)] <9
(as seen by Observation 3.2 with k = 3 applied to the path abcw, showing that |@(a) N @(w2)| <2 and
consequently |@(a) \ ¢(w2)| > 2, and noticing that |@(a) N (¢ (w2) U @(w3))| = 0) gives an e-graph G’
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and its proper induced sub-e-graph F; € Cy. Corollary 3.6 implies G’ is 2-edge-connected, and thus if
b € V(F), then F; would contain at least three nailed vertices by Observation 2.6, contradicting (a0).
Consequently b,c ¢ V(F;). Since G is critical, F is not an induced sub-e-graph of G, and thus a € V(F})
and a is nailed in Fj. Since G’ is 2-edge-connected and F; contains at most two nailed vertices by (a0),
Observation 2.6 implies F contains exactly one nailed vertex z distinct from a. If z # we_;_ j, then the
2-edge-cut in G formed by the edge z6_;— jwe—;—; and the edge incident with z not belonging to F; would
contradict Corollary 3.6. Hence, z = we¢_;_;, and thus F; = G’ — {b,c}. By (a0), the underlying graph of
Fis Cs or KI. However, this is not possible, since degy, w; = degp, w; = 3 and degp, a = 2. O

Let us now investigate how the reduction we proposed at the beginning of this section can result in a
non-11/4-colorable e-graph.

Lemma 6.3. Let C = v vyv3v4vs be a S-cycle in a minimum counterexample G, where degvy = degvs = 2.
Fori€ {1,2,3}, let u; be the neighbor of v; not in C. Let j € {2,3} be an index such that uy and u; do not
have a common neighbor. Let G' be the e-graph obtained from G —V (C) by adding the edge uiu;j (if not
already present) and setting de (us—;) = 2. If F is a critical induced sub-e-graph of G', then uju; ¢ E(F),
us_j € V(F), and F is a 5-cycle with two nailed vertices.

Proof. Note that dg/(u1) = dg (1) = 3 and degg us—; = 2, and G’ is 2-edge-connected by Corollary 3.6.
By the minimality of G, we have F € C, and in particular F has at most two nailed vertices by (a0).

Let us first consider the case that uju; ¢ E(F), and thus F # G'. Since G’ is 2-edge-connected,
Observation 2.6 implies F has two nailed vertices, and by (a0), the underlying graph of F is Cs or KI .
By Lemma 5.3, it cannot be K, and thus F is a 5-cycle with two nailed vertices. Moreover, since G is
critical, F is not an induced sub-e-graph of G, and thus us_; € V(F), as required.

Suppose now for a contradiction that uju; € E(F). If uju; € E(G), then u; and u; are nailed vertices
of F, and by (a0), the underlying graph of F is Cs or K, . The latter is not possible by Lemma 5.3. In the
former case, no vertices of F' other than u; and u; can be nailed, and thus Observation 2.6 implies that
G’ = F. Note that two vertices of F have degree two in G, and thus by Lemma 4.2, G — V(C) contains a
path of length three with ends in {u;,u;,u3} and remaining vertices of degree two in G, and F consists of
this path and a path of length two induced by {u,uz,u3}. Therefore, G is one of the e-graphs depicted in
Figure 21. These graphs are 11/4-colorable, which is a contradiction. Therefore, uu; ¢ E(G).

If us_; € V(F), then since at most two vertices of F are nailed, Observation 2.6 and Corollary 3.6
imply that either F = G’ or G’ is obtained from F by adding a path of at most two vertices of degree
two between the nailed vertices of . By a computer-assisted enumeration, we verified that for every
e-graph in Cy, performing this transformation to obtain G’, deleting the edge u u; and adding C to obtain
G results in an e-graph that either is not critical or belongs to Cy. Since G ¢ Cy is critical, it follows that
Us—_j € V(F )

In particular, F # G'. Since G’ is 2-edge-connected, Observation 2.6 implies F contains two nailed
vertices, and by (a0), the underlying graph of F is Cs or K,". If u; and u; were the nailed vertices of F,
then the partition {V(F)\ {u1,u;},(V(G)\V(F))U{u1,u;}} of V(G) would contradict Corollary 3.6.
Consequently, max (degy(u;),degy(u;)) = 3, and in particular the underlying graph of F is K.

Let x; and x be the nailed vertices of F and let x| and x) be their neighbors in G’ — V(F). For
i € {1,2}, if degg;(x}) = 2, then let x} be the neighbor of x} distinct from x;, otherwise let x/ = x}. Let
us remark that if deg;(x) = deg;(x,) = 2, then x] # x) and x| x, & E(G), as otherwise vs_ jus_; would
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Figure 21: E-graphs from Lemma 6.3 in the case uju; € E(F) NE(G).

Gy

Figure 22: The e-graph G; and the replacement e-graph H; in case j = 2 and deg(x}) = 2. In this case
S1 = {x{,x5,u3} = {z1,22,23} such that z;z; is not an edge.
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Figure 23: Critical e-graphs arising in Lemma 6.3.

be a bridge in G, contradicting Lemma 3.1. Let §; = {x},x7,us_;} and let G; be the sub-e-graph of G
/)

consisting of C, F — ujuj, the edges u;v; for i € {1,2,3}, the edges x;x| and x,x}, and the edges x/x! for
each i € {1,2} such that degx, = 2; see Figure 22 illustrating one of the possible sub-e-graphs G|. If x|
or x’2 has degree two, or if x’l, x’z, and us_; are not pairwise distinct, or if u; or u; has degree two in F,
then the configuration G attaching at S; is excluded by reducibility. Hence, we can assume the vertices
x}, x5, and us_; are pairwise distinct and have degree three in G, and the vertices u; and u; have degree
three in F.

Since G is triangle-free, there exist distinct non-adjacent vertices z1,22 € S1; we let H; be the e-graph
with the vertex set S} U{a,b,c}, edges z14a, z2a, ab, bc, and an edge from c to the vertex z3 € 1\ {z1,22},
and with dy, (b) = dp, (c) = 3, see Figure 22. The standard argument for the configuration G| attaching at
S and the replacement graph H; enforcing |@(x}) U @(x}) U@ (us_;)| < 10 (as seen by Observation 3.2
with k = 3 applied to the path abcz3, showing that |@(a) N@(z3)| < 3 and consequently |@(a)\ @(z3)| > 1,
and noticing that |@(a) N (¢(z1) UP(z2))| =0) gives an e-graph G” and its proper induced sub-e-graph
F) € Cp. Let us remark that since b and ¢ are nailed in G” and deg;»(a) = 3, to exclude the case F; = G”
by (a0) we only need to consider the possiblity that the underlying graph of G” is K,/ —that is, G consists
of two disjoint 5-cycles C and G” — {a,b,c}, each containing three vertices of degree three, an edge
between the two cycles, and of F —uju; (K, without an edge) joined by four edges to CUG” — {a,b,c}.
Figure 23 shows the elements of Cy arising in this way, while the rest of such e-graphs were shown to be
11/4-colorable by computer-assisted enumeration.

Note that G” is 2-edge-connected by Lemma 3.1. Since F; # G” and F; contains at most two nailed
vertices, we conclude by Observation 2.6 that b,c ¢ V(F;). Since G is critical, Fj is not an induced
sub-e-graph of G, and thus a € V(F;). Since G” is 2-edge-connected, F; contains at least two nailed
vertices by Observation 2.6. By (a0), it follows that the underlying graph of Fj is Cs or K, and Fj
contains exactly two nailed vertices, one of which is a. Since deg; z3 = 3, Corollary 3.6 implies z3 is the
other nailed vertex of Fi and Fi = G” — {b,c}. However, this implies degp, (z1) = degp, (z2) = 3, which
is not possible since the underlying graph of Fj is Cs or KI and degy, (a) = 2. O

The coloring properties of a 5-cycle with three vertices of degree three are described in the next
lemma, which follows from the measure version of Hall’s theorem.
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Lemma 6.4. Let C = vivov3vavs be a 5-cycle with vertices vy, vy, and v3 nailed. Fori € {1,2,3}, leta
set S(v;) C [0,11) have measure at least 1. There exists an 11/4-coloring @ of C such that @(v;) C S(v;)
forie{1,2,3} ifand only if |S(vi) US(v2)| > 8, [S(v2) US(v3)| > 8, and |S(vi)US(v2) US(v3)| = 11.

Proof. The conditions |S(v;) US(v2)| > 8 for i € {1,3} are necessary, since ¢(v2) and ¢(v;) are disjoint
sets of measure four. Furthermore, by Observation 2.10 with A = {v,v3}, z=vs, B= {v1}, C = {vs3},
71 = vs, and 2o = v4, we have |@(v;) N @(v3)| = 1. Consequently, |¢@(vi) U@(v3)| =7, and since @(v,)
is disjoint from @ (v1) U @(v3), this implies |@(vi) U @(v2) U @(v3)| = 11, showing the necessity of the
last condition.

Conversely, let X; = S(v), Xo = S(vi) NS(v3), X3 = S(v3), and X4 = S(v2), and suppose there exist
pairwise disjoint sets L; C X; and Lz C X3 of measure a; = a3 = 3, L, C X, of measure a, = 1, and
Ly C X4 of measure ag = 4. Then we can let ¢(v;) = L1 ULy, @(v2) = L4, and @(v3) = Ly U L3; this
11/4-coloring extends to v4 and vs by Observation 3.2 with k = 3, since |@(v;) N@(v3)| = 1. By Hall’s
theorem, such sets L1, ..., L4 exist if the inequality

‘UXi >Y a;

iel i€l

holds for every I C {1,2,3,4}. Since |S(v;)| > 7 for i € {1,2,3} (and thus |Xp| > |S(vi)| + |S(v3)| —
11 > 3), X, C X1, and X, C X3, all these inequalities are trivial or implied by the others, except for
|X1 UX> UXy| > 8 (equivalent to [S(vi)US(v2)| > 8), | X2 UX3UXy4| > 8 (equivalent to [S(v2) US(v3)| > 8),
and |X; UX> UX3UXy| > 11 (equivalent to [S(vy) US(v2) US(v3)| = 11). O

Corollary 6.5. Let C = vivav3vavs be a 5-cycle with vertices vy, v, and v3 nailed. Let f : {1,2,3} —
{0,1} be a function such that f(1)+ f(2)+ f(3) = 1. Forie {1,2,3}, let a set S(v;) C [0,11) have
measure at least T— f(i). If |S(vi)US(v2)| > 8 —f(1) — f(2), |S(v2) US(v3)| > 8— f(2) — f(3), and
IS(vi) US(v2) US(v3)| = 11, then there exists an 11/4-coloring ¢ of C such that |@(v;) \ S(v;)| < f(i)
holds for i € {1,2,3}.

Proof. We prove the claim in case f(2) = 1; the cases f(1) =1 or f(3) = 1 are handled similarly.
LetA; =S(v1)\ (S(v2) US(v3)), A2 = [0,11) \ (S(vi) US(v2) US(v3)), A3 = S(v3) \ (S(vi) US(v2)), and
Ag=(S(vi)NS(v3))\S(v2); note that the sets Ay, . .., A4 form a partition of [0,11)\ S(v2). Fori=1,...,4,
let a; = |A;|. By the assumptions, we have (x)

ay,az,az,aq >0

ai+---+as <5 since [S(v2)| > 6
ay+a3 <4 since [S(v1)US(v2)| > 7
a)+ay <4 since [S(v2) US(v3)| > 7
We claim there exist real numbers m;, ..., m4 such that 0 < m; < a; fori € {1,...,4}, and

my+---+my <1

(@ —my) 4+ (ag—my) < 4
(ay—ma)+ (a3 —m3) <3

(@ —my)+(ap—myp) <3
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It suffices to verify this is the case for the vertices of the polytope defined by (x). By symmetry between
v1 and v3, we only need to consider the vertices satisfying a; < as. These vertices and the corresponding
values of my, ..., my are:

ay ay as ayq | my nmp mi3 my
o 0 0 o0j0 O 0 O
o 0 0 5,0 o0 O 1
o 0 4 0|0 O 1 0
0O 4 0 00 1 0 O
o 0 4 1|0 O 1 0
0O 4 0 1|0 1 0 O
1 0 4 0] 0 O 1 0
1 3 1 01]0 1 0 O

Fori e {1,...,4}, choose a set M; C A; of measure m; arbitrarily, and let M = M; U...UM,. Then

IS(v) UM| = 11— (a1 —m1) + ...+ (ag —ma)) > 7
ISV U (S(va)UM)| = 11 — ((aa —m2) + (a3 —m3)) > 8, and
’S(V3)U(S(V2)UM)’ =11 —((a1 —ml)—I—(az—mz)) > 8.

By Lemma 6.4, since |S(vy)[,|S(v3)| > 7 and [S(v;) US(v2) US(v3)| = 11, there exists an 11/4-coloring
¢ of C such that @(vi) C S(v1), @(v2) C S(v2) UM, and @(v3) C S(v3). Since [M| =m; +...+ms <,
we have |@(v2) \ S(v2)| < 1, as required. O

Finally, we are ready to restrict the distance between vertices of degree two in a minimum counterex-
ample.

Lemma 6.6. If G is a minimum counterexample, then the distance between any two vertices of G of
degree two is at least three.

Proof. Let v4 and vs be distinct vertices of G of degree two. By Lemma 4.2, the distance between v4 and
vs is not exactly two. Suppose for a contradiction that v4vs € E(G).

By Lemma 3.5, G contains a 5-cycle C = vivavsvavs. Fori € {1,2,3}, let u; be the neighbor of v; not
in C; as we argued at the beginning of this section, the vertices u;, 1>, and u3 have degree three and are
pairwise distinct. By Lemma 6.2 and symmetry, we can assume there exists j € {2,3} such that u; and
u; do not have a common neighbor; moreover, the labels can be chosen so that either j = 2 or u, has a
common neighbor with both u#; and u3.

Let G’ be the e-graph obtained from G — V(C) by adding the edge u;u; (if not already present) and
setting d/ (us— ;) = 2. Suppose first that G’ has an 11/4-coloring @. Let f(1) = f(j) =0and f(5—j) = 1.
Forie {1,2,3},let S(v;) =[0,11)\ ¢(u;); then |S(v;)| =7 — f(i). Furthermore, the edge u;u; ensures that
@(uy) is disjoint from ¢ (u;), and thus |[S(v{)US(v;)| = 11. This implies |S(vi) US(v2)| > 8 — f(1) — f(2),
IS(va) US(v3)| > 8 — f(2) — £(3), and [S(v;) US(v2) US(v3)| = 11. By Corollary 6.5, there exists an
11/4-coloring y of C such that |y(v;) \ S(v;)| < f(i) holds for i € {1,2,3}. Let y(x) = ¢(x) for every
x € V(G)\ (V(C)U{us_;}) and let y(us_;) = p(us;) \ y(vs_,): note that [w(us_;)| > |@(us_;)| —
f(5—j)=4. Then y is an 11 /4-coloring of G, which is a contradiction.
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Figure 25: The e-graph G and the replacement e-graph Hj.

Therefore, G’ is not 11/4-colorable, and thus it contains a critical induced sub-e-graph F. By
Lemma 6.3, uju; € E(F), us_j € V(F), and F is a 5-cycle with two nailed vertices. Since F is an
induced sub-e-graph of G’ and uju; ¢ E(F), we have {uy,u;} € V(F). If [{u1,u;} NV (F)| = 1, then the
vertex of {u1,u;} NV (F) is nailed in F, and the partition {V(C)UV (F),V(G)\ (V(C)UV(F))} of V(G)
contradicts Corollary 3.6. Therefore, {u;,u;} NV (F) = 0.

Suppose j = 3, and thus u, has a common neighbor in G with both #; and u3 by the choice of the
labels at the beginning of the proof; these common neighbors must be the nailed vertices of F' since
up € V(F) implies the common neighbors are also in V (F) while {u;,u;} NV (F) = 0. Since u; and u3
do not have a common neighbor in G, Corollary 3.6 and Lemma 3.5 imply u u3 € E(G). However, the
corresponding graph G (depicted in Figure 24) is 11/4-colorable, which is a contradiction. Hence, we
have j = 2.

Let w; and w; be the vertices of G — V (F) with neighbors in V(F) distinct from v3. Applying the
observations from the beginning of the section to the 5-cycle in G corresponding to F, we conclude
wi # wy and degw; = degw, = 3. Let z; and z, be the neighbors of wy and w, in V(F), respectively;
note that {z1,2»,u3} induces a subpath of F. Let S| = {u;,uz,w;,wz} and let G| be the sub-e-graph of
G consisting of G[V(C)UV (F)] and the edges uvi, uavz, wiz; and wpzp. Let H, be the graph with the
vertex set S U{a,b} and edges ujua, wia, ab, and bw,, such that dy, (a) = dg, (b) = 3, see Figure 25
(showing the case that u3z; 2, is a path in F'; another non-symmetric possibility is that zyu3z; is a path in F).
The standard argument for the configuration G attaching at S; and the replacement graph H; enforcing
O(u1) N @(uz) =0 and |@(w;) N @(wy)| < 3 gives an e-graph G” and its proper induced sub-e-graph
Fy € Cp. Let us remark that since a and b are nailed, to see that F; # G” it suffices by (a0) to consider the
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cases that the underlying graph of G” is Cs or K. However, G is not a 5-cycle since deggru; = 3. If
the underlying graph of G” is K", then {uy,u2} N {w,w,} consists of a single vertex y and G is obtained
from the 5-cycles C, F, and G” — {a,b,y} by adding an edge between each of the cycles and an edge
from y to each of the cycles; by a computer-assisted enumeration, we verified that all such graphs are
11/4-colorable.

By Lemma 3.1, the graph G” is connected, and since F; # G”, Observation 2.6 implies F; contains a
nailed vertex distinct from a and b. Since F] contains at most two nailed vertices by (a0), we conclude
a,b & V(F;). However, this means that F} is an induced sub-e-graph of G’ not containing u3, which
contradicts Lemma 6.3. O

Since the distance between any two vertices of a 5-cycle is at most two, Lemma 6.6 has the following
useful consequence.

Corollary 6.7. Every 5-cycle in a minimum counterexample contains at least four vertices of degree
three.

Moreover, using Lemma 6.6 we can exclude one of the outcomes in Corollary 3.6, strengthening it as
follows.

Corollary 6.8. Every 2-edge-cut in a minimum counterexample is formed by the edges incident with a
single vertex of degree two.

7 4-cycle with adjacent 2-vertex

In this section, we show that vertices with a neighbor in a 4-cycle have degree three. Recall that vertices
inside a 4-cycle have degree three by Lemma 5.1. As usual, we start the argument by discussing some
degenerate cases.

Lemma 7.1. Let C = vvov3vy be a 4-cycle in a minimum counterexample G, and for i € {1,2,3,4}, let
u; be the neighbor of v; not in C. Then the vertices uy, ..., us are pairwise distinct, and for i € {1,2}, at
most one of the vertices u; and u;1, has degree two.

Proof. Since G is triangle-free, we have u; # up. If u; = u3, then v; and v3 would have the same
neighbors, contradicting the criticality of G. Symmetric arguments show that the vertices u1, ..., u4
are pairwise distinct. For i € {1,2,3,4}, let u} be the neighbor of u; distinct from v; if degu; = 2 and
let u} = u; otherwise. Let Sy = {u},...,u}} and let G; be the sub-e-graph of G consisting of C, the
edges u;v; fori € {1,2,3,4}, and the edges u;u. for those i such that degu; = 2. If degu; = deguz =2 or
degu, = deguy = 2, then the configuration G attaching at S is excluded by reducibility. O

A bit surprisingly, the case there are two consecutive neighbors of degree two is substantially more
complicated.

Lemma 7.2. Let C = vvav3vy be a 4-cycle in a minimum counterexample G, and for i € {1,2,3,4}, let
u; be the neighbor of v; not in C. Then at most one of the vertices uy, ..., us has degree two.
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Figure 27: The e-graph G; and the replacement e-graph H;.

Proof. Otherwise, we can by Lemma 7.1 and symmetry assume degu; = degu, = 2 and deguz =
degus = 3. Fori € {1,2}, let u} be the neighbor of u; distinct from v;; by Lemma 6.6, we have degu} = 3
and u| # u}.

We claim that /| # uj3.

Subproof. Suppose for a contradiction that | = us. If uy, = us, then since G does not contain K, as an
induced subgraph by Lemma 5.3, we have usuy € E(G); but the resulting e-graph, depicted in Figure 26,
belongs to Cy. Hence, we can assume u) 7 uy.

Let uy be the neighbor of u3 distinct from v3 and u;. Let S| = {u},u},us}, let Gy be the sub-e-graph
of G consisting of C, the paths vjujuszv; and vzuzu’z, and the edges v4u4 and M3u/3, and let H; be the
e-graph with the vertex set S} U {a,b}, edges usa, ab, and buy, and dy, (a) = dy, (b) = 3, see Figure 27.
The standard argument for the configuration G attaching at S; and the replacement graph H; enforcing
|o(u) N @(uy)| < 3 gives an e-graph G’ and its proper induced sub-e-graph Fy € Cy (note that G’ is
triangle-free since ), # u4, and Fi # G’ by (a0) since a, b, and u} are nailed in G'). Since G is critical, F
is not an induced sub-e-graph of G, and thus a,b € V(F;). But G’ is connected by Lemma 3.1, and thus
by Observation 2.6, F; # G” contains a nailed vertex distinct from a and b. This contradicts (a0). |

Therefore, we have u| # u3, and symmetrically u} # u4. Let G” be the graph obtained from G by
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Figure 28: The part of G modified to create the e-graph G
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Figure 29: The e-graph G».

identifying v; with v3 to a new vertex x and v, with v4 to a new vertex y, see Figure 28. Then G” is
triangle-free. Furthermore, G” is not 11/4-colorable, since giving v and v the color set of x and v,
and v4 the color set of y would result in an 11/4-coloring of G. Hence, G” contains a critical induced
sub-e-graph F>, which by the minimality of G belongs to Cy. If F, = G”, then G is obtained from F> € €
by uncontracting the edge xy back to a 4-cycle; however, by a computer-assisted enumeration, we verified
that all such graphs either belong to Gy or are not critical, which is a contradiction. Therefore, F>» # G”.
The graph G” is 2-edge-connected by Corollary 6.8, and thus by Observation 2.6, F> has at least two
nailed vertices. By (a0), F> has exactly two nailed vertices and the underlying graph of F; is Cs or Kj .

Since G is critical, it does not contain an e-graph isomorphic to F, as an induced sub-e-graph,
and thus {u;,u,} NV (F,) # 0. By symmetry, we can assume u; € V(F), and thus also u},x € V(F3).
Consequently, F> contains at least three distinct vertices whose degree in G” is three, namely u/, x, and
either y or u3. Since F; has only two nailed vertices, the underlying graph of F; cannot be Cs, and thus it
is KI .

If degp, x = 3, then since degp, u; = 2 and no vertex of K, has two neighbors of degree two,
it follows that degp y = 3. Since K4+ contains two edges joining vertices of degree two, we have
degy, u| = degy, u, =2, and consequently u} and u are the two nailed vertices of F>. Hence, precisely
two edges of G are leaving (V(F2) \ {x,y}) UV(C), and these edges are incident with | and u}. By
Corollary 6.8, u} and ), have a common neighbor z of degree two in G. However, then u) has two
neighbors of degree two in G, namely u; and z, contradicting Lemma 4.2.

Therefore, degF2 x=2.1If y € V(F,), then since both x and u| have degree two, y would have to have
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Figure 30: The e-graph G; and the replacement e-graph H.

degree three, and y would be adjacent to two vertices x and u, of degree two in F;. This does not happen
in K;". Consequently y ¢ V(F>), and thus also u; ¢ V(F») and u3 € V(F,). Let ¢ be the nailed vertex of
F; distinct from x and using Lemma 3.1, observe that u’2 # ¢ # uy. Let ¢’ be the neighbor of ¢ in G not
belonging to V (F>). Since the underlying graph of F» is K, ¢ has a non-nailed neighbor ¢”” of degree two
in F>. Note that deg; ¢’ = 2, and thus deg; ¢’ = 3 by Lemma 4.2. Let S» = {u, us,¢’} and let G be the
subgraph of G consisting of G[V (F —x) UV (C) U{u,}] and the edges upub, vaus, and cc’, see Figure 29.
The configuration G, attaching at S, is excluded by reducibility, which is a contradiction. O

Finally, let us deal with the case there is exactly one neighbor of degree two.

Lemma 7.3. Let G be a minimum counterexample and suppose that a vertex v € V(G) has a neighbor in
a 4-cycle. Then degv = 3.

Proof. Let C = viv,v3v4 be a 4-cycle in G, and for i € {1,2,3,4}, let u; be the neighbor of v; not in C.
Suppose for a contradiction that degu; = 2. By Lemma 7.1, the vertices uy, ..., usq are pairwise distinct,
and by Lemma 7.2, the vertices u,, u3, and us have degree three. Let u’1 be the neighbor of u; distinct
from v;; we have degu| = 3 by Lemma 6.6.

Let S = {u’l,ug,u3,u4}, let G| be the sub-e-graph of G consisting of C, the path vlulu’l, and the
edges viu; for i € {2,3,4}, and let H be obtained from G, by deleting the edge v;v4 and setting dy (v;) =
dy(va) = 2, see Figure 30. Note that in any 11/4-coloring ¢ of H, Observation 2.10 implies |@(v2) N
@(ua) <2, [@(v2) Np(uy)| < 1, and |@(v2) NP(uz)| =0, and thus [@(v2) \ (¢ () U@ (u2) Up(ua))| > 1.
This implies |¢ (u}) U @(u2) U @(us)| < 10. The standard argument for the configuration G| attaching at S
and the replacement graph H enforcing |@(u3) N @(us)| < 2, |@(u2) N@(u3)| < 3, and |@(u)) U @(uz) U
©(us)| < 10 gives an e-graph G’ and its proper induced sub-e-graph F € Cy.

Note that G’ is 2-edge-connected by Corollary 6.8, and since F # G, at least two vertices of F are
nailed by Observation 2.6. By (a0), exactly two vertices of F' are nailed and the underlying graph of F is
Cs or K. Since G is critical, F is not an induced sub-e-graph of G, and thus {vi,v4} NV (F) # 0. If F is
a 5-cycle, then F contains exactly one of v; and v4, since G is triangle-free; but then the corresponding
5-cycle in G has only three nailed vertices (the two nailed vertices of F' and the vertex of {vi,v4} NV (F)),
contradicting Corollary 6.7. If the underlying graph of F is K", then vi,v4 € V(F) by Lemma 5.3,
implying that vy, u;, and v4 are vertices of F' of degree two. This is a contradiction, since none of them is
nailed in F, F has two nailed vertices, and KI has only four vertices of degree two. O
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8 Vertices of degree two

We now aim to get rid of vertices of degree two completely. We need the following observation.

Lemma 8.1. Let Ay, Ay, B, and C be measurable subsets of [0,11) such that |A,| = |A2| =4, |B| =5 and
|C| =1, and B is disjoint from Ay UA, UC. Then there exists a set X C [0,11)\ (BUC) of measure 2 such
that |[A;NX| < 1and |A;NX]| < 1.

Proof. Without loss of generality, we can assume B = [6,11) and C = [5,6). Furthermore, we can assume
that A1,A, C [0,5), since replacing A; by a subset of [0,5) of measure 4 containing A; N[0, 5) only makes
it harder to select X. Let r = |[0,5) \ (A UA3)|; then |A; \ A2| = |A2\ A1| = 1 —. Hence, we can let X
consist of X; = [0,5) \ (A1 NA2) (a set of measure 2 —t) together with a subset X, of A; N A, of measure
t. Fori e {1,2}, the set X intersects A; in (4; \ A3_;) UX>, which has measure (1 —7)+7=1. O

Let us constrain the neighborhoods of vertices of degree two. To this end, we exploit the stronger
statement we are proving (obtaining larger color sets on vertices of degree two in the reduced graphs) as
well as the possibility to convexly combine colorings arising from several different reductions.

Lemma 8.2. Let G be a minimum counterexample, let v € V(G) have degree two, and let vi and v, be
the neighbors of v. Then G — {v,vi,v,} contains a 5-cycle K such that each of vi and v, has exactly one
neighbor in K and a vertex of K has degree two in G.

Proof. We have degv; = degv, =3 by Lemma 6.6. For i € {1,2}, let ; ; and u; > be the neighbors of v;
distinct from v. By Lemmas 5.1 and 6.6, the vertices u; ; for i, j € {1,2} are pairwise distinct and have
degree three.

Firstly, we claim that G has a set 11-coloring ¢; such that |@;(v)| = 1, for i € {1,2} we have
|@1(vi)| =7, and for j € {1,2}, we have |¢;(u; ;)| = 3. Note that ¢; is not an 11/4-coloring: The
measures of ¢ (v) and ¢@; (u; j) are smaller than needed, while the measures of @(v;) and @(v,) are larger.

Subproof. Let G’ be the e-graph obtained from G — v by setting dg/(vi) = dg/(v2) = 2. Suppose that G’
has a critical induced sub-e-graph Fj, by the minimality of G belonging to Cy. By a computer-assisted
enumeration, we verified that adding a common neighbor to a pair of non-nailed vertices in an e-graph
from Cy results either in an e-graph from Gy or in a non-critical e-graph. Since G is obtained from G’
in this way, we have G’ € €y, and thus F; # G'. By Corollary 6.8, G’ is 2-edge-connected, and thus F
contains at least two nailed vertices by Observation 2.6. By (a0), F; contains exactly two nailed vertices
and the underlying graph of Fj is Cs or K;". By Lemma 5.3, F is a 5-cycle. By Corollary 6.7, at least
four vertices of F; have degree three in G, and since only two vertices of F; are nailed, it follows that
vi,vp € F1. Since G is triangle-free, this implies v; and v, have a common neighbor distinct from v.
However, this contradicts Lemma 5.1.

Therefore, G’ does not contain a critical induced sub-e-graph, and thus G’ has an 11 /4-coloring ¢.
Note that |@](v;)| =5 for i € {1,2}. Let us now define the set 11-coloring ¢; of G as follows. Let ¢; (v)
be an arbitrary subset of [0, 11)\ (¢](v1) U@](v2)) of measure 1. For every vertex x at distance at least
three from v, let @; (x) = @] (x). For i € {1,2}, let X; be the set obtained using Lemma 8.1 with C = ¢; (v),
B = (p{ (V,’), A= (p{(um), and A, = (P{(M,‘,z). Let ¢ (V,‘) = (p{ (V,‘) UX; and for j € {1,2}, let (pl(uhj) be
a subset of @] (u; ;) \ X; of measure 3. Let us remark that |@; (v;)| = |@] (vi)| + |Xi| = 7. [ ]
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Let G” be the e-graph obtained from G — {vy,v,v»} by setting dgr(u; j) =2 for i, j € {1,2}. We claim
G" does not have any 11/4-coloring.

Subproof. Suppose for a contradiction G” has an 11/4-coloring ¢,. Note that |@,(u; ;)| =5 for i, j €
{1,2}. For i € {1,2}, choose ¢»(v;) as a subset of [0,11)\ (¢2(u; 1)U @2(u;2)) of measure 1, and let
¢2(v) be a subset of [0,11)\ (¢2(v1) U@a(v2)) of measure 9; again, this extension of @, to G is a set
11-coloring but not an 11/4-coloring. However, consider the set 11-coloring ¢ = %(pl + %(pz We now
apply Observation 2.7. For a vertex x at distance at least three from v, we have |@(x)| = |@i(x)| =
|92(x)| =7 —dg(x). Fori € {1,2}, we have [@(vi)| = 5 (|@1 (vi)| +|@2(vi)]) = 5(7+1) =4 =7 ~dg(v),
and for j € {1,2}, we have |@(u; ;)| = 5(|@1 (ui,;)| + [@2(ui ;)|) = $(3+5) =4 =7 —dg(u;). Finally,
o) = 3(|o1 (V)| + |@2(v)]) = 1(1+9) =5 =7 —dg(v). Therefore, ¢ is an 11 /4-coloring of G, which
is a contradiction. ]

Since G” does not have an 11 /4-coloring, it contains a critical induced sub-e-graph F>, which by the
minimality of G belongs to Cy. By a computer-assisted enumeration, we verified that for any 4-tuple
(a1,az,a3,a4) of distinct non-nailed vertices of degree two in an e-graph from €y in which neither a;a;
nor asay is an edge, adding a vertex b adjacent to a; and a,, a vertex b, adjacent to a3 and a4, and a
common neighbor of b; and b, results either in an e-graph from Cy or in a non-critical e-graph. Since G
arises from G” in this way, we have G” € @y, and thus F> # G”. By Lemma 5.3, the underlying graph of
F, is not Kj .

If F, is a 5-cycle, then at least four vertices of F, have degree three in G by Corollary 6.7. Since
F, has at most two nailed vertices by (a0), it follows that F, contains at least two of the vertices
{u;j:i,j € {1,2}}. Since deg;v =2, Lemma 7.3 and the assumption that G is triangle-free imply
that the distance between u; 1 and u; > and the distance between u 1 and u;> in G" is at least three.
Consequently |V (F>) N{u;1,u;2}| =1 fori € {1,2}, exactly four vertices of F> have degree three in G
and exactly one vertex of F; has degree two in G. Hence, the conclusion of this lemma holds with K = F;.

Therefore, we can assume the underlying graph of F; is neither Cs nor K", and by (a0), F> has at
most one nailed vertex. By Corollary 6.8, the graph G” is connected. Since F>» # G, Observation 2.6
implies F; has exactly one nailed vertex x. Let x’ be the neighbor of x in V(G”) \ V(F3); note that xx’
is the only edge of G” between V(F,) and V(G”) \ V(F;). Since G is critical, F; is not an induced
sub-e-graph of G, and thus we can by symmetry assume u;; € V(F). If {us1,u22} NV (F) =0,
then we obtain a contradiction with Corollary 6.8 by considering the two edges leaving either V (F3) (if
uip €V(F))orV(F)U{v} (ifu; » € V(F>)) in G. Therefore, by symmetry we can assume uy | € V(F).
Similarly, if {u; 2,u22} NV (F2) # 0, then at most two edges leave V (F>) U{vy,v,v2} in G, and we obtain
a contradiction with Corollary 6.8. Therefore, u12,u2> ¢ V(F>).

Let S3 = {u1 2,u22,x"} and let G3 be the sub-e-graph of G consisting of G[V (F2 )], the path u; jvivwau 1,
and the edges u; 2y, u2v2, and xx’. In case degx’ =2, let x” be the neighbor of x’ distinct from x; we have
degx” =3 by Lemma 6.6. Let Sg = {u; 2,u22,x"} and let G4 be obtained from G3 by adding the edge
x'x", see Figure 31. Since F, € Cy, there are only finitely many choices for Gz and G4. The configuration
G, attaching at Sy is excluded by reducibility, and thus degx’ = 3. We claim that uipuz € E(G).

Subproof. Suppose for a contradiction that u; 2uz 2> ¢ E(G), and let H3 be the e-graph with the vertex
set S3U {a}, edges ujra and uyra, and dy,(a) = 2, see Figure 31. The standard argument for the
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Figure 31: The e-graphs G3 and G4 and the replacement e-graph Hs.

configuration G3 attaching at S3 and the replacement graph H3 enforcing [@(u;2) U @(u22)| < 6 gives an
e-graph G””" and its proper induced sub-e-graph F; € Cy; to verify that F3 # G”, we consider all possible
combinations of an e-graph from €, with one nailed vertex (corresponding to x') minus a vertex of degree
two to represent F3 — a, another e-graph from €y with one nailed vertex (and with the underlying graph
distinct from Cs and K") to represent F3, and the neighborhood of a vertex of degree two (corresponding
to the path vivv;), and conclude by a computer-assisted enumeration that all graphs arising in this way
either belong to €y or are not critical.

By Corollary 6.8, the graph G is 2-edge-connected. Since F3 # G'”, Observation 2.6 implies F3 has
at least two nailed vertices distinct from x’. By (a0), F; has exactly two nailed vertices and x’ ¢ V (F3),
and the underlying graph of F; is either Cs or K, . Furthermore, since G is critical, F3 is not an induced
sub-e-graph of G, and thus a € V(F3). If F3 were a 5-cycle, then u; > and u; » would have to be its nailed
vertices, since they have degree three in G; however, then F3 would contain two adjacent vertices whose
degree in G is two, contradicting Lemma 6.6.

Hence, the underlying graph of F3 is K. Let z; and z, be the nailed vertices of F3, and let z} and Zj
be their neighbors in G not belonging to F3. For i € {1,2}, if degz; = 2, then let z; be the neighbor of z;
distinct from z;, otherwise let z} = z}. Let S5 = {z],z5,x"} and let Gs be the sub-e-graph of G consisting
of G3, G|V (F; — a)], the edges z1z] and z,25, and the edges z;z/ for i € {1,2} such that degz, = 2, see
Figure 32. The configuration Gs attaching at Ss is excluded by reducibility. |

Therefore, we have u ruz» € E(G). For i € {1,2}, let w; be the neighbor of u;, distinct from v;
and u3_; . If degw; = 2, then let w! be the neighbor of w; distinct from u; >, otherwise let wi=w;. Let
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Figure 32: The e-graph Gs.
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Figure 34: The e-graph G¢ and the replacement e-graph Hg in the case degw; = degw, = 3.
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Se¢ = {w),w},x'} and let G¢ be the sub-e-graph of G obtained from G3 by adding the path wu; 2uz w3,
and for i € {1,2} such that degw; = 2, the edge w;w/, see Figure 33. If degw; = 2 or degw, = 2, then
the configuration Gg attaching at S¢ is excluded by reducibility. Therefore, degw; = degw, = 3.

Let Hp be the e-graph with the vertex set S U {b,c}, edges wib, bc, and cw,, and dp, (b) = 2 and
dp,(c) = 3, see Figure 34. The standard argument for the configuration G attaching at Se and the
replacement graph Hg enforcing |@(w;) N @(w2)| < 2 gives an e-graph G* and its proper induced sub-
e-graph Fy € Cp; the case Fy = G* is excluded as follows: Note that G* contains two nailed vertices
¥’ and ¢, and thus by (a0), we would have that the underlying graph of G* is Cs or K. Replacing the
path wibcw, in G* by the path wyuy us oW, we obtain an induced sub-e-graph G7 in G with the same
underlying graph, which by Lemma 5.3 cannot be K| I . Moreover, only three vertices x', u; 2, and up o of
G’ would be nailed, contradicting Corollary 6.7 when G7 is a 5-cycle.

Since G is critical, Fg is not an induced sub-e-graph of G, and thus b,c € V(Fg), and ¢ is a nailed
vertex of Fg. However, G* is 2-edge-connected by Corollary 6.8, implying by Observation 2.6 that
Fs # G* has at least two nailed vertices distinct from c; this contradicts (a0). (]

Lemma 8.2 shows that near to each vertex v of degree two, there must be a 5-cycle containing another
vertex V' of degree two. We plan to apply Lemma 8.2 to V/, obtaining another 5-cycle containing a vertex
of degree two. Let us now exclude two special combinations of 5-cycles that can arise in this way.

Lemma 8.3. Let G be a smallest counterexample and let C; = vivav3vavs and Cy = vivowswaws be
5-cycles in G intersecting in the edge viv,. If degvy = 2, then degwy = 3.

Proof. Suppose for a contradiction that degwy = 2. Note that v3ws,w3vs & E(G) by Lemma 7.3. Since
G is triangle-free, we conclude that C; U, is an induced sub-e-graph of G. Let z1, 22, z3, and z4 be the
neighbors of v3, vs, w3, and ws, respectively, not belonging to C; UC,. By Lemma 6.6, the vertices zy, ...,
z4 have degree three. Observe there exists a permutation 7 of {1,2,3,4} such that Za(1)Zr(2):2n(3)2n(4)
E(G): Otherwise, since G is triangle-free, we could by symmetry assume z;22,2123,2124 € E(G), and
since degz; = 3 and z;v3 € E(G), we would have z; = z; for distinct i, j € {2,3,4}. We have zp # z4 # z3
by Lemmas 5.1 and 7.3, and thus z, = z3. However, then z4 would be incident with a bridge, contradicting
Lemma 3.1.

Let S = {z1,22,23,24} and let G; be the sub-e-graph of G consisting of C; UC; and the edges v3z;,
V522, wazs, and wsza. Let H be the e-graph with the vertex set SU {a,b,c}, edges Zr(1)8s Zr(2)ds ab, be,
€z (3)> and czz(4), and with dy (a) = du (b) = du(c) = 3, see Figure 35. Note that for any 11 /4-coloring ¢
of H, Observation 2.10 implies |(¢(zz(1)) U@ (zz(2))) N @(c)| < 3 and [(¢(zz(3)) U @(zz(4))) N @(c)| =0,
and thus |@(c)\ (U, @(z))| > 1, and |UL, @(z;)| < 10. The standard argument for the configuration
G attaching at S and the replacement graph H enforcing ‘U?ZI (p(zi)’ < 10 gives an e-graph G’ and its
proper induced sub-e-graph F € €, (note that in the computer-assisted argument to exclude F = G', we
can assume that zz (1) # zz(2) and z(3) # Zz(4) since otherwise H would contain two nailed vertices and
by (a0), F would be Cs or K;"; and since the nailed vertices of F would be adjacent, F would also contain
two adjacent non-nailed vertices of degree two, implying that G contains two adjacent vertices of degree
two in contradiction to Lemma 6.6).

By Corollary 6.8, the graph G’ is 2-edge-connected, implying by Observation 2.6 that F contains at
least two nailed vertices distinct from the nailed vertex b of G”. By (a0), it follows that b ¢ V (F) and the
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Figure 35: The e-graph G| and the replacement e-graph H if 7 is the identity.

underlying graph of F is Cs or K,". Since G is critical, F is not an induced sub-e-graph of G, and thus we
can assume a € V(F), a is a nailed vertex of F, and z; (1) # zz(2)- Since both z;(;) and z5(,) have degree
three in G” and F has only one nailed vertex other than a, F is not a 5-cycle. If the underlying graph of F
is K", then Zx(1) OF Zr(2) is the other nailed vertex of F and F contains two adjacent non-nailed vertices
of degree two. These vertices have degree two in G as well, contradicting Lemma 6.6. g

Lemma 8.4. Suppose C; = vivav3vavs and Cy = wiwawswaws are disjoint cycles in a smallest coun-
terexample G and viwy,viws € E(G). If degvy = 2, then degw, = 3.

Proof. Suppose for a contradiction that degw, = 2. Note that vaws,wsvs & E(G) by Lemma 7.3. If
vaws € E(G), then Corollary 6.8 implies that either vsw4 € E(G), or vs and w4 have a common neighbor
of degree two; however, both such graphs are 11 /4-colorable. Therefore vsw4 ¢ E(G), and symmetrically
vaws € E(G). Let 21, 22, z3, and z4 be the neighbors of v4, vs, wa, and ws, respectively, not belonging to
CiLUGC,.

Suppose i, j € {1,2,3,4} are distinct, z; = zj, and degz; = 2. Letting {k,/} = {1,2,3,4}\ {i,j},
Corollary 6.8 implies that z; = z; also has degree two; but then G is 11/4-colorable (or contains a
triangle), which is a contradiction. Hence, if degz; = 2, then z; is distinct from all vertices z; for
J€{1,2,3,4}\ {i}; we let Z; be the neighbor of z; not in C; UC». If degz; = 3, we let Zi = z;.

Let S = {z},...,2,} and let G| be the sub-e-graph of G consisting of G[V(C;) UV (C,)], the edges
V4Z1, V522, W43, wsz4, and the edges z;z; for i € {1,2,3,4} such that degz; = 2, see Figure 36. If at
least one of the vertices zj, ..., z4 has degree two, then the configuration G attaching at S is excluded
by reducibility. Hence, suppose that all vertices zj, ..., z4 have degree three. Let H be the e-graph
with the vertex set SU{ay,az,a3,a4}, edges of the paths zja;asz; and z3azasza, and with dy (a;) = 3 for
i €{1,2,3} and dy(as) = 2, see Figure 36. The standard argument for the configuration G, attaching at
S and the replacement graph H enforcing |@(z;) N@(z2)| < 3 and |@(z3) N @(z4)| < 2 gives an e-graph G’
and its proper induced sub-e-graph F € Cy (we have F # G’ by (a0), since G’ has three nailed vertices).

Since G is critical, F is not an induced sub-e-graph of G (even after possibly replacing the path
Z1a1a22; by the path z;v4vsz;) and thus a3, a4 € V(F). Corollary 6.8 implies G’ is connected, and thus by
Observation 2.6, F # G’ contains another nailed vertex in addition to a3. Hence, by (a0) F' contains two
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Figure 36: The e-graph G| and the replacement e-graph H.

nailed vertices and the underlying graph of F is either Cs or K. However, if F were a 5-cycle, then the
corresponding 5-cycle in G (obtained by replacing the path z3a3a4z4 by z3wawsz4) would only contain
three vertices of degree three, contradicting Corollary 6.7, and the case that the underlying graph of F is
K, is excluded by Lemma 5.3. O

We are now ready to prove the main result of this section.
Lemma 8.5. Every minimum counterexample is 3-regular.

Proof. Suppose for a contradiction that a minimum counterexample G contains a vertex v of degree two.
By Lemma 8.2 (considering the vertex of degree two contained in K instead of v if necessary), we can
without loss of generality assume that v is contained in a 5-cycle C; = uy 1vivvouz 1. By Corollary 6.7,
all vertices of C; except for v have degree three. Let u; » and us > be the neighbors of v and v, not in
C), respectively; we have u; s # us» and degu;» = deguz» = 3 by Lemmas 5.1 and Lemma 6.6. By
Lemma 8.2, there exists a 5-cycle C; C G — {v;,v2,v} containing another vertex of degree two such
that each of v; and v, has exactly one neighbor in C;. We claim that these neighbors of v; and v, are
non-adjacent.

Subproof. Suppose for a contradiction that the neighbors of v; and v, in C; are adjacent, and thus we can
(by relabelling the vertices if necessary) assume these neighbors are 11 1 and uy 1; let Co = uy ju> jw3waws.
By Lemma 8.3, we have degw, = 3, and thus by symmetry and Corollary 6.7, we can assume degwsz = 2
and degws = 3.

We claim that u; > and ws do not have a common neighbor x of degree 2; indeed, if they did, let x' be
the neighbor of u; » distinct from v; and x, let w); be the neighbor of w4 not in Cy, let §1 = {x',w},uz2,},
and let G| be the sub-e-graph of G consisting of G[V (C;) UV (C3)], the path u; 2xws, and the edges x'u; 2,
wng;, and u; >v7, see Figure 37. The configuration G attaching at S is excluded by reducibility.

Let us now apply Lemma 8.2 again, with w3 playing the role of v, giving a 5-cycle K C G —
{uz,1,w3, w4} containing a vertex of degree two and a neighbor of u; | and of wy4. If u; ; € V(K), then
v2 & V(K) since up has only one neighbor in K, and thus K contains the path u; oviu; 1ws; however,
then ws and u; » would have a common neighbor of degree two, which is a contradiction.

Therefore u;; ¢ V(K), v € V(K), and K = uj 2vivvouz 2. The vertex wy has a neighbor in K.
If wausz» € E(G), then Corollary 6.8 implies that either u; ws have a common neighbor of degree
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Figure 37: The e-graph Gj.

two (which we already excluded), or u; ows € E(G), which contradicts Lemma 7.3. It follows that
Wall12 € E(G)

Lemma 7.3 then implies wsuz » & E(G), as otherwise the vertex wsz of degree two would have a
neighbor in the 4-cycle wawsus ou1 5. By Corollary 6.8, it follows that ws and u > have a common
neighbor of degree two. However, the corresponding graph G is 11/4-colorable, which is a contradiction.

|

Since the neighbors of v; and v, in C, are non-adjacent, we cannot have u;; € V(C); otherwise,
as degg_y, 1,3 41,1 = 2, we would also have us ) € V(C,). Symmetrically, uy | ¢ V(C,). Therefore,
uip,u2 € V(Cy). Let Co = uj pwiuz owows. By Lemma 8.4, we have degw; = 3, and thus by symmetry
and Corollary 6.7, we can assume degw, = 2 and degws = 3.

We claim that u;; and wy do not have a common neighbor y of degree 2: Otherwise Corollary 6.8
and Lemma 6.6 would imply u, ;w3 € E(G); however, the corresponding graph G is 11/4-colorable.

Let us now again apply Lemma 8.2, with w, playing the role of v, giving a 5-cycle K’ C G —
{ur2,w2,w3} containing a vertex of degree two and a neighbor of u,» and of ws. If w; € V(K’), then
va € V(K'), and thus K’ contains the path wiu2viu 1; however, then wy and u; ; would have a common
neighbor of degree two, which is a contradiction.

Therefore, w; € V(K') and v, € V(K’), which implies K’ = C;. The vertex w3 has a neighbor in K,
and wj is not adjacent to u;,; by Lemma 7.3; hence, w3uy | € E(G). However, then Corollary 6.8 and
Lemma 7.3 imply w; and u; ; have a common neighbor of degree two, which is a contradiction. ]

Consequently, we can strengthen Corollary 6.8.

Corollary 8.6. Every minimum counterexample is 3-edge-connected.

9 4-cycles

We now show that a minimum counterexample cannot contain a cycle of length four.
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Figure 38: Some of the possibilities for the e-graph G;.

Lemma 9.1. Every minimum counterexample has girth at least five.

Proof. Suppose for a contradiction C = v{v2v3v4 is a 4-cycle in a minimum counterexample G. Note that
C is an induced cycle, since G is triangle-free. Fori € {1,...,4}, let u; be the neighbor of v; outside of
C. Note that the vertices uy, ..., usq are pairwise distinct: otherwise, since G is triangle-free, we could
assume u#1 = u3; but then v; and v3 would have the same neighborhood, contradicting the criticality of G.
By Lemma 7.3, the vertices uy, ..., us have degree three.

Let G’ be the e-graph obtained from G — V(C) by setting dg(u;) =2 fori € {1,...,4}. Suppose that
G’ has an 11/4-coloring ¢'. Fori € {1,...,4}, let L; be a subset of [0,11) \ ¢'(u;) of measure 6. Since
the fractional choosability is equal to the fractional chromatic number [2] and C has (fractional) chromatic
number 2, there exist sets A; C L; fori € {1,...,4} such that |A;| = 3 and (A; UA3) N (A2 UA4) = 0. For
i€{l,...,4}, let M; be a subset of [0,11)\ (A;—1 UA; UA;+) of measure 2, where Ag = A4 and As = Aj.
Using the fractional choosability of C again, fori € {1,...,4}, there exist sets B; C M; of measure 1 such
that (B; UB3) N (B2 UB4) = 0. Let ¢(x) = ¢’(x) for any vertex x at distance at least two from C, and
forie {1,...,4},let (v;) = A;UB; and let @(u;) be a subset of ¢’(u;) \ B; of measure 4. Then ¢ is an
11/4-coloring of G, which is a contradiction.

Hence, G’ does not have an 11 /4-coloring and contains a critical induced sub-e-graph F, belonging
to Cp by the minimality of G. By a computer-assisted enumeration, we verified that for every graph in Cg
with no nailed vertices and with exactly four vertices of degree two, attaching a 4-cycle adjacent to these
vertices results in an e-graph that either belongs to € or is not critical. Since G arises from G’ in this
way, we have G’ & Cy, and thus F # G'.

By Corollary 8.6, the graph G’ is connected, and thus F contains at least one nailed vertex by
Observation 2.6. If F' contains exactly one nailed vertex, then (b0O) implies F' contains at least three
non-nailed vertices of degree two, and thus |V (F) N {uy,...,us}| > 3. However, then G contains at most
two edges with exactly one end in V(F)UV(C), contradicting Corollary 8.6.

Therefore, F' contains at least two nailed vertices, and by (a0) and Lemma 5.3, F is a 5-cycle with
exactly two nailed vertices. Consequently, we can by symmetry assume u;,up,u3 € V(F) and us ¢ V(F).
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Figure 39: The edges of the difficult 5-cycle graph.

Let x; and x; be the nailed vertices of F and let x| and x}, be their neighbors not in F. Let S = {x/, x5, us}
and let G| be the sub-e-graph of G consisting of G[V (C) UV (F)] together with the edges xx}, x,x}, and
vauy, see Figure 38. The configuration G attaching at S is excluded by reducibility. O

10 3-regular graphs

We now come to the core of the argument, very similar to the one used in [5]. For each vertex v of a
minimum counterexample, we delete v and the neighbors of v and find an 11/4-coloring of the resulting
e-graph. We then convexly combine these colorings to obtain an 11/4-coloring of the whole graph, which
gives a contradiction. Of course, an issue is that we need to argue that no critical subgraph is created in
this way, which is generally straightforward with the exception of 5-cycles with two nailed vertices. To
deal with these 5-cycles, we exploit the fact that we can afford to keep a few of the vertices at distance
two from v nailed. The following definition is used to determine which vertices to nail.

Let G be a minimum counterexample. The difficult 5-cycle graph of G is defined as the directed graph
Z with the vertex set V (G), where (v,u) € Z if and only if G contains a 5-cycle K = uuususug, v € V(K),
and G contains three paths Pj, P>, and P; from v to K of length two, disjoint except for v and intersecting
K only in their last vertices, such that the last vertices of Py, P», and P; are either {u,u;,us} or {u,us,u3},
see Figure 39. Let W (v, K) denote the set of last vertices of Py, P, and P; (this set is uniquely defined
without the need to specify P;, P>, and P3, since G has girth at least five, and thus each neighbor of v can
have only one neighbor in K), and let u(v, K) denote the vertex u (again, u is uniquely determined by v
and K).

The motivation for the definition of the difficult 5-cycle graph comes from the following Lemma.

Lemma 10.1. Let v be a vertex of a minimum counterexample G and let D be the set of outneighbors
of v in the difficult 5-cycle graph Z of G. Let vy, v», and v3 be the neighbors of v in G, and let N be the
set of their neighbors distinct from v. Let G, be the e-graph obtained from G — {v,vi,v2,v3} by setting
dg,(x) =2 forx € N\ D and dg,(x) = 3 for x € D. Then G, is 11/4-colorable.

Proof. Suppose for a contradiction that G, does not have an 11 /4-coloring, and thus it contains a critical
induced sub-e-graph F, belonging to Cy by the minimality of G. Note that |[N| = 6 by Lemma 9.1. By a
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Figure 40: The e-graph G;.

computer-assisted enumeration, we verified that for every graph in €y with exactly six vertices of degree
two, adding a copy of K 3 and connecting them to form a 3-regular graph of girth six results either in an
e-graph from Cy or in a non-critical e-graph. Therefore, F # G,,.

If G, is disconnected and F is a connected component of G,, then by Corollary 8.6, we have
|[V(F)NN| >3 and |(V(G,)\V(F))NN| > 3. Since |N| = 6, we have |V (F)NN| =3, and thus F has
exactly three vertices of degree two. However, this contradicts (c0). Therefore, F is not a connected
component of G,, and thus by Observation 2.6, F' contains a nailed vertex not belonging to D.

Suppose first that ' contains at least two nailed vertices; by (a0) and Lemma 5.3, F' is a 5-cycle with
exactly two nailed vertices. The three non-nailed vertices of F' necessarily belong to N \ D. Since G has
girth at least five, each of the vertices vy, v, and v3 has at most one neighbor in F, and thus |V (F)NN| < 3.
It follows that [V (F) N N| = 3. Hence V (F) U {v,v;,v2,v3} form a subgraph of G implying (v, u) € E(Z)
for some u € V(F)NN, and thus V(F)ND # @ and |V (F)N (N \ D)| < 3, which is a contradiction.

Therefore, F has exactly one nailed vertex x, and this vertex does not belong to D; let x’ be the
neighbor of x not in F. If both v; and v, had two neighbors in F, then at most two edges of G have
exactly one end in either V (F)U{vy,vz,v} (if v3 has no neighbor in F) or V(F)U{v,vz,v3,v} (if v3 has
a neighbor in F'), contradicting Corollary 8.6. By symmetry, we conclude that at most one of the vertices
v1, v2, and v3 has two neighbors in F, and in particular |V (F)NN| < 4.

On the other hand, F contains at least three non-nailed vertices of degree two by (b0), and thus
|[V(F)NN| > 3. If each of the vertices v, v,, and v3 has at least one neighbor in F, then let S =
(N\V(F))U{x'} and let G; be the sub-e-graph of G consisting of G[V (F) U {vi,v2,v3,v}| and the edges
from S to V(F)U{v1,v2,v3,v}. If one of them (say v3) does not have any neighbor in F, then let z be
the unique neighbor of v; or v, distinct from v and not belonging to F, let S = {v3,z,x'} and let G| be
the sub-e-graph of G consisting of G[V (F) U {v;,v,,v}] and the edges from S to V (F)U{vy,v2,v}, see
Figure 40. The configuration G| attaching at S is excluded by reducibility. O

Next, we constrain the difficult 5-cycle graph, ensuring that not too many vertices get nailed in the
reductions according to the previous Lemma.

Lemma 10.2. Let G be a minimum counterexample and let 7 be its difficult 5-cycle graph. Then 7 has
maximum indegree at most one.
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Figure 41: The case K[W (v,K)] is connected.

Figure 42: The e-graph G| in the case K[W (v,K)] is connected and v = u3. Thick lines show the e-graph
Go.

Proof. Suppose for a contradiction that (v,u),(v',u) € E(Z) for two distinct vertices v,/ € V(G). Let v1,
v2, and v3 be the neighbors of v, where uv, € E(G). Let K = uujupusuy be a 5-cycle such that u(v,K) = u,
and for i € {1,2,3}, let z; be the neighbor of v; distinct from v and not belonging to K. Let K’ be a
5-cycle such that u(v',K’) = u. Let Gy be the sub-e-graph of G consisting of K, K’, and all paths of length
two from v to K and from V' to K’. If Gy is an induced sub-e-graph, then let S| be the set of vertices in
V(G) \ V(Gy) with a neighbor in Gy and let G| be the sub-e-graph of G consisting of Gy and the edges
between S; and Gy.

Suppose first that K[W (v, K)] is connected, and thus we can assume vju;,vsuq € E(G), see Figure 41.
The vertex v/ # v is at distance two from u, and thus by symmetry we can assume v € {v3,u3,2;}. Let us
discuss the three cases separately.

* Suppose V' = v3. Then uy and v are vertices with neighbors in K’ and K’ contains the path ujuv;.
Then u,v, € W(V,K') and u(v',K’) = u, and thus u; € W(V',K’). But zzu; & E(G) since G has
girth at least five, which is a contradiction.

* Suppose v/ = u3. Then u, and uy have neighbors in K’, and thus K’ = uvyvviu. Since u,u; €
W(V,K') and u(v',K’) = u, we have v, € W(v',K’), and thus u3z € E(G). Note that since G has

ADVANCES IN COMBINATORICS, 2025:5, 61 pp. 51


http://dx.doi.org/10.19086/aic

ZDENEK DVORAK, BERNARD LIDICKY AND LUKE POSTLE

_
1 =1U

1
i3 = U3

Figure 43: The critical e-graph arising in the case K[W (v,K)] is connected and v/ = z5.

girth at least five, Gy is an induced sub-e-graph of G. The e-graph G in this situation is depicted
in Figure 42. But the configuration G attaching at S is excluded by reducibility.

* Suppose V' = z. By Lemma 9.1, zpv,u is the only path of length two from z, to u, and thus
uuug C K'. Using the fact that G has girth at least five, observe that K is the only 5-cycle containing
this path; hence, we have K = K’. Moreover, zpvi,z2v3 € E(G), and thus W (v',K) = {u,us,u3}.
For i € {2,3}, let u} be the common neighbor of z; and u;.

Since G has girth at least five, z3 # u} and z; # u. If z3 = u), then Corollary 8.6 implies z; = uj;
however, the resulting e-graph is 11/4-colorable. Hence z3 # u5 and symmetrically z; # uj.
Consequently, Gy is an induced sub-e-graph of G. For i € {2,3}, let u/ be the neighbor of u;
distinct from u; and z;. If ) = z; and uf = z3, then z,z3 € E(G) by Corollary 8.6 and the resulting
e-graph depicted in Figure 43 belongs to Cy. Hence, we can by symmetry assume u} # zj.

Let H, be the e-graph with the vertex set S; U {a,b}, the edges zja, ab, and bu}, and dp,(a) =
dp, (b) = 3, see Figure 44. The standard argument for the configuration G attaching at S; and the
replacement graph H, enforcing |@(z1) N @ (u5)| < 3 gives an e-graph G’ and its proper induced
sub-e-graph F, € Cy; note that F> # G’ by (a0), since G’ has at least three nailed vertices.

Note that G’ is connected by Corollary 8.6, and that a,b € V(F,) since F> is not an induced sub-e-
graph of the critical e-graph G. By Observation 2.6, F; contains a nailed vertex distinct from the
nailed vertices a and b, contradicting (a0).

Therefore, K[W (v,K)] is not connected, and symmetrically, K’'[W (V/,K’)] is not connected. By
symmetry, we can assume viuz,v3u3 € E(G). For i € {1,4}, let «} and u} be the neighbors of u; and
uy distinct from u, up, and us, see Figure 45. The vertex v/ # v is at distance two from u, and thus by
symmetry we can assume V' € {u3,z,u }. Let us discuss the three cases separately.

* Suppose V' = u3. Then u,u; € W(v',K’), and since u = u(v',K’) and uu; € E(G), it follows that
K'[W(V',K")] is connected, which is a contradiction.
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Figure 44: The e-graph G| in the case K[W (v,K)] is connected and v/ = z;, and the replacement e-graph

e Suppose v/ = z5. Then ujuuy C K'. Since G has girth at least five, observe that z, is not at distance
two from u, or u3, and since K'[W(V/,K")] is not connected, we have K’ # K. Consequently,
uu) € E(G), K' = ujuuuguly, and W (v',K") = {u},u,u}y }. Hence, for i € {1,4}, z» and u} have a
common neighbor w;.

By Corollary 8.6, {vi,v3,w;,ws} is either an independent set in G or contains two edges with
pairwise distinct endpoints. In the latter case, one of the graphs arising in this way is 11/4-colorable
and the other one (depicted in Figure 46) belongs to Cy. Therefore, we can assume Gy is an induced
sub-e-graph of G. The e-graph G in this case is depicted in Figure 47. However, the configuration
G attaching at S is excluded by reducibility.

Suppose V' = uﬁ‘. Then ujuv, C K'. The vertices v, and uy do not have a common neighbor, and the
vertices u and v do not have a common neighbor, and thus zou| € E(G) and K’ = zu,ujuv,. Since
K'[W(V,K")] is not connected, u, has a common neighbor y; with «}| and a common neighbor y,
with 22.

By Corollary 8.6, {vi,v3,y1,y2} is either an independent set in G or contains two edges with
pairwise distinct endpoints. In the latter case, one of the graphs arising in this way is 11/4-
colorable and the other one (depicted in Figure 48) belongs to Cy. Therefore, we can assume Gy is
an induced sub-e-graph of G. The e-graph G in this case is depicted in Figure 49. However, the
configuration G attaching at S; is excluded by reducibility.

O]

We are now ready to prove our main result.

Proof of Lemma 2.4. Suppose for a contradiction that there exists an e-graph G € € not belonging to
Co; we can assume G is a minimum counterexample. Consequently, G is 3-regular by Lemma 8.5 and
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Figure 45: The case K[W (v,K)] is not connected.

has girth at least five by Lemma 9.1. Let Z be the difficult 5-cycle graph of G; by Lemma 10.2, Z has
maximum indegree at most one.

For each vertex v € V(G), let the e-graph G, be defined as in the statement of Lemma 10.1 and let
¢, be an 11/4-coloring of G,. Let vj, v, and v3 be the neighbors of v in G, and let us extend ¢, to a set
11-coloring of G as follows. For i € {1,2,3}, denoting by u; | and u; > the neighbors of v; distinct from v,
choose ¢, (v;) as a subset of [0,11)\ (¢, (u;,1) U @,(u;2)) of measure 1. Then, select ¢,(v) as a subset of
[0,11)\ (@y(vi)U@,(v2) U@,(v3)) of measure 8. -

Letn=[V(G)|and let ¢ =¥ ,cy (g Lg,. Consider a vertex v € V(G) whose indegree in Zis d < 1.
We have |, (v)| = 8 and for each neighbor x of v, we have |@,(v)| = 1. For each vertex u at distance two
from v, we have |@,(v)| = 4 if (u,v) € E(Z) and |@,(v)| = 5 if (u,v) & E(Z). Finally, for each vertex y at
distance greater than two from v, we have |@,(v)| = 4. Since G has girth five, exactly 6 vertices of G are
at distance exactly two from v. By Observation 2.7, we have

(n—10)x44+8+3x14+(6—d)x5+dx4
lo(v)| =

=4+

n

4-3x3+(6-d) _

4.

n

Consequently, an 11 /4-coloring ¢ of G can be obtained from ¢ by choosing ¢’ (v) C ¢@(v) of measure 4
for every v € V(G). This is a contradiction. O

ADVANCES IN COMBINATORICS, 2025:5, 61 pp. 54


http://dx.doi.org/10.19086/aic

11/4-COLORABILITY OF SUBCUBIC TRIANGLE-FREE GRAPHS

Figure 46: The critical e-graph arising in the case K[W (v, K)] is not connected and v = z,. It is isomorphic
2)
to Fiy’.

Figure 47: The e-graph G in the case K[W (v,K)] is not connected and v/ = z,.
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Figu(re) 48: The critical e-graph arising in the case K[W (v,K)] is not connected and v' = u}. It is isomorphic
1
to F, .

Figure 49: The e-graph G in the case K[W (v,K)] is not connected and v/ = u.
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Appendix

Here we list all elements of the set €. The format is as follows. The description of a graph is a sequence
of parts of form “a : xyz;”, meaning that the edges ax, ay, and az should be added to the graph. The
final part of the sequence is of form “x1y1”, meaning that d(x) = degx+ 1 and dg(y) = y+ 1; all other
vertices are non-nailed.

5 vertices 0 nails a:bd;b:c;c:e;d:e;

5 vertices 1 nails a:bd;b:c;c:e;d:e;dl

10 vertices nails a:ei;b:cg;c:d;d:j;e:gh;f:ghi;h:j;

10 vertices nails de;b:fj;c:dhje:i;f:hi;g:hij;el
en;b:go;c:di;d:m;e:ik;f:ikn;g:jl;h:jlo;j:m;k:1;
bg;b:h;c:di;d:jse:fk;f:1;g:im;h:in;j:oq;k:pr;l:qr;m:pq;n:op;o:r;
frib:ch;c:k;d:eije:j;f:hl;g:hmr;i:np;j:op;k:no;l:nq;m:0q;p:q;
be;b:f;c:gj;d:ei;f:gh;g:is;h:ijjel
en;b:go;c:im;d:klje:ik;f:ikn;g:jl;h:jlo;j:m;
bf;b:c;c:j;d:ehje:i;f:hi;g:hij;el
fn;b:ch;c:d;d:o;e:jk;f:jl;g:jln;h:km;i:kmo;1:m;
bg;b:h;c:ei;d:fj;e:f;g:kos;h:mo;i:lp;j:np;k:nqg;l:mr;m:n;o0:r;p:q;q:T;
fr;b:dh;c:eijd:e;f:jn;g:knr;h:lo;i:mo;j:1p;k:mp;l:q;m:q;n:q;o0:p;
gk;b:ci;c:e;d:fl;e:f;g:ij;h:ijk;j:1;
bi;b:1;c:dk;d:1;e:gj;f:hk;g:h;i:jk;j:1;
cg;b:eijc:d;d:le:f;f:k;g:ijsh:ijl;jik;
bh;b:ij;c:dj;d:m;e:gk;f:gl;h:kn;i:1n;j:1los;k:0;m:no;
bg;b:ij;c:jo;d:fk;e:fl;g:hm;h:no;i:km;j:kn;1:mn;
bg;b:ij;c:jo;d:fk;e:fl;g:hm;h:no;i:km;j:1In;k:n;1:m;
ch;b:dijc:k;d:1;e:fj;f:n;g:mn;h:jos;iimo;j:k;k:m;1:no;
bh;b:ij;c:dj;d:k;e:fl;f:n;g:mn;h:jo;i:mo;j:1;k:1m;n:o0;
dh;b:ci;c:j;d:1l;e:fk;f:n;g:mn;h:io;itk;j:km;1l:no;m:0;
:bh;b:ijc:ej;d:fk;e:f;g:Im;h:jn;i:Iln;j:o;k:mo;1l:0;m:n;
:bh;b:i;c:ej;d:fk;e:f;g:1m;h: jn;i:1n;j:o;k:1o;m:no;
:bh;b:i;c:ej;d:fk;e:f;g:1m;h:1lo;i:mo;j:mn;k:no;1l:n;

nails
nails

15 vertices
18 vertices
18 vertices
10 vertices
15 vertices
10 vertices
15 vertices
18 vertices nails
18 vertices nails

0

1

0

0

0 nails
1
0
1
0
0
0

12 vertices O nails

0
0
0
0
0
0
0
0
0
0
0

nails
nails
nails
nails

12 vertices nails
12 vertices nails
15 vertices nails
15 vertices nails
15 vertices nails
15 vertices
15 vertices
15 vertices
15 vertices
15 vertices
15 vertices

nails
nails
nails
nails
nails
nails
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DANGERQUS! 5 vertices 2 nails a:bc;b:e;c:d;d:e;cldl
DANGERQUS! 5 vertices 2 nails a:ce;b:cd;d:e;cldl

7 vertices 1 nails a:bf;b:d;c:eg;d:e;f:g;fl

7 vertices 0 nails a:bf;b:d;c:eg;d:e;f:g;

9 vertices 0 nails a:bh;b:d;c:ei;d:f;e:g;f:g;h:i;

8 vertices 0 nails a:bh;b:ce;c:fg;d:egh;e:f;f:h;

8 vertices 0 nails a:ch;b:eg;c:ef;d:efh;f:g;

8 vertices 1 nails a:dh;b:cf;c:g;d:fg;e:fgh;cl

13 vertices 0 nails a:dl;b:fmj;c:hk;d:hije:hil;f:jk;g:jkm;i:j;

13 vertices 1 nails a:dl;b:fm;c:hk;d:hije:hil;f:jk;g:jkm;i:j;cl

18 vertices O nails a:dq;b:fr;c:ho;d:kmje:kmq;f:1n;g:1nr;h:jp;i:jop;j:k;1l:p;m:n;

18 vertices 0 nails a:er;b:cg;c:h;d:ij;e:im;f:jmr;g:kn;h:1nji:0;j:ps;k:0q;1l:pq;m:n;o0:p;

18 vertices O nails a:be;b:g;c:hr;d:ij;e:im;f:jnr;g:km;h:1n;i:0;j:p;k:pq;l:oq;m:n;o0:p;

18 vertices 0 nails a:be;b:g;c:hr;d:ij;e:im;f:jnr;g:km;h:1nji:0;j:ps;k:0q;1l:pq;m:n;o0:p;

13 vertices 1 nails a:em;b:dg;c:hi;d:j;e:il;f:ilm;g:hk;h:j;j:k;k:1;d1

18 vertices O nails a:dq;b:fr;c:hj;d:jn;e:jnq;f:ko;g:kor;h:il;i:mp;k:p;l:mo;m:n;

21 vertices O nails a:eu;b:cg;c:h;d:ij;e:io;f:iou;g:kp;h:1p;j:mn;k:mr;1l:ms;n:qgs;o:q;p:t;q:r;r:t;s:t;
21 vertices 0 nails a:eu;b:cg;c:h;d:ij;e:io;f:iou;g:kp;h:1p;j:mn;k:ms;1l:st;m:q;n:rt;o:r;p:q;q:t;r:s;
21 vertices 0 nails a:eu;b:cg;c:h;d:ijje:io;f:iou;g:kp;h:1lp;j:mn;k:mt;1l:st;m:q;n:rt;o:r;p:q;q:s;r:s;
15 vertices O nails a:ho;b:dg;c:ej;d:m;e:m;f:kl;g:jn;h:1In;i:1no;j:k;k:m;

15 vertices O nails a:go;b:ci;c:1l;d:ek;e:1;f:jk;g:jn;h:jno;i:km;1l:m;m:n;

18 vertices 0 nails a:bf;b:h;c:dg;d:ij;e:jr;f:1q;g:mq;h:0q;i:mo;j:np;k:npr;l:mn;o:p;

18 vertices O nails a:be;b:g;c:hq;d:ir;e:fk;f:1q;g:km;h:1m;i:no;j:nor;k:p;l:p;m:n;o0:p;

18 vertices 0 nails a:be;b:g;c:hqg;d:ir;e:fm;f:nq;g:km;h:1n;i:op;j:opr;k:no;1:mp;

18 vertices O nails a:gr;b:cfj;c:i;d:km;e:jl;f:jq;g:mo;h:mor;i:nq;j:p;k:1p;l:q;n:op;

18 vertices 0 nails a:fr;b:ch;c:i;d:jl;e:km;f:lo;g:lor;h:kq;i:nqg;j:kp;m:pq;n:op;

18 vertices 0 nails a:bf;b:g;c:hr;d:jl;e:km;f:jn;g:1n;h:mo;i:mor;j:p;k:1p;n:q;0:q9;p:q;
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18 vertices 0O nails a:
18 vertices 0 nails a:
18 vertices 0 nails a:

DANGERQUS! 8 vertices
DANGERQOUS! 8 vertices
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14 vertices O
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11/4-COLORABILITY OF SUBCUBIC TRIANGLE-FREE GRAPHS

bf;b:g;c:hr;d:jk;e:1m;f:jq;g:kqs;h:lo;i:lor;j:n;k:p;m:pq;n:op;
bf;b:g;c:hr;d:kl;e:jm;f:jq;g:kq;h:lo;i:lor;j:n;k:p;m:pq;n:op;
bf;b:g;c:hr;d:jl;e:km;f:jq;g:kqs;h:lo;i:lor;j:p;k:p;m:nq;n:op;
2 nails a:cg;b:ehj;c:ef;d:efg;f:h;blhl

2 nails a:bd;b:f;c:gh;d:eg;e:fh;f:g;blcl
:f;c:dg;d:h;e:jm;f:km;g:il;h:injito;j:1n;k:no;l:p;m:p;o0:p;dl
:cfjc:g;d:hje:im;f:jn;g:kn;h:Im;i:ot;j:ps;k:gs;l:rt;m:u;n:v;0:su;p:vw;q:vx;r:ux;t:w;w:x;
:cfjcig;d:hlje:ilx;f:jw;g:kw;himg;i:ng;j:or;k:pr;l:s;m:su;n:sv;o:tu;p:tv;q:r;t:w;u:v;
:f;c:dg;d:h;e:jm;f:km;g:il;h:inji:o0;j:1In;k:1lo;m:p;n:p;o0:p;dl
:f;cigx;d:hlje:imx;f:jl;g:km;h:nr;i:os;j:pr;k:gs;l:t;m:usn:ot;o:u;p:tw;qQ:uv;r:v;s:w;v:w;
:f;cigx;d:hlje:imx;f:jl;g:km;h:nr;i:os;j:pr;k:qgs;l:t;m:usn:ot;o:u;p:tv;q:uv;r:w;s:w;v:w;

:be;b
:de;b
:dx;b
:be;b
:bd;b

bd;b

:be;b
:cg;b
:bh;b
:bh;b
:bh;b
nails a:dfn;b:ehn;c:gin;d:gj;e:fk;f:1;g:m;h:im
nails a:cgm;b:efm;c:ei;d:fjn;e:1;f:k;g:jk;h:
:bg;b
:bi;b
:hr;b

bd;b
fr;b
bg;b
cg;b
bf ;b
bf ;b
eu;b
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Hh

:f;c:dg;d:h;e:jm;f:km;g:il;h:inji:o;j:

:dhj;c:j;d:jse:fi;f:g;g:hshiizicj;fl

tijcreg;d:fjse:k;f:k;g:1Im;h:np;i:op;j:

1jscreg;d:fije:k;f:k;g:1m;h:nqg;i:op;j:p
:jscieg;d:fije:k;f:k;g:lo;h:np;i:mq;j:p

:ijc:dh;d:ije:fh;f:j;g:hj;izj;f1

:js;c:eg;d:fhje:
:df;c:eg;d:j;e:
:f;c:gp;d:hlje:
:dh;c:ei;d:k;e:

:ijc:ej;d:fhje

:g;c:dh;d:ije:
:i;c:dg;d:hje
tijc:dg;d:h;e
:g;c:dh;d:ije
:ij;c:dg;d:hje
:i;c:dg;d:hje
:ij;c:dg;d:hje
:ijc:dg;d:hje
:g;c:dh;d:ije

>

imp;
jsf:
(k;f:

jk;f:

ik
cjk;f:
:jk;f:
cjk;f:
:jk;f:
cjk;f:
:jk;f:
cjk;f:
:cf;c:g;d:hlje:ilp;f:jo;g:ko;

no;

9
CH

5

k:
sk
k:
i:

lo;k:no;l:p;m:p;n:p;dl

1;1l:q;m:nr;o0:q;p:r;q:r;
1;1l:r;m:np;n:r;o:qr;
1;1:

1

;l:r;m:op;n:or;q:r;
5j:kl;kim;

iln;i:j;k:1;m:n;

k;f:k;g:hl;h:m;i:np;j:op;k:q;l:or;m:no;n:q;p:r;q:r;
jsf:gk;g:1l;h:mo;i:nor;j:p;k:mg;l:nq;m:p;n:p;o:q;

f:jl;g:km;h:kn;i:jo;j:k;1l:0;m:n;n:o0;
hl;g:imr;h:nj;i:o;j:los;k:mn;l:p;m:q;n:p;0:q9;p:q;
1;g:hm;h:q;i:jp;j:osk:no;1l:pg;m:or;n:pr;q:r;
:dhjc:i;d:js;e:fk;f:1;g:hp;h:q;i:mp;j:nr;k:or;l:qr;m:oq;n:op;
thjc:ir;d:ejse:k;f:1p;g:mqr;h:np;i:oq;j:op;k:ng;l:mo;m:n;
:ijc:dg;d:hje:jk;f:jr;g:1q;h:mg;i:nr;j:o;k:pr;l:ns;m:nt;o:ps;p:t;q:u;s:ust:u;
:cg;c:hyd:iijserio;f:jousg:kps;h:lp;iim;jin;k:qr;l:gs;m:nr;n:s;o:q;p:t;r:t;s:t;

jp;g:
jr;g:
jrig:
jp;g
jrig:
jr;g:
jrig:
jr;g:
jp;g

:kp;h:

:kp;h:

kp;h:

1g;i:mq;j

lg;h:nqg;i:imr;j:
1gq;h:nqg;i:mr;j:

1g;i:mq;j:

lg;h:nqg;i:mr;j:
1g;h:nqg;i:imr;j:
lg;h:mq;i:nr;j:
1g;h:mq;i:nr;j:

1g;i:mq;j
h:jn;i:kn;j:m;

njk:
:pr;l:ou;m:pt;n:tu;o:s;p:u;q:s;s:t;
:pri;l:pus;m:ot;n:tu;o:u;p:s;q:s;s:t;
:o;1l:rt;m:st;n:os;0:t;p:r;q:u;r:u;s:u;
:pr;l:mu;m:s;n:tu;o:pt;p:u;q:s;s:t;
:pr;l:mu;m:s;n:tu;o:pu;p:t;q:s;s:t;
:pr;l:ps;m:pt;n:ot;o:s;q:u;s:ust:u;
:pr;l:os;m:ot;n:pt;p:s;q:u;s:ust:u;
:n;k:

O O 0O 0B O O

sk
sk
sk
3k
sk
3k
sk

o;l:nu;m:tu;n:r;o:su;p:s;q:r;r:t;s:t;

o;l:ns;m:nt;o:rt;p:r;q:u;r:s;s:u;t:u;
k:m;l:m;n:o;

:dhjc:ei;d:jje:k;f:hl;g:imr;h:p;i:q;j:np;k:0q;l:nq;m:op;n:o0;
fi;f:j;g:hns;h:o;i:mqg;j:nq;k:pq;l:op;m:pr;n:r;o:r;

:dh;c:k;d:1;e:
:g;c:dh;d:i
:ij;c:dg;d:h
:ij;c:dg;d:h;
i
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[0

:jm;e:
:jlse:
1jm;e:
tijse:
tijse:
tijse:

iijse:
tijse:

:jk;f:
cjk;f:
:jk;f:
cjk;f:
:kn;f:
:kn;f:
:kn;f:
fkf:
:1m;f:
tkm;f:
:1m;f:
kl;f:
km;f:
k1;f:
fk;f:

k;
k;
:k;
k;
k;

HhoFh kb Fh b

jp;g:
jrig:
jr;g:
jm;g:

1m;g:mq;h:

Im;g:
Im;g:

Im;g:
gp;g:
gp;g:
gp;g:
gp;§g:
gp;g:
gp;g:
Im;g:

kp;h:

1g;i:mq;j:

lg;h:nqg;i:imr;j:
1g;h:nqg;i:mr;j:

kl;h:

kq;h:

km;i:1lm;j:
kr;i:1r;j:
lr;i:mr;j:

lg;h:kr;iimr;j:

ik;h:
qr;h:
qr;h:
qr;h:
qr;h:
qr;h:
qr;h:
ik;h:

il;j:k1;d
Jpsi:kq;j
Jp;itkq;j
Jpsi:kq;j
Jp;itkq;]j
Jpsitkq;j
Jp;itkq;]
jls;i:l;j:

n;k:
o;k:
oz;k:
1;el
qr;k
qri;k
qr;k
1

o;l:nt;m:tu;sn:r;o:su;p:s;q:r;r:u;s:t;
pr;l:ou;m:pu;n:tu;o:s;p:t;q:s;s:t;
pr;l:pu;m:ou;n:tu;o:t;p:s;q:s;s:t;

:p;l:o;m:p;n:oq;o:p;
:p;l:o;m:p;n:oq;o:p;
:p;l:o;m:p;n:oq;o:p;

:n;k:o;1l:0p;m:ng;n:o;
:n;k:o0;1l:0p;m:ng;n:o;
:n;k:o;1l:np;m:oq;n:o;
:n;k:o;1l:np;m:oq;n:o;
:n;k:n;l:op;m:oq;n:o;
:n;k:n;l:op;m:oq;n:o;

k;di

im;g:km;h:jl;i:1;j:m;k:1;el
im;g:km;h:il;j:1m;k:1;el
il;g:jls;h:jm;i:m;k:1m;el
im;g:jms;h:Im;itk;j:1;k:15el
hm;g:im;h:1;i:k;j:1m;k:1;el
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ZDENEK DVORAK, BERNARD LIDICKY AND LUKE POSTLE

:bf;b:
bf;b:
bg;b:
bg;b:

eh;b

bh;b:
bh;b:
bh;b:
bi;b:
bh;b:
bh;b:

go;b
bi;b
bh;b
bh;b

:eh;d:
:ij;d:
:dh;d:
riojd:

ijs;e:k;f:hm;g:im;h:1;i:1;j:km;k:1;el
eh;e:i;f:gi;g:hj;
jse:fj;f:gsg:hshiizicj £l
ek;e:m;f:1m;g:km;h:kn;i:1n;j:1no;

:iljc:fisd:gjse:k;f:k;gik;h:ij;j:l;

jsc:kl;d:
jsc:jl;d:
c:dj;d:
;c:dh;d:
c:di;d:
c:ei;d:

fjse:gk;f:g;hrik;i:jl;
fhje:gi;f:k;g:k;h:iz;i:l;j:k;

m;e:fl;f:m; :koj;i:lo;j:nos;k:n;m:n;
m;e:fl;f:m; :inji:o;j:los;k:no;m:n;
m;e:fl;f:m;g:kl;h:io;i:n;j:kos;k:n;l:0o;m:n;
fjse:n;f:n;g:Im;h:mo;i:jl;j:m;k:no;l:0;

kl;h
kl;h

>

g:
g:
g:

:dijc:ej;dim;e:m;f:kl;g:kn;h:1Ino;i:jk;j:1;m:n;

:js;c:eh;d:
tijciejid:
tijciej;d:

9 vertices 0 nails a:fi;b:eh;c:fh;d:
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fj;b:
bg;b:
go;b:
bh;b:
bi;b:
bi;b:j

bh;b

bf;b:
bf;b:
gr;b:
bf;b:
fr;b:
bi;b:
bh;b:
cg;b:
cg;b:

bg;b

bg;b:
bg;b:i;c
bg;b:
bh;b:
bg;b:
bg;b:
bf;b:
bh;b:
bh;b:
bg;b:
bf;b:
cg;b:

bf ;b

bg;b:
be;b:
bg;b:
cg;b:

bf;b

be;b:
bg;b:

bf;b

bj;b:
be;b:
be;b:
be;b:
bf;b:
:bf;b:

i;c:dh;d:
cij;c:1l;d:
jsc:jl;ad:
jsc:dh;d:
jsc:dh;d:
1jsc:diy
h;c

i

jsc:eh;d:
k;c:ei;d:
dh;c:i;d:
dh;c:ij;d:
th;c:di;d:
i;c:dh;d:
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dh;c:i;d:
thjc:ir;d:
i;c:dh;d:
g;c:hm;d:
k;c:lo;d:
dh;c:j;d:
thyc:ir;d:
g;c:hm;d:
k;c:lo;d:
thyc:ir;d:

g;c:hm;d:
:hm;d:
:hr;d:
:eh;d:
:hr;d:

fk;e:n;f:n;g:1m;h:koj;i:lo;j:mos;k:m;1:n;
fkje:n;f:n;g:1Im;h:joji:lo;j:k;k:m;1l:n;m:o0;
fk;e:n;f:n;g:1Im;h:jo;i:lo;j:k;k:1;m:no;
gh;e:fg;g:i;

df;c:eg;d:ije:i;f:h;g:hj;h:i;

ije:fh;f:g;g:jsh:j;i:j;f1l
ek;e:1;f:jk;g:jn;h:jno;i:mn;k:m;1:m;
fhje:gi;f:g;h:k;i:kl;j:k;
m;e:fl;f:m;g:kl;h:kn;i:ko;j:1lo;m:n;n:o0;
m;e:fl;f:m;g:kl;h:kn;i:lo;j:nos;k:o;m:n;

:m;e:fl;f:m;g:kl;h:kn;i:ko;j:no;1l:n;m:o0;
tijerjk;fijm;gikl;hikmyiilm;j:l;
tijserk;fiim;g:Im;h:jlyitk;jimsk:15el
:kmje:jl;f:jq;g:mo;h:mor;i:pq;j:n;k:1p;l:q;n:op;
:ijserk;fiim;g:lm;h:il;j:km;k:1sel
:jlse:km;f:lo;g:lor;h:kq;i:pq;j:kp;m:nqg;n:op;

fk;e:n;f:n;g:1m;h:mo;i:kl;j:km;1l:0;n:0;
fjse:f;g:1m;h:mn;i:lo;j:mo;k:no;1:n;
jse:1lm;f:kn;g:1p;h:kr;i:mp;j:mr;k:o;1l:q;n:qr;o:pq;
jse:km;f:1n;g:kp;h:1r;i:mp;j:mr;k:q;l:q;n:or;o:pq;

:km;f:1ln;g:kr;h:1q;i:1r;j:oq;k:
ckm;f:1n;g:kr;h:1q;i:1r;j:oq;k:

10r;n:pq;o0:p;
IPr;n:pq;o:p;

:kn;f:1m;g:kq;h:1r;i:mr;j:oq;k:
:1n;f:km;g:1ps;h:kr;i:np;j:qr;k: :qQ;m:nr;o:pq;
:kl;f:mn;g:kp;h:1p;i:mr;j:qr;k:q;1l:m;n:or;o0:pq;

:jlse:km;f:jp;g:kqr;h:1p;i:mg;j:n;k:0;1:m;n:0q;0:p;
:jse:kn;f:1m;g:1q;h:kr;i:mr;j:oq;k:p;l:p;m:q;n:or;o:p;
:jse:kn;f:1m;g:lq;h:kr;iimr;j:oq;k:0;1l:p;m:q;n:pr;o:p;
:jse:kl;f:mn;g:kp;h:1p;i:mr;j:or;k:q;l:m;n:qr;o:pq;
:jlse:km;f:jp;g:kqr;h:np;i:nqg;j:k;l:0op;m:oq;n:o;

jse:kl;f:mn;g:kq;h:mr;i:oq;j:or;k:p;l:mq;n:pr;o:p;
jlse:km;f:jp;g:kqr;h:np;i:nqg;j:o;k:0;1:mp;m:q;n:o0;
jse:kn;f:1m;g:kp;h:1r;i:np;j:or;k:q;l:q;m:nr;o:pq;
ijse:fk;f:1m;g:ik;h:il; j:kl;
ek;e:1;f:ij;g:im;h:ino;j:mn;k:m;1:n;
ije:kl;f:mn;g:kq;h:mr;i:or;j:pq;k:0;1:mq;n:pr;o:p;
jlse:km;f:jp;g:kqr;h:np;i:oq;j:k;1l:0op;m:nqg;n:o;
ijse:fk;f:1m;g:ik;h:jl;i:155:k;
ekje:1;f:ij;g:im;h:jno;i:n;j:m;k:m;1:n;
jlse:km;f:jp;g:kqr;h:np;i:oq;j:os;k:n;l:mp;m:q;n:o;

ck;c:df;d:hj;e:ijk;f:gi;g:hk;h:i;

ilje:ij;f:ikm;g:jl;h:kl;j:k;
ilje:ij;f:ikm;g:jl;h:kl;j:k;dl
ipj;e:1n;f:lor;g:mn;h:mo;i:kq;j:kpq;k:1;m:q;n:o0;
ijje:k;f:im;g:jm;h:jl;itk;k:1;1:m;el
jlse:km;f:jp;g:1lp;h:mg;i:mqr;j:n;k:losn:o0q;0:p;
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ckm;f:1n;g:1ps;h:np;i:kr;j:mr;k:o;1:q;m:q;n:r;o:pq;

e

e p;m

e o;m
sermn;f:kl;g:kr;h:1r;iimq;j:oq;k:0;1:p;m:r;n:pq;o:p;
e p;l:o;m:p;n:qr;o:p;
e o;1
e
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11/4-COLORABILITY OF SUBCUBIC TRIANGLE-FREE GRAPHS

15 vertices O nails a:bf;b:h;c:io;d:ejj;e:n;f:jl;g:jmo;h:kl;i:km;k:n;1:m;
15 vertices O nails a:go;b:dij;c:ej;d:e;f:kl;g:km;h:1mo;i:kn;j:1n;m:n;
15 vertices 0 nails a:fo;b:chjc:i;d:jnje:1m;f:jl;g:jmos;h:kl;i:km;k:n;
18 vertices O nails a:bf;b:h;c:ir;d:jl;e:km;f:jn;g:kor;h:1In;i:mo;j:p;k:p;1l:m;n:q;0:q;p:q;
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