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Automated sum-of-squares proof needs 540GB RAM




CONJECTURE (ERDOS, SOs 1972-)

3-edge-colored graphs on n vertices maximizing . ;
are —

THEOREM (BALOGH, Hu, L., PFENDER,
VOLEC, YOUNG 2017)

Conjecture is true for n = 4.

#7 < 0.4(2) + o(n*)
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THEOREM (CHAO AND HANS YU 2024+)

THEOREM (BALOGH, BRADSHAW, GARCIA, L.)

L4
®
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We also have exactness, a counting and an entropy proofs.



PROBLEM
Given N lines in R3, what is the maximum number tetrahedra that they determine?

k planes give N = (%) lines, which generate (¥) = (% + o(1))N? tetrahedra.

2 skew lines, n points on each, K, , between
N lines and 1 + o(1))N? tetrahedra.




RAINBOW CLIQUES

QUESTION

Let G be a graph with edges colored by colors {1,...,6}. Denote by C; the number of
edges colored by color i. Let H be the number of rainbow copies of K4 in G.

Is it true that H < /]]; Gi?
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THEOREM (BALOGH, BRADSHAW, GARCiA, L. 2025+)

Let G be a graph with edges colored by colors {1,...,6}. Denote by C; the number of
edges colored by color i. Let H be the number of fixed rainbow copies of K4 in G.
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THEOREM (BALOGH, BRADSHAW, GARcCiA, L. 2026+)

Let k > 4. Let G be a graph with edges colored by colors {1,..., (’2()} Denote by C;
the number of edges colored by color i. Let H be the number of fixed rainbow copies
of Kk in G. Then Hx1 < II; G.
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ENTROPY PROOF H(X) = —>_ P(X = x)log,(P(X = x))

Vb @ Ve b & Ve
Pick randomly and resample v,

/
vr Ve T < V2RGB

H(v/|vg, vb) = H(vr|vg, vb)

Vb Vg Vb Ve
#Vrv Ve Vg’ Vp = + P S ,'(~ + '\, S x
. -~ . =
— &--- [ ]
r Ve = Vp

2H(Vy, Vg, vb) = H(V¢|vg, vib) + H(vg, vb) + H(V/|vg, vb) + H(vg, Vi)
= H(vy, v/|vg, vb) + 2H(vg, vb) = H(Vr, V], Vg, v) + H(vg, vb)

1 1
logy T = H(vr, vg, vp) < §H(vr, vy, Vg, V) + EH(Vg’ Vb)

< %(IogQ(G) + log,(B) + log,(2R))

Figs are counts
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RAINBOW CLIQUES

QUESTION

Let G be a graph with edges colored by colors {1,...,6}. Denote by C; the number of
edges colored by color i. Let H be the number of rainbow copies of K4 in G. Are the
iterated blow-ups of Kg above the maximizers?

Ke blow up gives ~ 2% (}) Ka blow up gives ~ 25 (3)

max fixed rainbow copies of K, for £ > 11 solved by Cairncross, Mizgerd and Mubayi.
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